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Abstract 
The purpose of this paper is to construct risk parity and minimum variance portfolios using 

volatility predictions from the DCC MGARCH (1,1) model and evaluate their performances 

through Sharpe ratios, with weekly and monthly rebalancing, in comparison to an equally 

weighted portfolio. The daily price data used consists of five stock indices from the period 

1990-11-27 to 2017-02-14 and was currency adjusted and interpolated. Attained results show 

that the risk parity and minimum variance portfolio optimization strategies, with weekly and 

monthly rebalancing, did not achieve higher Sharpe ratios than the equally weighted portfolio. 

However, when applying the Wilcoxon signed-rank test and a paired t-test we could not reject 

the possibility of equal risk adjusted performance on a 95 percent confidence level using weekly 

rebalancing. 

 

Keywords: DCC MGARCH, Volatility Forecasting, Risk Parity, 30-month rolling window, 

Portfolio Selection, Monthly Rebalancing, Weekly Rebalancing, Minimum Variance, ERC 
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1. Introduction 

1.1 History of portfolio selection and volatility prediction 
It is important to understand that the volatility of asset prices is predictable, but why? Because 

the volatility of asset prices is a key component in risk allocation which has shaped modern 

portfolio theory. During the early 1950s, Harry Markowitz (1952) published his article portfolio 

selection*. What the author established in this seminal paper became the foundation for modern 

portfolio theory in which optimal portfolios can be constructed from covariance matrices. One 

of the main points of Markowitz paper is about the ‘expected return-variance of return’-rule, 

which as time progressed became known as mean-variance optimization1.  

According to Ledoit and Wolf (2004), the two core segments of mean-variance optimization 

are “… expected (excess) return for each stock, which represents the portfolio manager’s ability 

to forecast future price movements, and the covariance matrix of stock returns, which represent 

risk control (Ibid, 2004, p.110).” Expected excess return is often described in annualized basis 

points. However, utilizing arbitrary basis points as foundation for calculating portfolio 

performances worsen comparability between different studies. Kritzman (2011) criticizes 

researchers for not being thorough enough with their assumptions, which in turn distort the 

usefulness of MVO. Maillard, Roncalli and Teiletche (2010) perceive a lack of robustness for 

portfolio optimization strategies that make assumptions about expected return, which often 

distort portfolio performances.  

Different optimization strategies have been constructed to improve portfolio performance. The 

most common portfolio, although primarily used as a benchmark to measure portfolio 

performance, is an equally weighted portfolio2 which is also referred to as the ‘1/n’ portfolio 

(Ledoit and Wolf, 2004). This portfolio is widely used, both as a benchmark and an ease-of-use 

portfolio selection strategy where its foremost limitation is the inability to diversify risk if 

individual assets differ greatly in risk (Maillard, Roncalli and Teiletche, 2010). Another 

optimization strategy is referred to as minimum-variance3, which unlike MVO is solely reliant 

on the covariance matrix without making assumptions about expected returns according to 

Clarke, de Silva and Thorley (2011).  

                                                           
1 Usually referred to as MVO. 
2 Usually referred to as EW. 
3 Usually referred to as MV. 
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After MV and EW portfolios started gaining reputation, demand for more statistically robust 

alternatives which include non-reliance on expected returns increased (Maillard, Roncalli and 

Teiletche, 2010). To circumvent the limitations of the popular portfolio strategies, minimal risk 

monitoring for EW and asset concentration for MV, a portfolio selection strategy named risk 

parity4 was devised. RP is continuously monitored which allow risk-adjustments to occur and 

it uses all available assets in the portfolio. Maillard, Roncalli and Teiletche (2010) describe the 

RP strategy as risk contribution controlling since the portfolio is weighted in regard to 

individual asset risk contribution, which in turn maximizes risk diversification.  

Clarke, de Silva and Thorley (2013) measured portfolio performances between 1968 to 2012 

and concluded that both the RP and MV portfolio outperform an EW portfolio based on the 

Sharpe ratio5. Estimations of covariance matrices are needed to establish portfolio weights for 

these two strategies. Since modern portfolio theory branched out and intertwined with financial 

statistics a broad range of econometric models are available for these estimations, one of which 

is a time series model proposed by Engle. The author devised a model which includes dynamic 

conditional correlation estimation6, making it easier to compute covariance matrices used in 

portfolio optimization and has “... the flexibility of univariate GARCH but not the complexity 

of conventional multivariate GARCH (Engle, 2002, p.339).” 

We will confine to the usage of the DCC MGARCH to estimate the covariances matrices due 

to easy-of-use and suitability to our financial time series. We use a multivariate instead of a 

univariate GARCH model since it can jointly model several factors, which is useful when 

studying several markets at once according to Bauwens, Laurent & Rombouts (2006). Utilizing 

GARCH models for volatility forecasting and using these forecasts in portfolio optimization is 

not an original idea, see Fleming, Kirby and Ostdiek (2001); Laplante, Desrochers and 

Préfontaine (2008); Škrinjarić and Šego (2016); Hlouskova, Schmidheiny and Wagner (2009). 

The purpose of this paper is to analyse if our portfolio optimization strategies based on volatility 

forecasts from the DCC MGARCH model will outperform an EW portfolio. Most previous 

studies have been positive toward GARCH volatility forecasting. However, these studies often 

rebalance their portfolios daily but do not consider that most investors will not rebalance these 

portfolio weights more than once per month or week to avoid unnecessary transaction costs.  

                                                           
4 Usually referred to as RP. 
5 Sometimes referred to as SR. 
6 Usually referred to as DCC. 
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Laurent, Rombouts and Violante (2012) suggest that the predictability of multivariate GARCH 

models becomes weaker when using longer forecasting horizons. We therefore do not expect 

the same positive results observed in previous studies when using 5-day or 30-day forecasting 

horizons and thereby consider how transaction costs affect the portfolio performance if 

rebalancing occurs too often.  

Since we are not making assumptions about expected return and using longer rebalancing 

windows, we want to examine if the RP and MV strategies would still outperform the 

benchmark portfolio. In addition, the portfolios used are more internationally oriented in 

comparison to portfolios used in other studies which tend to be focused on country specific 

stock -markets. The assets used consists of five indices named OMXS30, DAX30, S&P500, 

NIKKEI225 and HSI50. In summary, this paper aims to shed light on the risk adjusted 

performances of MV and RP portfolio optimization strategies, using forecasts attained from the 

DCC MGARCH, in comparison to an EW portfolio. 

Portfolio performance was measured using Sharpe ratios, where the MV portfolio outperformed 

the EW portfolio 42 out of 100 times on weekly basis. The EW portfolios did not outperform 

the MV portfolios with such a margin that the possibility of them being equal in terms of 

performance could be rejected on a 95 percent confidence level using a paired t-test and the 

Wilcoxon signed-rank test. Furthermore, the RP portfolio outperformed the EW portfolio 43 

out of 100 times on weekly basis. Like the MV portfolio, the EW portfolio did not outperform 

the RP portfolio to such an extent that the possibility of equal performance could be rejected on 

a 95 percent confidence level using a paired t-test and the Wilcoxon signed-rank test.  

With monthly rebalancing the MV portfolio outperformed the EW portfolio 47 out of 117 times 

when considering risk adjusted performance. The EW portfolio outperformed the MV 

portfolios with enough margin to reject the possibility of these strategies being equal in terms 

of performance on a 95 percent confidence level using a paired t-test and the Wilcoxon signed-

rank test. Furthermore, the RP portfolio outperformed the EW portfolio 51 out of 117 times, 

which meant that the possibility of equal risk adjusted performance of these two strategies could 

be rejected on a 95 percent confidence level using a paired t-test and the Wilcoxon signed-rank 

test. Our main conclusion from the evaluation of the portfolios performances is that volatility 

forecasting using DCC MGARCH in combination with MV and RP portfolio optimization 

strategies does not outperform the benchmark EW portfolio. 



4 

 

1.2 Outline 
The following two sections of this paper will outline our theoretical framework for this thesis, 

which establishes assumptions made regarding modern portfolio theory including asset pricing, 

portfolio optimization and evaluation, ending with stating the current level of knowledge within 

the subject field. In section four we describe the data material and modifications we did to adjust 

for differences in currency and missing values. In section five we describe the econometric 

model used to forecast volatility, which in our case is the dynamic conditional correlation 

multivariate generalized autoregressive conditional heteroscedasticity model, also referred to 

as the DCC MGARCH. Subsequent sections discuss the estimates from volatility forecasting 

which in turn is used for portfolio optimization using two strategies. The results from our 

optimization is compared to those of the benchmark portfolio. After the discussion, we conclude 

our thesis in regard to the results and reconnect to the purpose, which is to examine if our 

strategies of portfolio selection did outperform an EW portfolio. Information regarding non-

disclosed assumptions and complementary statistics is found in section 10.  
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2. Volatility forecasting, portfolio optimization and evaluation 
Driven by financial incentive, the search for an explanatory model to be used in asset valuation 

has since the middle of the 20th century divided researchers within the field of financial 

economics. Models in abundance have been proposed and rejected, although some have 

endured the critique and is still considered adequate today. Among these are the arbitrage 

pricing theory suggested by Ross (1973), the Gordon growth model suggested by Gordon and 

Shapiro (1956) and the capital asset pricing model which is based on the findings of Markowitz 

(1952). However, the fundamental pricing mechanism assumed in this study is that of the 

dividend discount model, which mathematically can be described by Formula 1 below (Gordon 

& Shapiro, 1956, p.104). 

                                                             𝑃0 =  ∑
𝐷𝑡

(1+𝑘)𝑡
∞
𝑇=1   ( 1 ) 

𝑃0 is defined as the price of an individual asset today, 𝐷𝑡 as future expected dividends and 𝑘 as 

the discount rate. This formulation was first suggested by Gordon and Shapiro (1956) and has 

since then been considered a pillar stone of modern financial economics. The proposition 

suggests that the only two factors that should influence the price of an individual asset is future 

expected dividends and the discount rate. These two factors, according to the efficient market 

hypothesis suggested by Fama (1970), should only change because of new and not previously 

attainable information. The author suggested that this previously attainable information could 

be divided into three sets of information, assumed to reflect levels of market efficiency. 

These levels of market efficiency are commonly referred to as weak, semi-strong and strong. 

The weak form assumes that the set of information contains all previous information regarding 

the prices and is therefore already accounted for in the asset price. According to Krause (2001), 

the semi-strong form suggests that all publicly attainable information is accounted for in the 

current asset price and furthermore that the strong form requires all information to be reflected 

in the asset price. Nevertheless, the foremost conclusion of the efficient market hypothesis is 

that future price movements should be random which is based on the assumption that new 

information is random.  
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The efficient market hypothesis remains rather controversial, where empirical and theoretical 

papers conducted by Fama (1965), Sharma and Kennedy (1977), Cooper (1982), Dickinson and 

Muragu (1994) or Malkiel (2003) exhibit mixed results. However, the assumption of short term 

price fluctuations being naturally unpredictable is the understanding that we obtain from the 

efficient market hypothesis.  

Although we assume that price movements are unpredictable there is substantial evidence 

which suggest that the standard deviation, commonly referred to as volatility, is not. This 

evidence stems from the strong tendencies of heteroscedasticity and volatility clustering within 

financial time series. Marra (2015) argue that “… it is well established that volatility is easier 

to predict than returns. Volatility possesses a number of stylized facts which make it inherently 

more forecastable. As such, volatility prediction is one of the most important and, at the same 

time, more achievable goals for anyone allocating risk and participating in financial markets 

(Ibid, 2015, p2).” We therefore intend to use the predictability of volatility to create portfolios 

that hopefully could outperform the equally weighted benchmark portfolio while being adjusted 

for risk.  

 

We plan to make use of the information contained in the volatility predictions through 

employing modern portfolio theory and portfolio optimization. Portfolio optimization is rather 

ambiguous since it is interpretable. The common understanding is that by optimizing a 

portfolio, investors want to maximize expected returns and minimize risk, which comes from 

the assumption of utility maximizing and risk averse investors.  

 

Markowitz (1952) argue that the cornerstone of portfolio optimization is the intercorrelation 

among assets which can be represented by a covariance or correlation matrix. This matrix is 

then used to calculate the total variance for any composition of individual assets or indices. This 

calculation can according to Markowitz (1952) formally be described in accordance with 

Formula 2 (Ibid, 1952, p.81). 

 

                                        σ𝑝
2 = ∑ 𝑊𝑖

2σ𝑖
2𝑁

𝑖=1 + 2 ∑ ∑ 𝑊𝑖𝑊𝑗σ𝑖σ𝑗ρ𝑖𝑗
𝑁
𝑗>1

𝑁
𝑖=1     ( 2 ) 
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Where σ𝑝
2  is defined as the variance of a portfolio, 𝑊𝑖

2as the squared weight of asset 𝑖, σ𝑖 as the 

standard deviation of asset 𝑖, σ𝑗 as the standard deviation of asset 𝑗, and ρ𝑖𝑗 as the correlation 

between asset 𝑖 and 𝑗. It is this variance that investors aim to minimize in portfolio optimization. 

Furthermore, investors also want to maximize expected return which according to Markowitz 

(1952) is calculated in accordance with Formula 3 and 4 for monthly and weekly periods 

respectively (Ibid, 1952, p.78). 

 

                                                             𝑅 = ∑ ∑ 𝑟𝑖𝑡𝑤𝑖
𝑁
𝑖=1

30
𝑡=1  ( 3 ) 

                                                            𝑅 = ∑ ∑ 𝑟𝑖𝑡𝑤𝑖
𝑁
𝑖=1

5
𝑡=1  ( 4 ) 

 

Where 𝑅 being defined as the expected return of a portfolio, 𝑟𝑖𝑡 as the expected return of an 

individual asset at time 𝑡 and 𝑤𝑖 as the weight of asset 𝑖. Markowitz (1952) however suggest 

that risk can be understood as an increasingly non-linear function of expected return. This 

would render the previously mentioned optimization criteria’s illogical since a portfolio which 

both minimizes overall risk and maximizes overall return could not exist. In recent years, the 

relationship between volatility and expected return has been reversed, where it is now 

frequently assumed that expected return is a non-linear function of risk and is commonly 

depicted as Figure 3. 

Figure 1. Efficient frontier  

 

Source: Clarke, de Silva and Thorley (2011) 
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The interpretation of an optimal portfolio has therefore become a portfolio which minimizes 

volatility for any predetermined targeted expected return or vice versa.  Brandt (2010) argues 

that this optimization problem can be solved using Lagrange multipliers. The author also 

suggests alternative notations, where 𝑅𝑡+1 is defined as a random vector of returns for any 𝑁 

individual assets, 𝜮𝑡 as the covariance matrix of returns, µ𝑡 as the conditional mean and 𝑥 as a 

vector of portfolio weights. Now consider an objective function in accordance with Formula 5 

(Ibid, 2010, p.271). 

 

                                                       
𝑚𝑖𝑛

𝑥
 𝑣𝑎𝑟(𝑅𝑝,𝑡+1) = 𝑥´𝜮𝒙              ( 5 ) 

The goal of this objective function is to find the set of portfolio weights that minimizes the 

variance of the portfolio. However, this objective function is commonly subjected to several 

constraints. The first constraint is that the expected return should be equal to its target return, 

which can be formulated according to Formula 6 (Ibid, 2010, p.271). 

                                              𝐸(𝑅𝑝,𝑡+1) = 𝑥´(𝑅𝑓 + µ) =  (𝑅𝑓 + µ̅)  ( 6 ) 

The second constraint is frequently implemented to restrict the portfolio optimization from 

underinvestment. This is done by setting the sum of the weights equal to one and this constraint 

can be described according to Formula 7 (Brandt, 2001, p.271). 

                                                                 ∑ 𝑥𝑖
𝑁
𝑖=1 = 1  ( 7 ) 

Lastly, the third constraint purposely restrict the optimization from suggesting short selling 

which is done by restricting the weights from being negative which is practically described 

according to Formula 8 (Markowitz, 1952, p.78). 

                                                                      𝑥 ≥ 0  ( 8 ) 

Brandt (2010) argues that the solution to this optimization problem requires using the method 

of Lagrange multipliers, a method which mathematical foundation is beyond the scope of this 

paper, for further information see Kim, Park, Kim and Bae (2012). Our paper will focus on two 

strategies of portfolio optimization referred to as MV and RP portfolios, which in turn will be 

compared and evaluated against the EW benchmark portfolio. 
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2.1 Equally weighted benchmark portfolio   
According to Chong, Jennings and Phillips (2012) the EW portfolio can be used as a benchmark 

portfolio to evaluate the performance of other asset allocation strategies. The benchmark 

portfolios main appeal is the ease of use and frequent implementation in realistic investment 

environments. Maillard, Roncalli and Teiletche (2010) argue that the EW portfolios weight 

distribution is defined in accordance with Formula 9 (Ibid, 2010, p.2).  

                                                                 𝑥𝑖 =
1

𝑛
  ( 9 ) 

Where 𝑥𝑖 is defined as the weight of asset 𝑖 and 𝑛 as the total number of assets. To avoid making 

any assumptions regarding different transaction costs between the different portfolios we do 

not allow for constant portfolio weights and instead rebalance on weekly and monthly basis to 

allow for straight forward comparisons between the three different portfolios.   

2.2 Minimum-variance portfolio 
According to Clarke, de Silva and Thorley (2011), the MV portfolio is a non-constrained MVO 

strategy. The authors argue that “… the minimum-variance portfolio at the left-most tip of the 

mean-variance efficient frontier has the unique property that security weights are independent 

of the forecasted or expected returns on the individual securities. (Ibid, 2011, p.1)” This is 

considered a desirable trait due to the uncertainty surrounding predictions of expected return. 

This optimization strategy disregards the aforementioned constraint which is defined in 

Formula 6. The optimization strategy is depicted in accordance with the formulas below 

(Brandt, 2010, p.271; Markowitz, 1952, p.78).  

                                                
𝑚𝑖𝑛

𝑥
 𝑣𝑎𝑟(𝑅𝑝,𝑡+1) = 𝑥´𝜮𝒙, s.t.:   ( 10 ) 

                                                               ∑ 𝑥𝑖
𝑁
𝑖=1 = 1  ( 11 ) 

 

                                                                    𝑥 ≥ 0  ( 12 ) 

This optimization therefore aims to minimize the total variance of the portfolio, subject to both 

the full investment constraint and the short selling limitation while avoiding making any 

assumptions regarding expected returns. The reason for using these constraints is to simulate a 

more realistic investment environment. 
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2.3 Risk parity portfolio  
The RP approach, unlike the MV and MVO strategies, is not a creation of academia but rather 

an industrial reaction to what Quian (2005) defines as true diversification. By true 

diversification the author aims to describe a portfolio optimization approach in which risk 

contribution rather than volatility and mean returns is considered.  

In this thesis, we assume the definition by Maillard, Roncalli and Teiletche (2010) whom argue 

that the practical implementation of this optimization requires the concretization of the marginal 

risk contribution, which the authors implicitly define in accordance with Formula 10 (Ibid, 

2010, p. 4).   

                                                   𝑀𝑅𝐶𝑖 =  
δσ𝑝

δ𝑤𝑖
=  

1

σ𝑝
∗ ∑ 𝑤𝑗σ𝑖𝑗

𝑁
𝑗=1    ( 10 ) 

The marginal risk contribution is defined as the partial derivative of Formula 2, with respect to 

the weight of asset 𝑖. Furthermore, the authors argue that the total risk contribution of asset 𝑖 

can be attained by multiplying the MRC𝑖 with its respective asset´s portfolio weight. This is 

defined in accordance with Formula 11 (Ibid, 2010, p. 4). 

                                                            𝑇𝑅𝐶𝑖 =  𝑤𝑖 ∗   
δσ𝑝

δ𝑤𝑖𝑖
  ( 11 ) 

𝑤𝑖 is defined as the weight of asset 𝑖, δσ𝑝 as the volatility change of a portfolio and δ𝑤𝑖 as an 

incremental weight change of asset 𝑖. However, in order to clarify and simplify this relationship, 

it is depicted in accordance with Formula 12 found below (Ibid, 2010, p. 4).    

                  𝑇𝑅𝐶 𝑓𝑜𝑟 𝑎𝑠𝑠𝑒𝑡 𝑖 = 𝑊𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑎𝑠𝑠𝑒𝑡 𝑖 ∗  
Change in the total risk of a portfolio

Change in the weight of asset i 
  ( 12 ) 

Additionally, since the volatility is homogenous to a degree of one and thereby satisfy Euler's 

theorem, the total risk of a portfolio can be described in accordance with Formula 13 (Ibid, 

2010, p. 4). 

                                    σ𝑝 =  ∑ 𝑇𝑅𝐶𝑖
𝑁
𝑖=1 =  𝑇𝑅𝐶1 +  𝑇𝑅𝐶2 + ⋯ + 𝑇𝑅𝐶𝑁  ( 13 ) 

Furthermore, the fundamental principle of the risk parity optimization is to find a set of portfolio 

weights that satisfies the constraint depicted in Formula 14 (Ibid, 2010, p. 4). 

                                                    𝑇𝑅𝐶1 = 𝑇𝑅𝐶2 = ⋯ =  𝑇𝑅𝐶𝑁  ( 14 ) 
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To increase comparability with the MV portfolio previously constructed, we also implement a 

short selling and a full investment constraint which is defined in Formula 7 and 8. As argued 

by Maillard, Roncalli and Teiletche (2010), the problem can then be described as:  

                             𝑥∗ =  {𝑤𝑖 ∈ [0,1]: ∑ 𝑤𝑖 = 1, 𝑇𝑅𝐶𝑖 = 𝑇𝑅𝐶𝑗  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖, 𝑗}  ( 15 ) 

Where 𝑤𝑖 ∈ [0,1] is defined as the short selling constraint, ∑ 𝑤𝑖 = 1 as the full investment 

criterion and 𝑇𝑅𝐶𝑖 = 𝑇𝑅𝐶𝑗  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖, 𝑗  as the risk parity constraint (Ibid, 2010, p. 4). To solve 

this optimization, several methods such as Newton’s method and the power method have been 

developed. However, we rely on the Excel Solver where the total risk contribution is minimized 

subject to the constraints in Formula 15.    

2.4 Portfolio evaluation 

When the weights for the EW, RP and MV portfolios are calculated they get matched with the 

corresponding period in the dataset and realized return for each portfolio becomes available to 

calculate. However, due to the different portfolio risk profiles we calculated ex post SR to be 

able to conduct meaningful comparisons of realized returns from the different portfolios. 

According to Sharpe (1994), the Sharpe ratio is calculated in accordance with Formula 16 found 

below (Ibid, 1994, p.3). 

                            𝑆ℎ =  
�̅�

σ𝐷
   where  �̅� =  

1

𝑇
∑ 𝐷𝑡

𝑇
𝑡=1   and  𝐷 = 𝑅𝐹𝑡 − 𝑅𝐵𝑡  ( 16 ) 

 

In these formulas, 𝑅𝐹𝑡 is defined as the return of an asset and 𝑅𝐵𝑡 as the benchmark asset which 

commonly is assumed to be the risk-free interest rate. Although in accordance with the 

minimalistic assumption approach, no benchmark asset will be selected which therefore 

implicates that 𝐷 = 𝑅𝐹𝑡. Moreover, �̅� will be defined as the mean return of an asset and σ𝐷 as 

the standard deviation of return, which is described in accordance with Formula 16 (Ibid, 1994, 

p.3). 

                                                            σ𝐷 =  √∑ (𝐷𝑡−�̅�)2𝑇
𝑡=1

𝑇−1
  ( 17 ) 

In this study, the portfolio with the largest Sharpe ratio will be considered the superior one, 

which implicitly assumes the perspective of a risk neutral investor. This assumption allows us 

to refrain from assuming non-linear utility functions and somewhat simplifies the calculations. 
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3. Previous research about GARCH models and portfolio optimization 
Before reviewing previous studies, we deem it necessary to acknowledge that volatility 

forecasting is rather new in terms of financial research and subsequently studies has recently 

emerged testing the performance of various forecasting models. Since we confine to the usage 

of GARCH modelling, we primarily discuss studies which evaluate GARCH models and 

therefore not studies examining other models used for volatility forecasting. The studies we 

present are not strictly related to DCC MGARCH due to a lack of studies examining this 

specific forecasting model. DCC MGARCH is a recently introduced concept by Engle (2002) 

and is therefore not yet used in many studies researching predictive power or portfolio 

optimization. However, as previously stated DCC MGARCH is only GARCH (1,1) with a twist, 

we therefore find it reasonable to present studies which research the predictive power of the 

GARCH (1,1) which will be treated as comparable to DCC MGARCH. Different GARCH 

models are better suited in certain settings, which is the reason they were derived from the 

standard GARCH model presented by Bollerslev (1982). 

Volatility forecasting models have long been associated with low explanatory power, but 

Fleming Kirby and Ostdiek (2001) tested the GARCH model’s economic relevance and impact 

with the conclusion that GARCH models successfully capture predictability with economic 

significance. Hansen and Lunde (2005) compared the GARCH (1,1) to other ARCH models 

and found that the GARCH (1,1) outperformed all its ARCH competitors. Sharma and Vipul 

(2015) conduct a similar study to that of Hansen and Lunde (2005), but instead chose to 

compare the performance of GARCH (1,1) to other more advance volatility forecasting models. 

The authors concluded that the simpler GARCH (1,1) provided better forecasts of conditional 

variance in most cases. Furthermore, Gabriel (2012) studied the predictive power of GARCH 

models and found strong empirical evidence of great predictability for these models.  

Laplante, Desrochers and Préfontaine (2008) compared GARCH (1,1) to three other popular 

forecasting models referred to as J.P. Morgan’s exponentially weighted moving average, 

historical mean and random walk. To measure and compare the performance they composed a 

minimum variance portfolio. Their conclusion was that GARCH (1,1) is great when using one 

month forecasting horizons and that it performed better than HMM and EWMA, while being 

unable to statistically determine if it also outperformed the RW model. In summary, most 

studies that measure the predictive power of GARCH models conclude that these models tend 

to outperform other competitors and has proven to be suitable when testing financial data. 
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The results attained in previous studies using predicted volatility in portfolio optimization that 

originates from different kinds of forecasting models are mixed. Clarke, de Silva and Thorley 

(2013) analysed the thousand largest U.S. stocks and found that both MV and RP optimization 

strategies outperformed the EW portfolio, not in terms of return but instead due to larger Sharpe 

ratios whereas Demiguel, Garlappi and Uppal (2009) examined different portfolio optimization 

strategies including MV and EW using six different kinds of portfolio settings. The results 

indicated that no single portfolio optimization strategy consistently delivered higher return or 

Sharpe ratio than that of the EW portfolio.  

Maillard, Roncalli and Teiletche (2010) compared EW, MV and RP in three different portfolio 

settings: equity US sectors, agricultural commodity and global diversification. In the global 

diversified portfolio, RP displayed higher Sharpe ratio and return than EW and MV where the 

latter had the least amount of volatility and return. Furthermore, the MV strategy had the lowest 

volatility in all three portfolio settings which is to be expected when minimizing portfolio 

variance. Bugár and Uzsoki (2011) analysed and compared the performance of portfolio 

optimization strategies, where the authors used 19 companies traded at the New York Stock 

Exchange during 44 years with a one-year investment horizon. Their results indicated that the 

EW portfolio gave better return per unit of risk in comparison to the other optimization 

strategies including the MV portfolio. 

Furthermore, there are some studies which combine GARCH volatility forecasting and 

portfolio optimization using the attained predictions. The results from these studies are mixed, 

where Škrinjarić and Šego (2016) used the DCC MGARCH for volatility forecasting and 

portfolio optimization with MVO on the Croatian stock market and compared the results to an 

EW portfolio. The latter portfolio achieved lower overall risk whilst the MVO portfolio had 

slightly better standardized returns and when comparing cumulative earnings for each portfolio 

the MVO portfolio beat the EW portfolio 80 percent of the time. Cain and Zurbruegg (2010) 

made a comparison of MVO portfolios using the regular GARCH (1,1) forecasting model and 

stock index futures from several countries with an EW portfolio. The MVO portfolio had a 

slightly higher Sharpe ratio although the EW portfolio had noticeably higher mean returns.  

To summarize, most previous studies which handle financial data use a version of the GARCH 

model for volatility forecasting and the results imply that the performance of chosen portfolio 

optimization strategies depend on factors such as market environment, asset composition and 

forecasting models, thereby indicating performance comparability issues between conducted 

studies if these constraints are not equal.  
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Although there are many studies about portfolio optimization, the comparability across the 

subject field is modest at best. The performance comparability is dependent on many factors, 

whereby the composition of these factors differs vastly between studies. These factors are for 

example underlying models used in estimating covariances, forecasting horizons, portfolio 

asset composition, market environment, target markets or assumptions of expected return. Our 

critique towards comparability issues in portfolio optimization studies are not far-fetched since 

some of these aforementioned factors are renowned to affect performance. Kourtis, Markellos 

and Symeonidis (2016) studied the performance of several acknowledged forecasting models, 

whereas the results implied that periods of market turmoil, different forecasting horizons and 

target regions are of importance when forecasting volatility and measuring portfolio 

performance. 

One measure to ensure better comparability and model robustness is to exclude assumptions 

made regarding expected return and only using portfolio optimization strategies non-reliant on 

expected return in concurrence with suggestions from Maillard, Roncalli and Teiletche (2010). 

However, since comparability issues are common within the subject field, there is an 

uncertainty concerning what results we could expect from our volatility forecast and portfolio 

optimization. Since results differ vastly between previously conducted studies we refrain from 

making assumptions about performance of EW, RP and MV portfolio optimization strategies 

using DCC MGARCH volatility forecasting. This study does not aim to function as a 

benchmark for optimization of global portfolios. It instead intends to, given our established 

model and environmental constraints, improve the knowledge of how volatility forecasting and 

portfolio optimization can be combined to achieve high performing portfolios without 

implausible assumptions to an expanding field of study. Our aim is specifically to research if 

volatility forecasts using DCC MGARCH can be used to optimize portfolios, without making 

assumptions about expected return, which outperform an EW portfolio. The latter mentioned 

portfolio will be used a benchmark and risk-adjusted returns will be used as a performance 

evaluation measurement.  
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4. Financial data 
Our financial data is gathered from three different websites: Yahoo Finance, Investing and 

Nasdaq OMX Nordic. We confirmed that the financial data from these websites are presented 

similarly with regard to daily index closing data not being adjusted for dividends and splits. By 

using non-adjusted closing data for all indices, we avoid methodological errors which can 

distort the results and discredit further analysis. In order to adjust the index data to USD we 

used daily exchange rates for the conversion, which was received from a global finance portal 

with unlimited access to most conversion rates and historical data. The daily exchange rates 

USD/JPY, USD/SEK, USD/HKD and EUR/USD are exclusively gathered from this website.  

These exchange rates are provided from daily forex data (Investing, 2017a).  

We chose to adjust the indices to USD which is common practice in our field and done to 

increase comparability of foreign stock market performances whilst avoiding exchange rate 

effects, see Laplante, Desrochers and Préfontaine, 2008; Jalbert, 2016; Bahr and Maas, 2014 

among others. The conversion of HKD, SEK, EUR and JPY to USD was non-problematic, since 

we attained daily exchange rates without missing values. Daily data from four of the five indices 

were gathered from Yahoo Finance, these are NIKKEI225, HSI50, DAX30 and S&P500 

(Yahoo Finance, 2017b; Yahoo Finance, 2017d; Yahoo Finance, 2017c; Yahoo Finance, 

2017a). The remaining index OMXS30 was gathered from Nasdaq OMX Nordic (2017a) due 

to absence of historical data from Yahoo Finance.  

We are using logarithmic returns during the process of estimating the portfolio weights, which 

is the most common way of using asset returns within our field. However, when computing 

portfolio returns and standard deviation in the evaluation process we instead use the actual 

returns. Hudson and Gregoriou (2015) list several advantages of using log-returns: it can be 

interpreted as continuously compounded returns which simplifies calculation and analyzation, 

its advantageous when deriving time series properties since continuously compounded returns 

are considered time-additive, its similar size-wise to simple returns and it approximates normal 

distribution. Log-returns are foremost used to obtain continuously compounded returns which 

are time-additive and according to Tsay (2005) possess more tractable statistical properties than 

the alternatives.  
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The formula which denotes log-returns is written below, where 𝑃𝑡 and 𝑃𝑡−1 is the price of an 

asset today and yesterday respectively (Ibid, 2005, p.5). 

                                                                𝑟𝑡 = ln (
𝑝𝑡

𝑃𝑡−1
)   ( 18 ) 

As stated by Hudson and Gregoriou (2015), another reason for using the logarithm of return is 

to decrease the influence of extreme values and approximate the normal distribution, which 

Zaimović (2013) concluded when comparing logarithmic returns to simple returns. 

OMXS30, NIKKEI225, HSI50 and DAX30 have henceforth been currency-adjusted to USD 

with historical daily exchange rate data. Our sample data covers the period from 1990-11-26 to 

2017-03-10 and the descriptive statistics of our five indices are presented in Table 1. 

Furthermore, additional information is found in the appendix section at the end of this paper. 

Table 1. Statistical Description of Logarithmic Changes in Stock Indices 

  dlnsnp dlnnikkei dlndax dlnhsi dlnomx 

Obs 7056 7056 7056 7056 7056 

Mean 0.0002855 -0.0000103 0.0002630 0.0002929 0.0002755 

Median 0.0004139 0.0001989 0.0006723 0.0004332 0.0006469 

Min -0.0946951 -0.1403255 -0.1291852 -0.1470222 -0.1001663 

Max 0.1024570 0.1294084 0.1337605 0.1725345 0.1233163 

Std. Dev. 0.0105384 0.0151162 0.0146547 0.0149991 0.0163018 

Skewness -0.2982499 -0.1884505 -0.1958030 -0.0407574 -0.0735773 

Kurtosis 10.9582500 8.3151550 8.3419220 12.7467300 7.2821510 

      

Jarque-Bera 19000 7387.548 3399.110 19000 5774.921 

Probability 0.00000 0.00000 0.00000 0.00000 0.00000 

      

Shapiro-Francia 14.972 13.473 13.807 15.093 13.515 

Probability 0.00001 0.00001 0.00001 0.00001 0.00001 

 

The values presented in Table 1 are consistent with results attained in other studies within the 

subject field (Laplante, Desrochers and Préfontaine, 2008). We have compared the kurtosis-

values with a normal distribution curve, which can be found in the appendix under section 10.5 

and graphically suggest that the log-returns are not normally distributed (Ghasemi and 

Zahediasl, 2012). This is to be expected, even from log-returns, and consistent with similar 

studies within our field.  
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To investigate our suspicion of a non-normal distributed sample we perform two normality 

tests, Jarque-Bera and Shapiro-Francia, to statistically confirm that our sample isn’t normally 

distributed. Both tests are better at detecting deviation from normality than other common 

normality tests and the JB-test is the most commonly used normality test within economics, but 

the SF-test have recently been outperforming the JB-test (Mbah and Paothong, 2015). 

The JB-test is based on sample skewness and kurtosis, where according to Yap and Sim (2011) 

the null hypothesis states that skewness is 0 and kurtosis 3. If the observed skewness and 

kurtosis heavily deviates from these values, the null hypothesis is rejected. Meanwhile the SF-

test is similar to the Shapiro-Wilks test, the key difference being its great performance with 

very large samples and it tests if the sample originates from a normally distributed population. 

If this is false the null hypothesis will be rejected. Both tests are statistically significant with a 

p-value lower than 0.01, which means that we can safely reject the null hypothesis and thereby 

confirm that our sample is not normally distributed. We also observe that the mean log-returns 

were positive for four out of five indices, only NIKKEI225 had negative mean log-returns. 

Our data sample required us to match index dates, since they are listed in different countries 

which cause issues with availability and in turn data loss when matching for comparability. 

Data loss occurs primarily due to missing values, but also due to removed values if they are not 

present within every index at a specific date. With a total of 35 280 observations from the 

sample data of 1990-11-26 to 2017-03-10 we would lose around 1202 dates due to missing and 

removed values, which would result in a total loss of 6010 observations. The impact that these 

losses have on results and subsequent analysis should not be taken lightly. There is an 

increasingly recognized importance regarding the matter of missing values from time series 

data, whereas ignoring this issue can cause significant errors in analysis (Clark and Bjørnstad, 

2004; Donders, Heijden, Geert, Stijnen and Moons, 2006). 

Experiencing data loss due to missing and removed values would compromise the robustness 

of our sample. The implication of losing observations mid-sample is the exhibition of excessive 

or insufficient changes within the remaining sample which in many cases will distort the results. 

We therefore estimated the missing values from our sample using linear interpolation, which is 

a curve fitting method used to construct missing data points where two existing values are used 

to create the missing value in our time series by assuming a linear connection.  
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Barajas and Sinha (2014) argue that a piecewise linear connection can be assumed between 

observations within continuous time processes and that the dependence between two 

observations is assumed to be a function of the time differences within the sample. We believe 

that the linear interpolation will provide us with better results, a more reliable analysis and 

thereby not compromise the contents robustness to the same extent as if we were to ignore the 

missing values completely. 

We are aware that financial time series rarely exhibit linear characteristics, but linear 

interpolation was an easy-to-use method to deal with our missing values without getting too 

caught up with different methods of interpolation or imputation. Therefore, we agree that the 

interpolated data could have been better estimated using other intricate methods of interpolation 

or imputation. However, we find that linear interpolation deters the negative aspects of missing 

values and that these aspects are far more important to deal with than imprecise interpolation. 
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5. Volatility forecasting model 
As previously stated we use the DCC MGARCH (1,1) model to estimate the required 

covariance matrices for both the MV and RP portfolios. However, in an attempt to mediate a 

broader understanding regarding the model we first find it adequate to describe the univariate 

GARCH (1,1) model, which according to Engle (2001) originates from the shortcomings of the 

ordinary least square (OLS) method. The author argues that the assumptions underlying the 

OLS methodology are rather implausible in regard to financial time series. Specifically, Engle 

(2001) argues that the assumption of homoscedasticity is simply not fulfilled in financial time 

series. He therefore proposes the use of GARCH models in which “… the expected value of all 

error terms, when squared … (Ibid, 2001, p.158)” are allowed to vary over time.  

Furthermore, the author argues that these GARCH models are significant improvements 

compared to the standard OLS approach due to the frequently seen autocorrelation of squared 

residuals, also known as volatility clustering. We are using a similar approach to Engel (2001), 

but differ in regard to some terminology and notations for clarification and simplicity without 

risking any methodological errors. Consider the return of an asset, 𝑟𝑡, which in this paper is 

formulated as log-returns, a common practice in the financial field (Ibid, 2001, p.160).  

                              𝑟𝑖,𝑡 =  𝑚𝑡 + ε𝑡, where ε𝑡 = σ𝑡𝑒𝑡 and et = 𝑖. 𝑖. 𝑑~𝑁 (0,1)  ( 19 ) 

Where 𝑚𝑡 is the average return which frequently is assumed to be zero, ε𝑡 is the error term, e𝑡 

is an IID7 random variable with a mean of zero and standard deviation of one, lastly σ𝑡 signifies 

volatility which we aim to model and forecast. Engle (2001) argues that this can be done in 

accordance with Formula 20 (Ibid, 2001, p.160).  

                                                σ𝑖,𝑡+1 =  √ω + α1σ𝑡
2e𝑡

2 + β1σ𝑡
2  ( 20 ) 

And when, as is common practice in our field, we substitute in Formula 19 to Formula 20 we 

observe that today’s volatility i.e. the standard deviation of the residuals can be described in 

accordance with Formula 21 (Laplante, Desrochers and Préfontaine, 2008, p.29). 

                                                 σ𝑡 =  √ω + α1ε𝑡−1
2 + β1σ𝑡−1

2   ( 21 ) 

 

 

                                                           
7 Independent and identically distributed. 
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Where ω, α1 and β1are coefficient to be estimated using the method of maximum likelihood. 

Furthermore, two constraints must be fulfilled, primarily that ω, α1and β1 must individually be 

greater than zero to ensure a positive variance and α1+ β1 must be less than one to ensure 

sufficient condition for stationarity (Bollerslev, 1986). Moreover, ε𝑡−1
2  is interpreted as the 

previous periods squared residual and σ𝑡−1
2  is the previous periods variance (Reider, 2009). 

Table 2. Illustration of covariances 

 OMX S&P HSI DAX NIKKEI 

OMX      

S&P      

HSI      

DAX      

NIKKEI      

 

Once the coefficients ω, α1 and β1 from Formula 20 are estimated, the conditional variances 

which are marked blue in Table 2, can be predicted for any l-step prediction. Furthermore, in 

order to estimate the remaining non-marked covariances in Table 2 we make use of the 

definition of correlation, defined in Formula 22 and the DCC MGARCH model, described in 

Formula 23 (Engel, 2002, p.341).  

                                     𝐶𝑜𝑣(𝑖, 𝑗)𝑡 = Corr(i, j)
𝑡

∗ √𝐶𝑜𝑣(𝑖, 𝑖)𝑡 ∗ 𝐶𝑜𝑣(𝑗, 𝑗)𝑡  ( 22 ) 

DCC MGARCH implies that the correlation (q𝑖𝑗,𝑡) follows a dynamic process which Engle 

(2002) expresses as (Ibid, 2002, p.341): 

                                𝑞𝑖,𝑗,𝑡 = ρ̅𝑖,𝑗 +  α (ξ𝑖,𝑡−1ξ𝑗,𝑡−1 − ρ̅𝑖,𝑗) + β(𝑞
𝑖,𝑗,𝑡−1

− ρ̅𝑖,𝑗),  ( 23 ) 

                                 where ρ̅𝑖,𝑗 =  
√∑(ξ𝑖,𝑡− ξ̅𝑖,𝑡)2∗(ξ𝑗,𝑡− ξ̅𝑗,𝑡)2

√∑(ξ𝑖,𝑡− ξ̅𝑖,𝑡)2∗√∑(ξ𝑗,𝑡− ξ̅𝑗,𝑡)2
 and ξ𝑖,𝑡 =  

ε𝑖,𝑡

σ𝑖,𝑡
 

ε𝑖,𝑡 and σ𝑖,𝑡 is the error term and the standard deviation respectively from Formula 19. ξ𝑖,𝑡 is 

therefore the standardises residuals from the univariate GARCH (1,1) model and ρ̅𝑖,𝑗 is the 

correlation between the standardised residuals for asset 𝑖 and asset 𝑗. Moreover, the coefficients 

α and β are estimated using the method of maximum likelihood. Once they are estimated, a 

continuous variable of correlations can be computed for l-step predictions.  
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Using these predicted correlations and the conditional variances depicted in Table 2, we can 

calculate the continuous covariance variables which are used to complete the covariance matrix. 

For this completion, we use a similar approach to Laplante, Desrochers and Préfontaine (2008), 

which assumes that the covariances used in the matrices are the sum of daily covariance 

estimates. This can be formulated for monthly and weekly covariances as (Ibid, 2008, p.29): 

                             σ𝑖,𝑗
2 = ∑ 𝑞𝑖,𝑗,𝑡

30

𝑡=1
  and  σ𝑖,𝑗

2 = ∑ 𝑞𝑖,𝑗,𝑡

5

𝑡=1
 respectively  ( 24 ) 

 

Like the approach used by Laplante, Desrochers and Préfontaine (2008), we divide the dataset 

into two equal-sized parts which we refer to as period one (1990-11-27 to 2004-06-17) and 

period two (2004-06-18 to 2017-02-14). We subsequently used period one to estimate the 

previously described GARCH coefficients, namely ω, α1 and β1 in addition to the dynamic 

correlation coefficients, which all were significant at 95 percent confidence level. 

With the coefficients estimated the covariances were predicted and summarized to create 117 

monthly and 100 weekly covariance matrices using a rolling window of 30 and 5 days 

respectively. The reason for different amounts of covariances estimated was due to the period 

size. They differ since 117 covariance matrices for the monthly predictions cover the full length 

of period two, while 100 covariance matrices for the weekly predictions barely cover a seventh 

of the same period. We would have had to compute approximately 600 additional covariance 

matrices for the weekly predictions to cover the full length of period two. We decided against 

it due to workload and the marginal effect it would have on the results and conclusions made. 

Once these covariance matrices were estimated we calculated the optimal portfolio weights in 

accordance with the optimization constraints discussed in the theoretical section of this thesis, 

with rebalancing done on weekly and monthly basis. To avoid including transaction costs in 

our comparison, we also chose to rebalance the EW benchmark portfolio.   
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6. Empirical results 
We constructed time series which graphically represent the daily results attained during the 

investment period. We also summarized the weekly and monthly results which can be found in 

the appendix, section 10.1 and 10.2 respectively. Both results displayed in Figure 4 and Figure 

5 was assigned a baseline of 100 and have the starting date 2004-06-18. A graphical 

representation of the weekly and monthly portfolio weights can also be found in the appendix, 

section 10.7. 

Figure 2. Daily portfolio development when using weekly rebalancing 

 

Figure 3. Daily portfolio development when using monthly rebalancing 

 

Although the graphical representation creates a visually appealing overview, it only hints on 

the actual results which are hard to determine from these graphs. This is particularly the case in 

Figure 4 with results attained from weekly rebalancing.  
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Therefore, we present the attained results in yearly aggregated form to provide better oversight 

and interpretation. Table 3 below presents the yearly portfolio returns and the cumulative 

returns for the entire period using the two portfolio optimization strategies, with EW as the 

benchmark portfolio, and weekly rebalancing.  

Table 3. Yearly portfolio returns using weekly rebalancing 

 MV RP    EW   

2004* 0,094 0,145 0,143   

2005 0,169 0,104 0,092   
2006* 

 

Average daily returns 

0,047 

 

0,00061 

0,049 

 

0,00057 

0,060 

 

0,00057   

Cumulative returns 0,340 0,326 0,324 
  

Note: Years marked with * are not complete. 
    

 

Table 4 below presents the yearly returns and the cumulative returns for the entire period using 

the two portfolio optimization strategies, with EW as the benchmark portfolio, and monthly 

rebalancing.  

Table 4. Yearly portfolio returns using monthly rebalancing 

 MV RP EW   

2004* 0,086 0,147 0,146   

2005 0,158 0,102 0,092   

2006 0,130 0,155 0,235   

2007 -0,037 -0,045 0,108   

2008 -0,434 -0,290 -0,450   

2009 0,273 0,194 0,312   

2010 0,141 0,057 0,112   

2011 -0,180 -0,133 -0,171   

2012 0,154 0,185 0,184   

2013 0,226 0,148 0,201   

2014 -0,090 0,025 -0,036 
  

2015 -0,006 0,065 -0,034   

2016 -0,022 0,009 0,009   

2017* 0,035 0,012 0,047   

Average daily returns 0,00011 0,00017 0,00018   

Cumulative returns 0,195 0,642 0,595 
  

Note: Years marked with * are not complete. 
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These tables that present the attained yearly returns might suggest that the MV and RP 

portfolios with weekly rebalancing outperformed the benchmark portfolio and that the RP 

portfolio with monthly rebalancing outperformed the benchmark portfolio due to their larger 

cumulative returns. However, these results do not account for exposure to risk and therefore we 

use the Sharpe ratio which is a well-known method used in portfolio evaluation. Table 5 below 

present the yearly Sharpe ratios and the Sharpe ratio at the end of the period. 

Table 5. Yearly Sharpe ratios using weekly rebalancing 

 MV RP EW  
2004* 0,079 0,145 0,162  
2005 0,086 0,073 0,065  
2006* 

 

Full period 

0,051 

 

0.074 

0,072 

 

0.092 

0,081 

 

0.095  
Note: Years marked with * are not complete. 

  

 

In Table 6 the results using monthly rebalancing indicate something different, where the EW 

portfolios full period Sharpe ratio is larger than the RP portfolio and the MV portfolio. 

Table 6. Yearly Sharpe ratios using monthly rebalancing 

 MV RP EW   

2004* 1,153 2,288 2,584   

2005 1,269 1,112 1,022   

2006 0,051 0,097 0,109   

2007 -0,011 0,043 0,050   

2008 -0,094 -0,109 -0,109   

2009 0,066 0,078 0,077   

2010 0,050 0,045 0,044   

2011 -0,044 -0,046 -0,046   

2012 0,062 0,074 0,076   

2013 0,085 0,104 0,104   

2014 -0,043 -0,026 -0,021   

2015 0,002 -0,009 -0,012   

2016 -0,001 0,010 0,008   
2017* 

 

Full period 

0,147 

 

0.010 

0,279 

 

0.017 

0,303 

 

0.018   

Note: Years marked with * are not complete. 
   

 



25 

 

Table 6 indicates that the benchmark portfolio outperforms the other portfolios, with a larger 

full period Sharpe ratio than those portfolios. A risk-neutral investor would therefore, during 

these periods, select the benchmark portfolio over the other portfolios despite these attaining 

larger cumulative returns with weekly and monthly rebalancing. In the appendix, section 10.7, 

you will find additional information about the three portfolios and indices. As previously 

mentioned, the weekly and monthly Sharpe ratios can be found in the appendix under section 

10.1 and 10.2 respectively. These results will be used to further evaluate the RP and MV 

portfolios. Out of 100 weekly periods, implying five days forecasting horizons, the risk-

adjusted MV portfolio outperformed the EW portfolio 42 times by having larger Sharpe ratios. 

This would suggest that the EW portfolios are better, however, it could also be a result of natural 

variation. In order to attain a more robust result, a paired t-test of the Sharpe ratios of the MV 

and EW portfolios was therefore performed where the hypothesis is formulated as:   

𝐻0: 𝐷 = 0 

𝐻𝐴: 𝐷 < 0            ( 𝐻𝐴: 𝐷 ≠ 0) 

Where D is defined as:  

                                     𝐷𝑚𝑣,𝑒𝑣 = 𝑀𝑉 𝑆ℎ𝑎𝑟𝑝𝑒 𝑟𝑎𝑡𝑖𝑜 − 𝐸𝑉 𝑆ℎ𝑎𝑟𝑝𝑒 𝑟𝑎𝑡𝑖𝑜   ( 25 ) 

The p-value attained was 0,0747 (0,1495). However, as Altman (1991) argues, one should not 

place too much faith in p-values, mainly because it implies a rather monochrome perception of 

reality. Instead Altman (1991) suggests using 95 percent confidence intervals for the difference, 

defined as D, which in our case is [-0.1192934, 0.0184473]. During the same 100-week period, 

the second portfolio optimization strategy, risk-adjusted RP portfolio outperformed the EW 

portfolio 43 times with larger Sharpe ratios. The same type of paired t-test was conducted, 

where the hypothesises remained identical and D is defined in accordance with Formula 25. 

                                      𝐷𝑟𝑝,𝑒𝑣 = 𝑅𝑃 𝑆ℎ𝑎𝑟𝑝𝑒 𝑟𝑎𝑡𝑖𝑜 − 𝐸𝑉 𝑆ℎ𝑎𝑟𝑝𝑒 𝑟𝑎𝑡𝑖𝑜   ( 26 ) 

The p-value received was 0,1432 (0,2865) and the 95 percent confidence interval for the 

difference was [0.0315944, 0.0094335]. We implemented a similar approach with the monthly 

estimates, where the risk-adjusted MV portfolio outperformed the benchmark EW portfolio 47 

out of 117 periods with larger Sharpe ratios. A paired t-test was constructed in accordance with 

the described hypothesis, where the attained p-value was 0,0027 (0,0053) with the 95 percent 

confidence interval for the difference being [-0,0332315, -0.0059248]. 
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The monthly performance results for the risk-adjusted RP portfolio implied that it outperformed 

the benchmark EW portfolio 51 out of 117 periods with larger Sharpe ratios. A paired t-test was 

also constructed in accordance with previous formulations with a received p-value of 0,0197 

(0,0394). The 95 percent confidence interval for the SR differences between the portfolios was 

[-0,0049524, -0.0001249]. 

Furthermore, the previously performed paired t-tests implicitly assume that the difference, 

defined with Formula 24 and Formula 25, is approximately normally distributed. Therefore, in 

accordance with our minimalistic assumptions, we also conducted the Wilcoxon test for paired 

observations. The Wilcoxon signed-rank test for paired observations assumes that the 

differences follow a symmetrical distribution, which is an appealing assumption if we consider 

the constructed histograms displayed in the appendix section 10.5. In the Wilcoxon tests, the 

hypothesis is defined in accordance with the formulation below.  

𝐻0: 𝑚𝑒𝑑𝑖𝑎𝑛 𝑜𝑓 𝐷 = 0 

𝐻𝐴: 𝑚𝑒𝑑𝑖𝑎𝑛 𝑜𝑓 𝐷 ≠ 0 

The null hypothesis states that the median of the difference is equal to zero, while the alternative 

hypothesis state that it is not equal to zero. Furthermore, the resulting p-values from the 

Wilcoxon test is summarized in Table 7 below. 

Table 7. Wilcoxon signed-rank test       
 

                                             Weekly                                                                    Monthly                                                        
 MV RP  MV RP  

EW 0.0632 0.1604  0.0037 0.0388  

 

The weekly p-values state that we can reject the null hypothesis on a 90 percent significance 

level, but not on a 95 percent significance level for the EW and MV comparison, while it cannot 

reject the null hypothesis on a 90 percent significance level for the EW and RP comparison. 

The monthly p-values from the Wilcoxon test state that we can reject the null hypothesis on a 

99 percent significance level for the EW and MV comparison. Furthermore, we cannot reject 

the null hypothesis on a 99 percent significance level for the EW and RP comparison but can 

instead do so on a 95 percent significance level. On a monthly basis, the results from the paired 

t-test and the Wilcoxon signed-rank test are almost equal, where we reject or retain the null 

hypothesis on the same signficance levels.  
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On a weekly basis the results from the EW and RP comparison differed, but both tests did not 

reject the null hypothesis on a 90 percent significance level. However, the results from the EW 

and MV comparison differed heavily, where the Wilcoxon test stated that we can reject the null 

hypothesis on a 90 percent significance level while the paired t-test did not reject the null 

hypothesis on the same significance level.  
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7. Discussion 

As mentioned throughout this paper, comparability across the field is modest at best due to the 

variability of factors within financial economics. Portfolio performance depends on many 

factors which are composited differently within most studies. These factors are estimation 

models, portfolio asset composition, assumptions of expected returns or as Kourtis, Markellos 

and Symeonidis (2016) noted; periods of market turmoil, target regions and forecasting 

horizons. Therefore, due to comparability issues, the focus in this section will primarily be on 

our perceived limitations of this paper and how these limitations might have affected the results.  

 

However, the reasons why this paper exhibits comparability issues with other studies within the 

field, while not excluding the presence of comparability issues between the other studies 

themselves, should be addressed. One reason for comparability issues is because our selected 

assets are geographically diverse while other studies like Bugár and Uzsoki (2011) or Škrinjarić 

and Šego (2016) tend to focus on continents or countries. Another reason for comparability 

issues is our usage of the DCC MGARCH (1,1) estimation model to forecast volatility. Since 

the model is relatively new in the field, we struggled to find studies using this specific model 

to forecast volatility. Most other studies instead use different models to forecast volatility, like 

Cain and Zurbruegg (2010) who used the regular GARCH (1,1) model. Furthermore, the 

portfolio asset composition differs widely between studies, where some studies use individual 

stocks like Clarke, de Silva and Thorley (2013) or Bugár and Uzsoki (2011) while others use 

specific market indices. 

 

Although we do not compare any larger discrepancies or similarities of the results from this 

study to other studies due to various factors being too different, and thereby causing 

comparability issues, there is one study which has similar portfolio setting and assumptions 

making our study tenable to compare with. This study is conducted by Maillard, Roncalli and 

Teiletche (2010), where the authors use a global diversified portfolio setting to compare EW, 

MV and RP portfolios. Their results show that the RP portfolio outperform the EW benchmark 

portfolio in actual return generated and that both portfolios outperform the EW portfolio 

through larger SRs. Results from our study are equal when comparing actual return, but differ 

with regard to Sharpe ratios where the EW benchmark portfolio outperforms the two 

optimization strategies. We find it fruitless to compare results from the other studies presented 

in section 3, since the factors differ heavily. 
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In this paper, we strive to simulate a realistic investment environment. By creating this 

environment, we experienced certain limitations which affected the potency of this study. 

Perhaps one of the larger limitations was the choice of assets, since we selected five indices to 

represent a broad investment environment which included widespread geographical locations. 

Since the RP portfolio optimization strategy entails the maximization of risk diversification, it 

had a minor effect on the already well-diversified assets and therefore the selected strategy was 

rendered somewhat ineffective. Without statistically testing for similarities of the EW 

benchmark portfolio with the RP portfolio, we can visually observe the similarities by 

comparing the constructed Figure 20 with Figure 22 and Figure 23 with Figure 25 found in the 

appendix section 10.7.1 and 10.7.2 respectively. With different assets, we could have 

experienced larger differences between the EW benchmark portfolio and the RP portfolio. 

 

Another limitation was our minimalistic approach, i.e. not making assumptions about expected 

return, which restricted the choice of portfolio optimization strategies. We avoid making these 

assumptions due to lack of clarity, since studies use various techniques to interpret expected 

return which we believe contributes to the comparability issue present within the field. While 

discussing assumptions which can limit a papers potency, we experience that our forecasting 

horizons along with the rebalancing windows might have limited this study. We noticed that it 

was harder to reject the possibility of the RP and MV portfolio being equal to the benchmark 

portfolio when using weekly instead of monthly rebalancing. This implies that longer 

forecasting horizons worsens predictability. We therefore suspect that shortening forecasting 

horizons and rebalancing windows could result in better estimated covariance matrices and 

thereby in better performing portfolios. There is no consensus regarding the length of 

rebalancing windows if you do not account for transactional cost, which we did not. Not 

accounting for transactional cost was part of our minimalistic approach, which in turn limited 

us into using more ‘realistic’ investment horizons although the deciding factor could instead 

have been transactional costs. 

 

 

 

 

 

 



30 

 

One flaw in the methodology is the linear interpolation performed to adjust for the lack of 

availability of daily data, which is a consequence of the international economic setting used in 

this study. Linear interpolation could compromise the integrity of the sample and thereby the 

results attained, since this method downplays some of the daily price changes and in result the 

volatility. We attempted to gather the data from the same source but it was not feasible due to 

availability issues and furthermore stock market open and closed days differ between countries. 

We did not further explore the option to use a more intricate interpolation method. 

 

Another minor methodological flaw was the reliance on previous studies, which analysed the 

predictive power of different GARCH models to forecast volatility. In hindsight, we would 

have evaluated the DCC MGARCH model ourselves to determine its reliability and predictive 

power of volatility and thereby not solely have relied on previous results. If we would have 

chosen to evaluate the DCC MGARCH we could have better determined if we should find 

another model to use for volatility forecasting in terms of predictive power and goodness of fit.   
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8. Conclusion 
This paper examined if volatility forecasting with DCC MGARCH could be used in weekly and 

monthly portfolio optimization strategies to outperform an equally weighted benchmark 

portfolio. A minimalistic assumptions approach was used in order to improve comparability 

and statistical robustness, which meant refraining from assumptions concerning expected return 

and solely relying on the predictive power of DCC MGARCH for portfolio optimization. We 

used the Sharpe ratio to evaluate weekly and monthly portfolio performance in 100 and 117 

periods respectively, where higher SR implies better performance. 

The empirical results attained showed that our selected portfolio optimization strategies MV 

and RP did not outperform the equally weighted benchmark portfolio, regardless of using 

weekly or monthly rebalancing. When comparing monthly performance, we reject the 

hypothesis that suggest equal risk adjusted performance on a 95 percent confidence level using 

both the paired t-test and the Wilcoxon signed-rank test for paired observations. However, we 

could not reject the same hypothesis on a weekly basis with a 95 percent confidence level using 

both the paired t-test and the Wilcoxon signed-rank test for paired observations. This implies 

that the predictive power of the DCC MGARCH is stronger in shorter forecasting horizons, 

which is in accordance with Laurent, Rombouts and Violante (2012).  

Furthermore, our results imply the importance of asset selection. As previously stated, we used 

optimization strategies which were seemingly not effective with already diversified assets such 

as the indices included in the portfolios. This implication grants insight toward the importance 

of portfolio settings, meaning that different types of assets and environmental constraints affect 

portfolio performance, in accordance with Demiguel, Garlappi and Uppal (2009) and Maillard, 

Roncalli and Teiletche (2010). 

We know that our paper might be lacklustre to some degree, primarily because we refrained 

from making any assumptions regarding expected return and transaction costs. Without certain 

assumptions, some portfolio optimization strategies become unusable which in turn limits the 

amount of available strategies. We recommend scholars to perform similar studies with 

international portfolios using other optimization strategies and making assumptions regarding 

expected return or including transaction costs and comparing different forecasting horizons. 

However, we advise scholars to proceed with caution when making assumptions regarding 

expected return or transaction costs to avoid unreasonable or incomparable results. Lastly, we 

would recommend using different asset compositions to consider environmental constraints.  
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10. Appendix 

10.1 Weekly Sharp ratios 
Table 8. Weekly Sharpe ratios 

             

Weekly Sharpe ratios 
period Minimum Variance Equally weighted 1 if MV>EQ  Risk parity Equally weighted 1 if RP>EQ  

Whole period 0.074987 0.095342 0 0.092568 0.095342 0 
0 0.429895 0.411933 1 0.412501 0.411933 1 
1 0.071589 0.033415 1 0.051659 0.033415 1 
2 -1.28678 -0.88507 0 -1.12928 -0.88507 0 
3 -0.09068 -0.66559 1 -0.41814 -0.66559 1 
4 -0.22455 -0.08927 0 -0.09583 -0.08927 0 
5 -0.6854 -0.353 0 -0.54524 -0.353 0 
6 -0.08603 -0.03637 0 -0.03145 -0.03637 1 
7 -0.13514 -0.77423 1 -0.72637 -0.77423 1 
8 0.304666 0.965701 0 0.691423 0.965701 0 
9 0.780345 0.92326 0 0.96374 0.92326 1 

10 0.380539 0.586382 0 0.579686 0.586382 0 
11 0.026441 0.009639 1 0.006907 0.009639 0 
12 0.12836 0.316476 0 0.279989 0.316476 0 
13 -0.55222 -0.15062 0 -0.238 -0.15062 0 
14 0.011303 0.101912 0 0.067732 0.101912 0 
15 0.793666 0.620228 1 0.674039 0.620228 1 
16 -0.37403 -0.57948 1 -0.56973 -0.57948 1 
17 0.068877 0.15719 0 0.125334 0.15719 0 
18 0.342658 0.32917 1 0.336986 0.32917 1 
19 0.668085 1.10008 0 1.000632 1.10008 0 
20 0.018506 0.508622 0 0.400352 0.508622 0 
21 0.545181 0.436285 1 0.458139 0.436285 1 
22 0.112931 0.379535 0 0.310988 0.379535 0 
23 0.167106 0.459972 0 0.432433 0.459972 0 
24 -0.37997 -0.47715 1 -0.47129 -0.47715 1 
25 0.286939 0.289908 0 0.292234 0.289908 1 
26 1.595525 0.874951 1 1.185685 0.874951 1 
27 0.560889 0.793411 0 0.713652 0.793411 0 
28 -2.78744 -1.21016 0 -1.29911 -1.21016 0 
29 0.138003 -0.32506 1 -0.21159 -0.32506 1 
30 -0.37805 -0.37832 1 -0.36756 -0.37832 1 
31 0.150457 0.229192 0 0.221609 0.229192 0 
32 -0.12828 0.092055 0 0.039566 0.092055 0 
33 0.231255 0.677994 0 0.647945 0.677994 0 
34 0.286316 0.415052 0 0.371392 0.415052 0 
35 -0.03869 0.056453 0 0.028548 0.056453 0 
36 0.644629 0.350923 1 0.390369 0.350923 1 
37 0.306273 0.245629 1 0.266907 0.245629 1 
38 -0.34777 -0.66515 1 -0.62667 -0.66515 1 
39 -0.90428 -1.20061 1 -1.13017 -1.20061 1 
40 -0.20352 -0.11489 0 -0.14303 -0.11489 0 
41 0.050052 0.233293 0 0.195217 0.233293 0 
42 -0.25912 -0.19659 0 -0.21647 -0.19659 0 
43 -0.43639 -0.3683 0 -0.38208 -0.3683 0 
44 -0.11811 -0.23541 1 -0.17018 -0.23541 1 
45 3.018377 2.443331 1 2.636592 2.443331 1 
46 -1.41358 -1.01577 0 -1.13035 -1.01577 0 
47 0.078123 0.241163 0 0.183608 0.241163 0 
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48 -0.03711 -0.06856 1 -0.06985 -0.06856 0 
49 0.315795 0.230648 1 0.278096 0.230648 1 
50 -0.06564 -0.00406 0 -0.00669 -0.00406 0 
51 0.21189 0.113012 1 0.14918 0.113012 1 
52 0.172606 0.201124 0 0.215131 0.201124 1 
53 -0.50201 -0.35814 0 -0.39682 -0.35814 0 
54 -0.8741 -0.61385 0 -0.68316 -0.61385 0 
55 0.625002 1.189841 0 1.075077 1.189841 0 
56 0.535975 0.76264 0 0.697009 0.76264 0 
57 -0.02115 0.312859 0 0.213205 0.312859 0 
58 0.378863 0.509372 0 0.475739 0.509372 0 
59 0.500651 0.480613 1 0.488968 0.480613 1 
60 -1.32864 -1.99126 1 -1.78883 -1.99126 1 
61 0.190046 -0.11891 1 -0.0501 -0.11891 1 
62 0.296237 0.407842 0 0.394681 0.407842 0 
63 0.061695 0.291084 0 0.219753 0.291084 0 
64 0.399196 -0.08113 1 0.047738 -0.08113 1 
65 -0.11877 -0.31385 1 -0.27923 -0.31385 1 
66 0.408793 0.466966 0 0.461589 0.466966 0 
67 -0.24174 -0.60415 1 -0.53984 -0.60415 1 
68 -0.51123 -1.35019 1 -1.1376 -1.35019 1 
69 -0.64872 -0.68609 1 -0.69441 -0.68609 0 
70 0.249589 0.125457 1 0.155835 0.125457 1 
71 0.610437 0.811719 0 0.785552 0.811719 0 
72 -0.46058 -0.49569 1 -0.47962 -0.49569 1 
73 0.393362 0.406674 0 0.403376 0.406674 0 
74 1.025249 1.151682 0 1.167614 1.151682 1 
75 0.191518 0.135598 1 0.148151 0.135598 1 
76 0.214348 0.22122 0 0.185113 0.22122 0 
77 0.546722 0.637704 0 0.625573 0.637704 0 
78 1.208913 0.695084 1 0.902803 0.695084 1 
79 0.302771 0.300033 1 0.268017 0.300033 0 
80 0.435346 0.488712 0 0.472986 0.488712 0 
81 0.217713 0.326957 0 0.325739 0.326957 0 
82 -0.53672 -0.46766 0 -0.47823 -0.46766 0 
83 0.225897 0.299513 0 0.261501 0.299513 0 
84 0.398243 0.346132 1 0.365332 0.346132 1 
85 -0.1974 -0.21688 1 -0.2378 -0.21688 0 
86 -0.11691 -0.02389 0 -0.03633 -0.02389 0 
87 0.120777 0.497528 0 0.31972 0.497528 0 
88 -0.02018 0.0899 0 0.059523 0.0899 0 
89 -0.24769 -0.37828 1 -0.36818 -0.37828 1 
90 0.808383 2.090338 0 1.559875 2.090338 0 
91 0.147608 0.092696 1 0.107093 0.092696 1 
92 0.790001 0.541543 1 0.634615 0.541543 1 
93 0.526593 0.420585 1 0.485155 0.420585 1 
94 -0.79354 -0.5348 0 -0.61236 -0.5348 0 
95 0.598873 1.143845 0 0.996713 1.143845 0 
96 0.472487 0.235212 1 0.27603 0.235212 1 
97 0.472864 0.483216 0 0.497006 0.483216 1 
98 0.004361 0.099856 0 0.076631 0.099856 0 
99 -2.09607 -1.37408 0 -1.59114 -1.37408 0 

100 -0.41629 -0.20386 0 -0.24437 -0.20386 0 
total   42   43 
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10.2 Monthly Sharpe ratios 
Table 9. Monthly Sharpe ratios 

       

Monthly Sharpe ratios 

period 
Minimum 
Variance 

Equally weighted 1 if MV>EQ Risk parity Equaly weighted 1 if RP>EQ 

Whole period 0.010138196 0.018511736 0 0.01751382 0.018511736 0 
0 -0.184904173 -0.14101145 0 -0.157846148 -0.14101145 0 
1 0.106659775 0.199794901 0 0.186862893 0.199794901 0 
2 0.023954972 0.098268263 0 0.074403782 0.098268263 0 
3 0.306443442 0.511906391 0 0.472536626 0.511906391 0 
4 0.072412783 -0.071918326 1 -0.04148114 -0.071918326 1 
5 0.001718533 0.124667402 0 0.099367764 0.124667402 0 
6 -0.04138195 -0.084811531 1 -0.083915012 -0.084811531 1 
7 -0.160715118 -0.104592231 0 -0.116315008 -0.104592231 0 
8 0.03671845 0.049313829 0 0.059124152 0.049313829 1 
9 0.302581901 0.446691497 0 0.420380077 0.446691497 0 

10 0.092435299 -0.083066358 1 -0.039938613 -0.083066358 1 
11 0.025340134 -0.024132443 1 -0.018074616 -0.024132443 1 
12 0.340888412 0.345273584 0 0.349508053 0.345273584 1 
13 0.134303725 0.179071289 0 0.166157854 0.179071289 0 
14 -0.010539244 0.012211008 0 0.003234726 0.012211008 0 
15 0.360181127 0.425359131 0 0.424327552 0.425359131 0 
16 -0.226577535 -0.196632231 0 -0.214125052 -0.196632231 0 
17 -0.101012683 -0.079384843 0 -0.081299524 -0.079384843 0 
18 0.127253425 0.169926654 0 0.163513609 0.169926654 0 
19 0.102532713 0.240529052 0 0.215468243 0.240529052 0 
20 0.065309216 0.360213685 0 0.306286495 0.360213685 0 
21 0.285027313 0.292616794 0 0.295582887 0.292616794 1 
22 0.031913985 0.100090998 0 0.087855605 0.100090998 0 
23 0.062129324 0.002921546 1 0.00829227 0.002921546 1 
24 0.128737544 0.351874445 0 0.316229312 0.351874445 0 
25 -0.042275353 0.033583076 0 0.028362438 0.033583076 0 
26 -0.042822257 -0.039077292 0 -0.034962017 -0.039077292 1 
27 -0.098700643 -0.016359498 0 -0.022528627 -0.016359498 0 
28 0.162560437 0.321495038 0 0.31702741 0.321495038 0 
29 -0.139211727 -0.078582631 0 -0.087278141 -0.078582631 0 
30 -0.326861551 -0.273050626 0 -0.287824881 -0.273050626 0 
31 -0.096523791 -0.165476571 1 -0.156709216 -0.165476571 1 
32 0.089994377 0.104464442 0 0.097276878 0.104464442 0 
33 0.147904956 0.197299188 0 0.194636597 0.197299188 0 
34 -0.33989236 -0.531497719 1 -0.504092965 -0.531497719 1 
35 -0.147772653 -0.08831334 0 -0.098196501 -0.08831334 0 
36 -0.371002155 -0.421711632 1 -0.425683894 -0.421711632 0 
37 -0.294442503 -0.329592041 1 -0.324860535 -0.329592041 1 
38 -0.022633726 -0.02888808 1 -0.028744877 -0.02888808 1 
39 0.15671965 0.135146128 1 0.137964314 0.135146128 1 
40 -0.343406205 -0.354664767 1 -0.361291186 -0.354664767 0 
41 0.093989067 0.094012756 0 0.096846175 0.094012756 1 
42 0.116364888 0.120423873 0 0.118352723 0.120423873 0 
43 0.420634235 0.468460371 0 0.481955718 0.468460371 1 
44 -0.105148591 -0.209532078 1 -0.200000567 -0.209532078 1 
45 0.478333132 0.589050324 0 0.583996398 0.589050324 0 
46 0.163454 0.150493789 1 0.150829341 0.150493789 1 
47 0.064350332 0.140678636 0 0.135270709 0.140678636 0 
48 -0.099029602 -0.004505208 0 -0.020037569 -0.004505208 0 
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49 0.093752151 -0.016414556 1 0.002398788 -0.016414556 1 
50 -0.099323697 -0.220610756 1 -0.220312105 -0.220610756 1 
51 0.166998293 0.157570448 1 0.160791877 0.157570448 1 
52 0.18167463 0.285493855 0 0.276683029 0.285493855 0 
53 -0.300209515 -0.283420165 0 -0.294168879 -0.283420165 0 
54 0.095335406 0.088759985 1 0.093353265 0.088759985 1 
55 0.000662241 0.034647499 0 0.029446309 0.034647499 0 
56 -0.135422426 -0.185410707 1 -0.180552883 -0.185410707 1 
57 0.445287575 0.505155871 0 0.507320426 0.505155871 1 
58 0.17334681 0.270444625 0 0.268051096 0.270444625 0 
59 0.102307618 0.022598517 1 0.029263254 0.022598517 1 
60 0.171664861 0.190842336 0 0.188805342 0.190842336 0 
61 0.02517564 -0.007094153 1 3.79465E-05 -0.007094153 1 
62 -0.126570449 -0.071526428 0 -0.085840762 -0.071526428 0 
63 0.326633101 0.291705787 1 0.305176246 0.291705787 1 
64 -0.232833569 -0.241793713 1 -0.243427818 -0.241793713 0 
65 0.000708527 -0.082984509 1 -0.07139694 -0.082984509 1 
66 -0.216508713 -0.236763794 1 -0.237460419 -0.236763794 0 
67 -0.129444847 -0.124172611 0 -0.126946487 -0.124172611 0 
68 0.082767837 0.06565837 1 0.070156169 0.06565837 1 
69 -0.158440629 -0.132889913 0 -0.137673243 -0.132889913 0 
70 0.140253835 0.132101469 1 0.131229782 0.132101469 0 
71 0.3721945 0.4712143 0 0.4554498 0.4712143 0 
72 0.080797562 0.08430767 0 0.083156323 0.08430767 0 
73 -0.116221933 -0.131572419 1 -0.130838825 -0.131572419 1 
74 -0.419546278 -0.418315715 0 -0.421171343 -0.418315715 0 
75 0.060663119 0.04726451 1 0.047199642 0.04726451 0 
76 0.149822539 0.149585851 1 0.148168888 0.149585851 0 
77 0.039129404 0.03626555 1 0.042204655 0.03626555 1 
78 0.040849407 0.137459462 0 0.122519796 0.137459462 0 
79 -0.122501706 -0.115372854 0 -0.114330093 -0.115372854 1 
80 0.578944087 0.547636125 1 0.564756915 0.547636125 1 
81 0.120453236 0.244914067 0 0.221226515 0.244914067 0 
82 0.152979681 0.052215696 1 0.073465884 0.052215696 1 
83 0.201242771 0.151094742 1 0.169750873 0.151094742 1 
84 -0.041002791 -0.043208399 1 -0.039231496 -0.043208399 1 
85 0.118600815 0.111637358 1 0.113778076 0.111637358 1 
86 -0.134363837 -0.107352447 0 -0.116198964 -0.107352447 0 
87 0.226231716 0.274314654 0 0.277372559 0.274314654 1 
88 0.167439168 0.222179723 0 0.214882746 0.222179723 0 
89 0.016963818 0.016496751 1 0.011366825 0.016496751 0 
90 -0.051870565 -0.018671881 0 -0.026375724 -0.018671881 0 
91 -0.007497194 0.025671699 0 0.014953126 0.025671699 0 
92 -0.046995291 -0.025599448 0 -0.028546617 -0.025599448 0 
93 0.293530608 0.328813295 0 0.331280482 0.328813295 1 
94 -0.262493504 -0.125020651 0 -0.146236287 -0.125020651 0 
95 -0.013901408 0.01756195 0 0.013401517 0.01756195 0 
96 -0.204662097 -0.20469623 1 -0.215047094 -0.20469623 0 
97 0.187974063 0.185947419 1 0.191742739 0.185947419 1 
98 -0.108834222 -0.087906259 0 -0.089365319 -0.087906259 0 
99 0.418469347 0.415151334 1 0.425128174 0.415151334 1 

100 0.111409551 0.148533425 0 0.152697945 0.148533425 1 
101 -0.042932392 -0.016782038 0 -0.020641973 -0.016782038 0 
102 -0.136221718 -0.233194703 1 -0.218322871 -0.233194703 1 
103 0.039580259 -0.005572081 1 -0.001175219 -0.005572081 1 
104 -0.310096038 -0.323351015 1 -0.329523569 -0.323351015 0 
105 0.37883772 0.414562696 0 0.421832965 0.414562696 1 
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106 -0.095901355 -0.110500385 1 -0.109976695 -0.110500385 1 
107 -0.194166717 -0.260577544 1 -0.25543262 -0.260577544 1 
108 0.097135586 0.154411819 0 0.145601545 0.154411819 0 
109 0.069832631 0.141383137 0 0.134422381 0.141383137 0 
110 -0.031584786 -0.015165437 0 -0.015089394 -0.015165437 1 
111 -0.038202043 -0.0360207 0 -0.026258865 -0.0360207 1 
112 0.127035741 0.260879588 0 0.240433431 0.260879588 0 
113 -0.009009157 -0.01705159 1 -0.014064015 -0.01705159 1 
114 -0.055714056 -0.076011837 1 -0.068820591 -0.076011837 1 
115 0.159601957 0.165750859 0 0.159981389 0.165750859 0 
116 0.113083838 0.269291642 0 0.245009631 0.269291642 0 
total   47   51 

 

10.3 Autocorrelated SQ-returns 
Figure 4. Autocorrelated SQ-returns for DAX30 

 

 

Figure 5. Autocorrelated SQ-returns for S&P500 
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Figure 6. Autocorrelated SQ-returns for OMXS30 

 

 

Figure 7. Autocorrelated SQ-returns for NIKKEI225 
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Figure 8. Autocorrelated SQ-returns for HSI50 

 

 

10.4 10-day samples from daily indices, risk-free and exchange rate data 

10.4.1 Interpolated indices without currency-adjustment 
Table 10. Interpolated indices without currency-adjustment 

Dates 

interpola

ted_omx

v 

interpolated

_nikkeiv 

interpolated

_spv 

interpolated

_hangv 

interpolated

_daxv 

1990-11-26 
140.929

99 
23698 316.51001 2995 1443.2 

1990-11-27 139.28 23624 318.10001 2998 1415.3 

1990-11-28 
141.320

01 
23054 317.95001 2986 1420.6 

1990-11-29 
142.070

01 
22713 316.42001 2978 1418.9 

1990-11-30 144.89 22455 322.22 2965 1441.2 

1990-12-03 152.33 22726 324.10001 3020 1462.6 

1990-12-04 
152.009

99 
21863 326.35001 3020 1446.3 

1990-12-05 
152.740

01 
22194 329.92001 3066 1471 

1990-12-06 157.98 22553 329.07001 3126 1504.7 

1990-12-07 158.19 23522 327.75 3163 1512.8 
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10.4.2 Daily exchange rates 
Table 11. Daily exchange rates 

Matched Data USD/JPY USD/SEK USD/HKD EUR/USD 

1990-11-26 129.03 5.581 7.7915 1.3832 

1990-11-27 128.35 5.547 7.7905 1.3942 

1990-11-28 130.35 5.5645 7.7945 1.3901 

1990-11-29 133.15 5.586 7.796 1.3876 

1990-11-30 132.55 5.6255 7.8005 1.371 

1990-12-03 134.75 5.649 7.8045 1.3615 

1990-12-04 132.95 5.628 7.803 1.3698 

1990-12-05 133.61 5.636 7.8048 1.3698 

1990-12-06 132.12 5.605 7.807 1.3792 

1990-12-07 130.7 5.5765 7.8014 1.3893 

 

10.4.4 Interpolated USD-adjusted indices 
Table 12. Interpolated USD-adjusted indices 

Index Date 
interpolate

_snp 

interpolate_

nikkei 

interpolate_o

mx 

interpolate_

dax 

interpolate_

hsi 

1990-11-26 316.51001 183.66272 25.251747 1996.2341 384.39325 

1990-11-27 318.10001 184.05922 25.109068 1973.2113 384.82767 

1990-11-28 317.95001 176.86229 25.396711 1974.776 383.09064 

1990-11-29 316.42001 170.58205 25.433226 1968.8657 381.99075 

1990-11-30 322.22 169.40778 25.755934 1975.8851 380.10385 

1990-12-03 324.10001 168.65306 26.965836 1991.3298 386.95624 

1990-12-04 326.35001 164.44528 27.009594 1981.1418 387.03064 

1990-12-05 329.92001 166.11032 27.10078 2014.9758 392.83517 

1990-12-06 329.07001 170.70088 28.185549 2075.2822 400.40988 

1990-12-07 327.75 179.96939 28.367256 2101.7332 405.44006 
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10.4.5 Logarithm of interpolated USD-adjusted indices 
Table 13. Logarithm of interpolated USD-adjusted indices 

Index Date lnsnp lnnikkei lndax lnhsi lnomx 

1990-11-26 5.757355 5.213101 7.599018 5.951666 3.228895 

1990-11-27 5.762366 5.215258 7.587418 5.952796 3.223229 

1990-11-28 5.761894 5.175371 7.58821 5.948272 3.23462 

1990-11-29 5.757071 5.139216 7.585213 5.945396 3.236056 

1990-11-30 5.775235 5.132308 7.588772 5.940444 3.248665 

1990-12-03 5.781052 5.127844 7.596558 5.958312 3.294571 

1990-12-04 5.787971 5.102578 7.591429 5.958504 3.296192 

1990-12-05 5.79885 5.112652 7.608363 5.97339 3.299562 

1990-12-06 5.79627 5.139913 7.637853 5.992489 3.338809 

1990-12-07 5.792251 5.192787 7.650517 6.004973 3.345236 

 

10.4.6 Logarithmic-returns 
Table 14. Logarithmic-returns 

Index Date dlnsnp dlnnikkei dlndax dlnhsi dlnomx 

1990-11-26           

1990-11-27 0.0050111 0.0021567 -0.0116 0.0011296 -0.005666 

1990-11-28 -0.000472 -0.039887 0.000793 -0.004524 0.0113904 

1990-11-29 -0.004824 -0.036155 -0.002997 -0.002875 0.0014367 

1990-11-30 0.0181642 -0.006908 0.003559 -0.004952 0.0126088 

1990-12-03 0.0058174 -0.004465 0.007786 0.0178671 0.0459056 

1990-12-04 0.0069184 -0.025266 -0.005129 0.0001922 0.0016215 

1990-12-05 0.0108795 0.0100746 0.016934 0.0148864 0.0033703 

1990-12-06 -0.00258 0.0272603 0.02949 0.0190988 0.039247 

1990-12-07 -0.004019 0.0528741 0.012665 0.0124841 0.0064261 

1990-12-10 0.0034723 0.0003133 -0.001638 -0.004321 0.0069103 
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10.5 Kurtosis of indices plotted with normal distribution 
Figure 9. Kurtosis plotted with normal distribution, DAX30 

 

 
 

Figure 10. Kurtosis plotted with normal distribution, S&P500 
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Figure 11. Kurtosis plotted with normal distribution, OMXS30. 

 

 
 

Figure 12. Kurtosis plotted with normal distribution, NIKKEI225 
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Figure 13. Kurtosis plotted with normal distribution, HSI50 

 

 

 

 

10.6 Histograms displaying portfolio differences 

10.6.1 Weekly rebalancing  
Figure 14. Differences between the EW and MV portfolios, weekly rebalancing 
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Figure 15. Differences between the EW and RP portfolios, weekly rebalancing 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

10.6.2 Monthly rebalancing 
Figure 16. Differences between the EW and MV portfolios, monthly rebalancing 
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Figure 17. Differences between the EW and RP portfolios, monthly rebalancing 

 

 

 

 

 

 

 

 

 

 

 

10.7 Portfolio weight distribution 

10.7.1 Weekly rebalancing 
Figure 18. Portfolio weights for the EW portfolio, weekly rebalancing 
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Figure 19. Portfolio weights for the MV portfolio, weekly rebalancing 

 

 

Figure 20. Portfolio weights for the RP portfolio, weekly rebalancing 

 

10.7.2 Monthly rebalancing 
Figure 21. Portfolio weights for the EW portfolio, monthly rebalancing 
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Figure 22. Portfolio weights for the MV portfolio, monthly rebalancing 

 

Figure 23. Portfolio weights for the RP portfolio, monthly rebalancing 
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10.8 Additional portfolio and index information 
Table 15. Additional portfolio and index information, weekly rebalancing 

 
 MV EW RP  OMX SNP HSI DAX NIKKEI  

Avg. Return 0.00061 0.00057 0.00057  0.00023 0.00056 0.00083 0.00053 0.00074 

Std. Dev 0.00817 0.00601 0.00621  0.00624 0.01078 0.00919 0.00755 0.00993 

Sharpe ratio 0.07499 0.09534 0.09257  0.03721 0.05155 0.09061 0.07001 0.07422 

Cum. returns 0.33978 0.32351 0.32615  0.11341 0.28555 0.49075 0.28736 0.41506 

 

Table 16. Additional portfolio and index information, monthly rebalancing 

 

 MV EW RP  OMX SNP HSI DAX NIKKEI  

Avg. Return 0.00011 0.00018 0.00017  0.00021 0.00013 0.00027 0.00019 0.00019 

Std. Dev 0.01115 0.00977 0.00982  0.01094 0.01404 0.01456 0.01369 0.01645 

Sharpe ratio 0.01014 0.01851 0.01751  0.01888 0.00938 0.01867 0.01413 0.01161 

Cum. returns 0.19481 0.59516 0.64164  0.67213 0.12049 0.78857 0.41945 0.21475 

 

 


