
 

 

ÖREBRO UNIVERSITY 
School of Business 
Course: NA4011 
Supervisor: Nicklas Krüger 
Examiner: Dan Johansson 
Fall 2017 
 

 

 

 

 

 

 

Utilizing Wavelet to Examine the Relationship between Stock Returns and Risk 

Factors in CAPM and Fama-French Three-Factor Model  

(A study of the Swedish stock market) 

 

 

 

 

 

 
 

Author: 

Hakob Bedros 1989-01-06 



 

 

Abstract 

 

Wavelet method is comparatively new in economics and finance. Therefore, this project aims at 

testing the relationship between stock returns and risk factors in CAPM and Fama-French three-

factor model over different time scales using wavelet analysis. Wavelet is a very powerful tool and 

the advantage of wavelet comes from its ability to decompose a given time series into different 

time scales. The empirical results of the study show that the risk factors in both CAPM and Fama-

French three-factor model have a significant role in describing the cross-sectional variation of the 

six analyzed portfolios in the Swedish market regardless of timescales. 
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1. Introduction 

More often investors are confronted with hard decisions when it comes to making investment 

decisions especially in portfolio opportunities. In order to be at a position to tackle these hard 

decisions, investors need enough and accurate information about the available capital markets and 

the investment opportunities they are confronted with. However, information alone is not enough 

for making decisions on efficient investments. Before committing money into an investment 

opportunity, an investor will require to estimate an expected return from the investment 

opportunity available. To do this, a few tools come into play depending on the prevailing 

circumstance and the convenience of the investor. Of these tools are the capital asset pricing model 

and the Fama-French three-factor model. Treynor, Sharpe and Jensen developed portfolio 

evaluation models which are based on asset pricing model. In the development of the capital asset 

pricing model, it is assumed among others that investors are investing for a single period and they 

are risk-averse, thus aiming to maximize wealth from their investments. To achieve this, investors 

choose investment portfolios on the basis of mean and variance. The main model of capital asset 

pricing is just a statement showing the relationship between the expected risk premiums on 

individual assets and their systematic risk. Given the project’s relevant risk characteristics, the 

capital asset pricing model gives an appropriate expected rate of return which is the same as cost 

of capital to the investor. However, an essential input for the capital asset pricing model is the 

excess return of the market over the free rate which is the market premium or risk premium. Since 

its introduction, the capital asset pricing model has been widely used in applications involving 

evaluating portfolio performance. Fama and French as an alternative to the CAPM introduced 

Fama-French three-factor model which examined the cross- sectional variation in average stock 

returns. It was intended to be superior to the capital asset pricing model due to the fact that its 
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explanatory power is higher than the one for CAPM and that in addition to risk premium, it 

considers the size premium and value premium (it is a multifactor model). Fama and French started 

with the observation that two classes of stocks perform better than the market as a whole, namely, 

stocks with small market capitalization and stocks with a high book-to-price or market value. Since 

these were seen to yield higher returns than the market, Fama and French held a view that this 

phenomenon is explained by the existence of a size as well as a value premium in addition to the 

market risk premium as posited by the traditional capital asset pricing model. In order to put into 

consideration, the two premiums, Fama and French constructed two more risk factors outside of 

market risk. They used SMB (small minus big) to address size risk and HML (high minus low) for 

value risk. The size factor measured the additional returns investors received for investing in stocks 

with comparatively small capitalization, with a positive SMB factor representing higher returns 

for small-cap stocks than for big stocks. The value factor was used to capture premium investors 

get from investing in stocks with a high-to-market ratio. A positive HML signified higher returns 

for value stocks than for growth stocks. In addition, they believed that the Fama-French three- 

factor model had a high explanatory power. 

Both models have been adopted by academics and practitioners in portfolio management but most 

previous studies desert the relationship between stock returns and risk factors at the long horizon 

and just took into account the short horizon. And this drove to present a limited understanding of 

the true dynamic relationship between stock returns and risk factors. 

Recently, a new tool came into the financial field called “wavelets”. Wavelet is a very powerful 

tool that can decompose the data into several time scales. That is, wavelets will allow us to estimate 

the CAPM and Fama-French three-factor model for different time horizons. 
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The focus of this study is to examine the relationships between stock returns and risk factors in 

CAPM and Fama-French three-factor model based on the wavelet multi-scaling method that 

decomposes a given time series on a scale by scale basis. 

This project is organized as follows: Section two will cover the theoretical and mathematical 

description of the CAPM, Fama-French three-factor model and wavelet analysis. Previous study 

related to the subject will be covered in section three. The methodology employed in the study will 

be covered in section four. Section five will cover the data source. Section six will introduce the 

empirical results obtained from wavelet analysis. 

A summary of the results will be concluded in section seven. Finally, the reference list. 
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2. THEORETICAL FRAMEWORK 
 
2.1 Capital Asset Pricing Model (CAPM) 

The CAPM is a model used to determine a theoretically appropriate required rate of return of an 

asset and to make decisions about adding assets to a well- diversified portfolio. It considers the 

assets’ sensitivity to non-diversifiable risk (systematic risk) in the financial industry as well as the 

expected return of the market and the expected return of a theoretical risk-free asset. It is an 

economic theory that describes the relationship between risk and expected return and it serves as 

a model for pricing of risky securities. 

According to the CAPM model, only risk that is priced by rational investors is systematic since 

the risk cannot be eliminated by diversification. The model says that the expected return of a 

security or a portfolio is equal to the rate on a risk-free security plus a risk premium multiplied by 

the assets’ systematic risk. While doing valuation, the CAPM uses a variation of discounted cash 

flows instead of a “margin of safety”, that is, by being conservative in earnings estimates. Because 

of this, one is required to use a varying discount rate that gets bigger to compensate for their 

investments’ riskiness. 

In other words, the CAPM gives an elegant model of the determinants of the equilibrium expected 

return 𝐸(𝑅$) on any individual risky asset in the market. It predicts that the expected excess return 

on an individual risky asset (𝐸(𝑅$) − 𝑅&) is related to the expected excess return on the market 

portfolio 𝐸(𝑅') − 𝑅& ,	with the constant of proportionality given by the beta (𝛽$) of the 

individual risky asset: 

 𝐸(𝑅$) = 𝑅& + 𝛽$ 𝐸(𝑅') − 𝑅&  (2.1) 

or 
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 𝐸(𝑅$) − 𝑅& = 𝛽$ 𝐸(𝑅') − 𝑅&  (2.2) 

where 

 𝛽$ =
𝑐𝑜𝑣 𝑅$, 𝑅'
𝑣𝑎𝑟𝑅'

. (2.3) 

𝛽$ relies on the covariance between the return on security 𝑖 and the market portfolio and is inversely 

related to the variance of the market portfolio. 

 

2.2 Fama-French Three-Factor Model 

The Fama-French model is an asset pricing model that expands on capital asset pricing model by 

adding size and value factors to the market risk factor in the CAPM. It considers the fact that value 

and small-cap stocks outperform markets on a regular basis. By including these additional factors, 

the model adjusts for the outperformance tendency, which is sought to make it a better tool for 

evaluating manager performance. The model assumes the following formula: 

 𝐸 𝑅$ = 𝑅& + 𝛽$ 𝐸 𝑅' − 𝑅& + 𝛽B'C𝑆𝑀𝐵 + 𝛽F'G𝐻𝑀𝐿. (2.4) 

This model says that the expected return on a portfolio in excess of the risk-free rate [𝐸 𝑅$ − 𝑅&] 

is explained by the sensitivity of its return to three factors: 

(i) The excess return on a broad market portfolio 𝑀𝐾𝑇 = (𝐸 𝑅' − 𝑅&) 

(ii) The difference between the return on a portfolio of small stocks and the return on a 

portfolio of large stocks (SMB, small minus big)   

(iii) The difference between the return on a portfolio of high-book-to-market stocks and the 

return on a portfolio of low-book-to-market stocks (HMS, high minus low). 

The determination of SMB and HML factors: 
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• SMB stands for Small Minus Big and it is the average return on the three small portfolios 
minus the average return on the three big portfolios, 

 
𝑆𝑀𝐵 =

1
3
𝑆𝑚𝑎𝑙𝑙	𝑉𝑎𝑙𝑢𝑒 + 𝑆𝑚𝑎𝑙𝑙	𝑁𝑒𝑢𝑡𝑟𝑎𝑙 + 𝑆𝑚𝑎𝑙𝑙	𝐺𝑟𝑜𝑤𝑡ℎ	 − 

											
1
3
𝐵𝑖𝑔	𝑉𝑎𝑙𝑢𝑒 + 𝐵𝑖𝑔	𝑁𝑒𝑢𝑡𝑟𝑎𝑙 + 𝐵𝑖𝑔	𝐺𝑟𝑜𝑤𝑡ℎ	 . 

(2.5) 

 

• HML stands for High Minus Low and it is the average return on the two value portfolios 
minus the average return on the two growth portfolios, 

𝐻𝑀𝐿 =
1
2
𝑆𝑚𝑎𝑙𝑙	𝑉𝑎𝑙𝑢𝑒 + 𝐵𝑖𝑔	𝑉𝑎𝑙𝑢𝑒	 − 

																		
1
2
𝑆𝑚𝑎𝑙𝑙	𝐺𝑟𝑜𝑤𝑡ℎ + 𝐵𝑖𝑔	𝐺𝑟𝑜𝑤𝑡ℎ	 . 

(2.6) 

 

2.3 Multiresolution Analysis and Discrete Wavelet Transform 

The concept of multiresolution analysis is simple and ancient. The information to be analyzed is 

divided into a principal part and a residual part. The principal part is to be considered as low pass 

and the residual part is to be considered as high pass. The reason for this identification is that there 

are more high-frequency states than low-frequency states. 

To be able to explain the framework of MRA, it will be better to begin from the characteristics of 

scale functions (father wavelet): 

 𝜙X,Y 𝑡 = 2Z
X
[𝜙

𝑡 − 2X𝑐
2X

 (2.7) 
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where 2X is the translation parameter used for frequency splitting. The term 2Z
\
] maintains the 

standard of the basis function 𝜙(𝑡) at 1. When 𝑗 and 𝑐 change the support of the 𝜙(𝑡) will change. 

So, when 𝑗 becomes larger, 2X becomes larger, and 𝜙X,Y 𝑡  becomes shorter and more spread out, 

and when 𝑗 get smaller the opposite will happen, with 𝑆Z∞ =	 {0} and 𝑆∞ = 𝐿[. 

In the multiresolution analysis, a space, which contains high resolution, also contains those of 

lower resolution. That is, 𝜙(𝑡) can be expressed as a weighted sum of shifted 𝜙(2𝑡).  

 𝜙 𝑡 = 𝑔 𝑐 2𝜙 2𝑡 − 𝑐
Y∈c

 (2.8) 

where 𝑔 𝑐  is the low pass filter (scaling function coefficients) and 2 maintains the standard of 

the scaling function with the scale of two. The above equation is called the MRA equation. The 

property of the scaling functions that we have discussed above play a significant role in describing 

the properties of the wavelet function [mother wavelet, 𝜓(𝑡)].  

The wavelets can be expressed as a weighted sum of shifted scaling function 𝜙 2𝑡 , which is 

defined in Eq. (2.8), now for the high pass filter [ℎ(𝑐)]: 

 𝜓 𝑡 = ℎ 𝑐 2𝜙 2𝑡 − 𝑐
Y

. (2.9) 

The mother wavelet 𝜓(𝑡) has the following form: 

 𝜓X,Y 𝑡 = 2Z
X
[𝜓

𝑡 − 2X𝑐
2X

. (2.10) 

The time series 𝑧e ∈ 𝐿[ could be expressed as a sum of a finite set of high frequency parts and a 

residual low frequency part. 

 𝑧e ≈ 𝑠g,Y𝜙g,Y 𝑡 + 𝑑g,Y𝜓g,Y 𝑡 + 𝑑gZh,Y𝜓gZh,Y 𝑡 +
YYY

…+ 𝑑h,Y𝜓h,Y 𝑡
Y

		 (2.11) 

with 
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𝑠g,Y = 𝜙g,Y(𝑡)𝑧e𝑑𝑡 				𝑎𝑛𝑑					𝑑X,Y = 𝜓X,Y(𝑡)𝑧e𝑑𝑡																																																																																			 

where 𝑠g,Y is the smooth coefficients that capture the trend, while 𝑑g,Y, … , 𝑑h,Y, is the detail 

coefficients that can capture the higher frequency vibration. 𝐽 is the number of scales, and 𝑐 ranges 

from 1 to the number of coefficients in the corresponding component. 

The wavelet series approximation of the original 𝑧e is given by the sum of the smooth signal 𝑆g,Y 

and the detail signals	(𝐷g,Y + 𝐷gZh,Y + ⋯+ 𝐷h,Y): 

 𝑧e = 𝑆g,Y + 𝐷g,Y + 𝐷gZh,Y + ⋯+ 𝐷h,Y (2.12) 

where 

 𝑆g,Y = 𝑠g,Y𝜙g,Y 𝑡 ,
Y

  

and 

 𝐷X,Y = 𝑑X,Y𝜓X,Y 𝑡
Y

,									𝑗 = 1,2, … , 𝐽 − 1.  

The discrete wavelet transform charts the vector 𝑧 = 𝑧h, 𝑧[, … , 𝑧n o to a vector of 𝑛 wavelet 

coefficient 𝑤 = 𝑤h,𝑤[, … ,𝑤n o. The vector 𝑤 contains the coefficients of the wavelet series 

approximation, Eq. (2.11). The DWT mathematically can be obtained by the following: 

 𝑤 = 𝑊𝑧 (2.13) 

where 𝑊 is 𝑛×𝑛 orthonormal matrix defining the DWT and the coefficients are ordered from 

coarse scales to fine scales in the vector 𝑤. In the case where 𝑛 is divisible by 2g: 

 𝑤 =

𝑠g
𝑑g
𝑑gZh
⋮
𝑑h

 (2.14) 

where 
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𝑠g = 𝑠g,h, 𝑠g,[, … , 𝑠g,n/[u
o
 

𝑑g = (𝑑g,h, 𝑑g,[, … , 𝑑g,n/[u)′ 

𝑑gZh = 𝑑gZh,h, 𝑑gZh,[, … , 𝑑gZh,n/[u
′
 

	⋮																																										⋮														 

𝑑h = (𝑑h,h, 𝑑h,[, … , 𝑑h,n/[u)′. 

 

(2.15) 

 

• Wavelet Filters 

Another way to think about wavelet is to consider low- and high-pass filters, indicated in Equations 

(2.8) and (2.9). They can be obtained from the father and mother wavelet 

 			𝑔 𝑐 =
1
2

𝜙(𝑡)𝜙(2𝑡 − 𝑐)𝑑𝑡 (2.16) 

and 

 ℎ 𝑐 =
1
2

𝜓 𝑡 𝜓 2𝑡 − 𝑐 𝑑𝑡. (2.17) 

Now in order to be able to investigate the properties of the wavelet filter. Let ℎv =

(ℎw, ℎh, ℎ[, … , ℎgZh) be a finite length discrete wavelet filter such that it integers (sums) to zero 

 ℎv = 0
gZh

vxw

 (2.18) 

and has unit energy 

 ℎv[ = 1.
gZh

vxw

 (2.19) 
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In addition to equations (2.18) and (2.19), the high-pass filter ℎv is orthogonal to its even shifts, 

that is 

 ℎvℎvy[n = 0,							𝑓𝑜𝑟	𝑎𝑙𝑙	𝑛𝑜𝑛	𝑧𝑒𝑟𝑜	𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠	𝑛
gZh

vxw

. (2.20) 

This means that in order to construct the orthonormal matrix that defines the DWT, wavelet 

coefficients cannot interact with each other. The father and mother wavelets should respect these 

conditions: 

 ℎv = 0
gZh

vxw
. (2.21) 

 𝑔v = 1.
gZh

vxw
 

(2.22) 

 

• Discrete Wavelet Transform Coefficients 

The coefficients of the father and mother wavelets can be obtained as follows: 

 𝑑h 𝑡 = ℎv𝑧([eyhZv{|}~)
gZh

vxw
 (2.23) 

and 

 𝑠h 𝑡 = 𝑔v𝑧([eyhZv{|}~)
gZh

vxw
 (2.24) 

where 𝑚𝑜𝑑 is the operating modulo. The 𝑠h 𝑡 , which has a low frequency, can be decomposed 

into high and low-frequency components: 

 𝑑[ 𝑡 = ℎv𝑠h,([eyhZv{|}~)
gZh

vxw
 (2.25) 

and 
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 𝑠[ 𝑡 = 𝑔v𝑠h,([eyhZv{|}~).
gZh

vxw
 (2.26) 

𝑤 =	 𝑑h	𝑑[	𝑑�	𝑠�  can be obtained by applying the pyramid algorithm. And in order to get the 

vector of wavelet coefficients in Eq. (2.14), the previous procedure should be repeated up to scale 

𝐽 = 𝑙𝑜𝑔[ 𝑇 . 

 

Figure 2. 1 Pyramid Algorithm 

 

 

 

2.4 Maximal Overlap Discrete Wavelet Transform (MODWT) 

After introducing the DWT, it is time to introduce the maximal overlap discrete wavelet transform 

(MODWT). The reason behind using MODWT instead of the traditional DWT is the elasticity 

when selecting the starting point for a time series and it can handle any sample size (Percival and 

Walden,2000). 

The following properties are important in differentiating the MODWT from the DWT (Percival 

and Walden,2000). 

• The MODWT can handle any size 𝑁, while the 𝐽th order partial DWT restricts the sample 
size to a multiple of 2g. 

• The detail and smooth coefficients of MODWT multiresolution analysis are associated 
with zero phase filters.  

• The MODWT is invariant to circularly shifting the original time series. Therefore, shifting 
the time series by an integer unit will shift the MODWT wavelet and scaling coefficients 
the same amount. This property does not hold for the DWT. 

z 𝑡

𝑑h(𝑡)

𝑠h(𝑡)

𝑑[(𝑡)

𝑠[(𝑡) 𝑠�(𝑡)

𝑑�(𝑡)

  J=1   J=2   J=3 
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• The MODWT wavelet variance estimator is asymptotically more efficient than the same 
estimator based on the DWT. 

 

The MODWT mathematically can be calculated as: 

 𝑤 = 𝑊𝑧 (2.27) 

where 𝑊 is an orthonormal matrix defining the MODWT. 

The original time series 𝑧e can be decomposed into its wavelet and smooth as the following: 

 𝑧e = 𝐷X + 𝑆X

g

Xxh

 (2.28) 

where the elements of 𝑆X are the detail coefficients of 𝑧e at scale 𝑗, while the vector of 𝐷X contains 

the MODWT coefficients related with changes in 𝑧e between scale 𝑗 − 1 and 𝑗. 

 

• Maximal Overlap Discrete Wavelet Transform Coefficients 

The coefficients of the MODWT can be calculated using the pyramid algorithm. The first iteration 

of the algorithm starts by filtering the time series with each filter to get the following wavelet and 

scaling coefficients: 

 𝑑h 𝑡 = ℎv𝑧eZv{|}~
gZh

vxw
 (2.29) 

and 

 𝑠h 𝑡 = 𝑔v𝑧eZv{|}~
gZh

vxw
. (2.30) 

The second step of the MODWT pyramid algorithm is to further decompose the 𝑠h 𝑡  which has 

a low frequency into high and low-frequency components: 
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 𝑑[ 𝑡 = ℎv𝑠h,eZv{|}~
gZh

vxw
 (2.31) 

and 

 𝑠[ 𝑡 = 𝑔v𝑠h,eZv{|}~.
gZh

vxw
 (2.32) 

 

 

2.5 Wavelet Correlation  

The calculation of the wavelet covariance is a relatively new technique and only a few researchers 

adopt this technique (Gençay et al., 2005; In and Kim, 2005b). An important characteristic of 

wavelet transform is its ability to decompose the covariance of a given time series.  

The MODWT wavelet covariance of a univariate time series (𝑋e, 𝑌e) at scale 𝜅X = 2XZh  is given 

by 

 𝑐𝑜𝑣34 𝜅X =
1

2X𝑁X
𝑑X,Y3 𝑑X,Y4

�\

vxG\

 (2.33) 

where 𝐿X = 2X − 1 𝐿 − 1 + 1 is the length of the scale (𝜅X) wavelet filter, and 𝑁X = 𝑁 − 𝐿X +

1 is the number of coefficients unaffected by the boundary. The last term of the above equation is 

the MODWT wavelet coefficient. 

It is normal to introduce the wavelet correlation, because the covariance does not take into account 

the variation of the univariate time series.  

The wavelet correlation can be calculated as follows: 

 𝜌34 𝜅X =
𝑐𝑜𝑣34(𝜅X)

𝑠3[ 𝜅X 𝑠4[ 𝜅X
	 (2.34) 
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where  

 𝑠�[ 𝜅X = 	
1
𝑁X

[𝑑X,e
� ][

�

exG\

 (2.35) 

where 𝑡 = 1,… , 𝑛/2X and 𝑞 = 𝑋, 𝑌. 
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3. EMPIRICAL LITERATURE 

Sharpe, Linter and Mossini introduced capital asset pricing model (CAPM) and until now, it is still 

widely used in applications in the evaluation of managed portfolios performance. It provides an 

approach to one major problem in finance; the quantification of the trade-off between risk and 

expected return. Fama and French introduced their model as an alternative to the CAPM. It was 

supposed to be superior than CAPM as it requires less and more realistic assumptions and its 

explanatory power is better than CAPM’s since it is a multifactor model. However, until now the 

decision on which model is better has not been reached. Researchers and scholars who defend 

CAPM such as Sharpe and those that defend Fama-French three-factor model together with other 

researchers and academicians question the testability and performance of both models. 

As we mentioned in the introduction part that some researchers have carried out various tests on 

the usefulness of CAPM and Fama-French three factor model, but due to the limited time scales 

they could not present a good understanding of the true dynamic relationship between stock return 

and risk factors. 

The usefulness of multi-scaling approach can be found in several previous studies. For example, 

Levhari and Levy (1977) show that the beta estimate is biased, if the analyst uses a time horizon 

shorter than the true time horizon, defind as the relevant time horizon implicit in the decision- 

making process of investors (Gencay et al., 2005). Handa et al. (1989) report that if we consider 

different return interval, different betas can be estimated for the same stock. Along with these 

aspects, Kothari and Shanken (1998) examine the Fama-French model and conclude that Fama 

and French’s results hinge on using monthly rather than yearly returns. Kothari and Shanken (1998) 

argue that the use of annual returns to estimate betas helps to circumvent measurement problems 

caused by non-synchronous trading, seasonality in returns, and trading frictions. 
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Trimech, Kortas, Benammou (2009) did a study to discuss a multiscale pricing model for the 

French stock market by combining wavelet analysis and Fama-French three-factor model. They 

found that the multiresolution approach improves the explanatory power of the Fama-French 

model as compared to the single scale model. 

Gençay, Whitcher, and Selçuk (2003) used wavlete analysis to estimate CAPM and they found 

that the major part of the market’s influence on an individual asset return is at higher frequencies. 

That is, the coefficient of the beta will decrease when regressing an individual asset return on the 

smoother components of the market portfolio.  
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4. METHODOLOGY 

 
4.1 Model Specification 

The specific models to be estimated take the following forms: 

CAPM: 𝐸 𝑅$ = 𝑅& + 𝛽$ 𝐸 𝑅' − 𝑅& . 

Fama-French three-factor model: 𝐸 𝑅$ = 𝑅& + 𝛽$ 𝐸 𝑅' − 𝑅& + 𝛽B'C𝑆𝑀𝐵 + 𝛽F'G𝐻𝑀𝐿. 

The following time series regression will be run after using the wavelet coefficients for 𝜅X =

2XZh where 𝑗 = 1,2, … ,5: 

CAPM will take the following form: 

 𝐸 𝑅$e 𝜅X − 𝑅&e 𝜅X = 𝑎 𝜅X + 𝐵'�~ 𝜅X 𝑀𝐾𝑇e 𝜅X + 𝜖$,e 𝜅X  (4.1) 

where 𝐸(𝑅$e) 𝜅X  is the excess return on portfolio 𝑖, 𝑅&e 𝜅X 	is the risk-free return (three-month 

Bond), 𝑀𝐾𝑇e 𝜅X 	is the excess market returns, intercept 𝑎 𝜅X  is the abnormal return of portfolio 

𝑖, 𝐵'�~ 𝜅X 	is the assigned loadings on the market and 𝜖$,e 𝜅X  is the error term. 

Whereas the Fama-French three-factor model will become: 

 
𝐸 𝑅$e 𝜅X − 𝑅&e 𝜅X = 𝑎 𝜅X + 𝐵'�~ 𝜅X 𝑀𝐾𝑇e 𝜅X +																																																 

																																							𝐵B'C 𝜅X 𝑆𝑀𝐵e 𝜅X + 𝐵F'G 𝜅X 𝐻𝑀𝐿e 𝜅X +	𝜖$,e 𝜅X . 

(4.2) 
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4.2 Variable Specification 

Dependent variable: The dependent variable for the CAPM and the Fama-French three-factor 

model will be the excess portfolio return. The excess return reflects the return in addition to the 

risk-free rate required by the investor to satisfy the acquired risk. 

Independent variables: The independent variable for the CAPM is the excess market return 

represented by 𝑀𝐾𝑇e 𝜅X . The independent variables for the Fama-French three-factor model are 

the excess market return, the size factor (SMB) and the value factor (HML). The excess market 

return as already been pointed out was measured as the difference between the return on the market 

portfolio and the risk-free rate represents the incremental return that an investor could achieve if 

he invested in the market portfolio. 

 

4.3 Hypotheses to be Tested 

The regression models will be applied to test the validity of the capital asset pricing model and the 

Fama-French three-factor model. The capital asset pricing model will be tested on excess market 

return since it has one independent variable, while the Fama-French three-factor model will be 

tested on excess market return, size premium (SMB) and value premium (HML). The hypotheses 

for the capital asset pricing model are: 

𝐻w:	𝐵'�~ = 0. 

𝐻�:	𝐵'�~ ≠ 0. 

The capital asset pricing model will hold true if the intercept 𝑎 is not significant or put differently, 

not statistically different from zero and the slope coefficient on excess market returns is 

statistically different from zero. 
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The Fama-French three factor model is a multivariate regression model hence the hypotheses to 

be tested are: 

𝐻w:	𝐵'�~ = 𝐵B'C = 𝐵F'G = 0. 

𝐻�: 𝐴𝑡	𝑙𝑒𝑎𝑠𝑡	𝑜𝑛𝑒	𝑜𝑓	𝐵'�~, 𝐵B'C, 𝐵F'G ≠ 0.	

The model will be hold if the intercept 𝑎 is not significant and the slope coefficients are statistically 

significant. 

 

4.4 Goodness-of-Fit 

In order to know which model is best, it is very useful to have some measures of the goodness fit 

between the model and the data. 

• Jarque-Bera test 

The study will employ the Jarque-Bera test to establish whether the collected data is evenly 

distributed. A 95% confidence interval is assumed. Jarque-Bera is a test of whether sample data 

have the skewness and kurtosis matching a normal distribution. In other words, the test statistic 

measures the difference of the skewness and kurtosis of the series with those from the normal 

distribution.  

 

 𝐽𝑎𝑟𝑞𝑢𝑒 − 𝐵𝑒𝑟𝑎 = 	
𝑁
6

𝑆[ +
𝐾 − 3 [

4
 (4.3) 

where 𝑆 is the sample skewness and 𝐾	is the sample kurtosis. 

• R Square (𝑹𝟐) 
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In order to describe the quality of the regression,  𝑅[ measure will be used, which is also called 

the coefficient of determination 𝑅[ and the larger the value of 𝑅[ the more accurate the regression. 
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5. DATA 
 
5.1 Types and Sources of Data 

The portfolios are the intersections of 2 portfolios formed on size (market equity) and 3 portfolios 

formed on the ratio of book equity to market equity (BE/ME). In addition, the study adopted the 

Sweden three-month bond as a risk-free asset. Monthly returns for the period March 1992 to March 

2013 were used and returns were in SEK (data obtained from the Stefano Marmi homepage). 

Construction: The size breakpoint for year 𝑡 is the median market equity for the last fiscal year 

end before June of year 𝑡. BE/ME for June of year 𝑡 is the book equity for the last fiscal year end 

before March 𝑡 − 1 divided by market equity for March of t. The BE/ME breakpoints are the 30th 

and 70th percentiles. The independent 2x3 sorts on size and B/M produce six value-weight 

portfolios, SG, SN, SV, BG, BN, and BV, where S and B indicate small or big and G, N, and V 

indicate growth (low B/M), neutral, and value (high B/M). 

Stocks: The portfolios for July of year t to June of 𝑡 + 1 include all stocks for which we have 

market equity data for the last fiscal year end before March and June of 𝑡, and (positive) book 

equity data for the last fiscal year end before March 𝑡. Starting with July 1994, the portfolios 

include stocks with average volume traded on the 5 prior days greater than one thousand shares. 

 

5.2 Descriptive Statistics 

After generating the variables, 253 observations are obtained. The mean of the six portfolios are 

positive. The mean of MKT is 0.91 and HML is 0.36. That is, the investors are getting a positive 

premium for bearing these two risk factors. While SMB has a negative value of -0.26. In other 
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words, investors will receive a negative premium for bearing factor risk. On average, these figures 

are the recorded values for the respective variables in the period of study. 

 

Table 5. 1 Descriptive Statistics 

Des. Stats SV SN SG BV BN BG MKT SMB HML 

Mean 1.03 1.02 0.77 1.32 1.04 0.64 0.91 -0.26 0.36 

Std. Error 0.46 0.43 0.53 0.49 0.44 0.47 0.45 0.28 0.35 

Median 0.32 0.8 0.14 1.25 1.27 0.99 1.17 -0.43 0.22 

Mode -0.59 2.86 -4.82 1.36 -2.34 -1.92 -2.2 0.16 2.89 

Std. Dev 7.41 6.91 8.57 7.87 7.01 7.48 7.16 4.47 5.57 

S.Var 54.8 47.6 73.4 62.0 49.2 55.9 51.3 20.0 31.0 

Kurtosis 4.87 0.86 2.18 10.54 4.35 2.21 3.17 3.91 5.72 

Skewness 0.96 0.44 0.83 1.46 0.41 0.25 0.22 -0.18 -0.30 

Range 64.3 41.5 57.2 81.9 57.1 52.7 54.7 41.4 53.1 

Minimum -22.3 -17.2 -22.9 -26.8 -22.1 -21.7 -22.6 -22.3 -30.9 

Maximum 42.1 24.3 34.3 55.1 35.1 30.9 32.1 19.1 22.1 

Sum 259.9 257.8 194.8 334.2 263.8 160.9 230.6 -67.8 91.7 

Count 253 253 253 253 253 253 253 253 253 

ConfL 95% 0.91 0.85 1.06 0.97 0.86 0.92 0.88 0.55 0.68 
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5.3 Normality of the Data 

After running the Jarque-Bera test, we can easily see that the probability values are smaller than 

the significance level (5%), we reject the null hypothesis of normal distribution and conclude that 

the data for the variables not follows a normal distribution.  

 

Table 5. 2 Jarque-Bera Test 

 X-squared P VALUE 

Small Value 277.58 2.2e-16 

Small Neutral 15.42 0.00044 

Small Growth 76.15 2.2e-16 

Big Value 1211.35 2.2e-16 

Big Neutral 196.04 2.2e-16 

Big Growth 50.76 9.455e-12 

MKT 102.41 2.2e-16 

SMB 155.08 2.2e-16 

HML 332.95 2.2e-16 
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6. RESULTS AND DISCUSSION OF THE FINDINGS 
 
6.1 Correlation between Independent Variables (single scale) 

The observed correlations between the independent variables are not so large, that is, they are 

within the acceptable range with a minimum of -0.0820 between SMB and HML and a maximum 

of -0.3659 between SMB and MKT. This shows that the variables are not highly correlated to each 

other hence could be used to estimate the Fama-French three-factor model since they are free from 

serial correlation. 

 

Table 6. 1 Correlation on Single Scale 

Correlation MKT SMB HML 

MKT 1.0000 -0.3659 -0.3451 

SMB -0.3659 1.0000 -0.0820 

HML -0.3451 -0.0820 1.0000 

 

 

6.2 Multiscale Correlation between Independent Variables  

In order to get the maximal overlap discrete wavelet transform, the Daubechies wavelet with two 

vanishing moments (db2) is applied. The correlation data can be obtained as the following: 
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Table 6. 2 Correlation on Different Scales 

  MKT-SMB MKT-HML SMB-HML 

Scale 1 (2-4 months) -0.4791 -0.3286 -0.0831 

Scale 2 (4-8 months) -0.4462 -0.3969 -0.1266 

Scale 3 (8-16 months) -0.1451 -0.4702 -0.1148 

Scale 4 (16-32 months) -0.0472 -0.4243 -0.1614 

Scale 5 (32-64 months) 0.3280 -0.5552 -0.2364 

 

The first five elements are the correlation coefficients for the wavelet (detail) levels one to five. 

From Table (6.2), we can notice that the correlation is negative between the risk factors over the 

range of time scales, with the exception of the correlation between market excess return and SMB 

for scale 5. We can now plot the multiscale correlation of the independent factors down to level 

five. 

 

Figure 6. 1 Correlation by Scale (MKT-SMB) 
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Figure 6. 2 Correlation by scale (MKT-HML) 

 

 

 

Figure 6. 3 Correlation by scale (SMB-HML) 
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6.3 Results from the CAPM 

We examine the multiscale relationship between portfolio returns and excess market returns in the 

wavelet domain over different time scales.  

Table (6.3) shows the estimates coefficients of 𝑎 𝜅X , 𝐵'�~ 𝜅X  and 𝑅[. Now considering the 

length and the sample size of the wavelet filter, we stabilize on the MODWT based Daubechies 

least asymmetric wavelet filter of length 8, while our decompositions go to scale 5. The first scale 

captures oscillation with a period ranging from two months to four months, while the last scale 

captures oscillation with a period ranging from 32 to 64 months. 

The results of 𝑅[s of regressions show that the CAPM has explanatory power in cross-sectional 

variation in average portfolio returns. 𝑅[ increases as the time scale increase, as we see in the scale 

4 and 5, that is the power of CAPM increase with time scale. 

We note from the result of the regression analysis that 𝛼s are not significantly different from zero 

at six-size portfolios regardless of time scales. We can also notice that the market coefficients,  

𝐵'�~ 𝜅X , are statistically significant in all time scales, this means that the excess market return 

has a positive impact and plays an important role in explaining the cross-sectional variation of the 

six analyzed portfolios regardless of timescales. 
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Table 6. 3 Estimated Coefficients of the CAPM 

  scale 1 

(2-4 m) 

scale 2 

(4-8 m) 

scale 3 

(8-16 m) 

scale 4 

(16-32 m) 

scale 5 

(32-64 m) 

 α 1.66881E-16 -4.59104E-17 -2.39466E-16 7.99659E-17 0.288* 

SV β 0.628*** 0.533*** 0.746*** 0.92*** 0.811*** 

 R[ 0.377 0.385 0.459 0.505 0.44 

 α 3.81128E-16 2.44836E-17 -5.24855E-16 3.42411E-18 0.115 

SN β 0.531*** 0.666*** 0.905*** 1.032*** 0.991*** 

 R[ 0.433 0.476 0.625 0.726 0.797 

 α -2.22657E-17 3.20926E-18 -2.18912E-16 -1.74737E-17 -0.226*** 

SG β 0.731*** 0.741*** 0.921*** 1.054*** 1.093*** 

 R[ 0.371 0.411 0.574 0.627 0.823 

 α 3.46871E-16 -7.56007E-17 -8.86038E-17 1.18409E-16 0.641 

BV β 0.832*** 0.832*** 0.991*** 0.971*** 0.744*** 

 R[ 0.599 0.637 0.687 0.688 0.481 

 α -4.12426E-16 -5.66535E-16 -2.13294E-16 1.31601E-16 0.323 

BN β 0.793*** 0.838*** 1.031*** 0.971*** 0.788*** 

 R[ 0.731 0.804 0.842 0.753 0.719 

 α -6.30265E-16 2.84252E-16 -1.42279E-17 1.18473E-16 -0.357*** 

BG β 0.796*** 0.972*** 1.083*** 1.108*** 1.09*** 

 R[ 0.72 0.839 0.86 0.774 0.954 

Note: Signif. codes (***) 0.001  (*) 0.05 
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6.4 Results from the Fama-French Three-Factor Model 

We examine the multiscale relationship between portfolio returns and risk factors which are 

represents by excess market return, SMB and HML in the wavelet domain over different time 

scales.  

Table (6.4) shows the estimates coefficients of 𝑎 𝜅X , 𝐵'�~ 𝜅X , 𝐵B'C 𝜅X , 𝐵F'G 𝜅X    and 𝑅[. 

We start by examining the 𝑅[s of regressions, which appear to show that the risk factors have a 

positive impact and a significant explanatory power in cross-sectional variation in average stock 

returns in the Swedish market. As we can see in Table (6.4) all values of 𝑅[ increase as the time 

scale increases and all portfolio returns have the highest 𝑅[ in the scales 4 and 5. 

The estimated coefficients for the excess market return, SMB and HML are highly significant in 

all time scales, that is the relationship between portfolio returns and risk factors are strong at the 

scale from 1 to 5. Exception is the estimated associated with the scale (5) for the portfolio (SG). 

These results show that the mispricing is not considered as a short-term phenomenon when it 

comes to the loading on the HML. According to Daniel (1998) and Cooper (2004), it is expected 

that the loadings on the HML will be significant in the short scales and insignificant in the long 

scales. But our results report that the loading on the HML is significant regardless of timescales. 
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Table 6. 4 Estimated Coefficients of the Fama-French Three-Factor Model 

  scale 1 

(2-4 m) 

scale 2 

(4-8 m) 

scale 3 

(8-16 m) 

scale 4 

(16-32 m) 

scale 5 

(32-64 m) 

 α 1.74964E-17 -1.73063E-16 -3.9699E-16 7.01205E-17 0.087 
 β��� 1.083*** 0.936*** 0.943*** 1.197*** 1.072*** 

SV β��� 1.151*** 0.856*** 1.093*** 0.929*** 1.174*** 
 β��� 0.382*** 0.418*** 0.412*** 0.819*** 0.765*** 
 R[ 0.774 0.699 0.854 0.875 0.931 
 α 2.79671E-16 -1.49332E-16 -6.50485E-16 -3.01701E-17 0.168*** 
 β��� 0.824*** 1.056*** 1.028*** 1.119*** 1.071*** 

SN β��� 0.799*** 1.014*** 1.013*** 0.921*** 0.874*** 
 β��� 0.175*** 0.291*** 0.112*** 0.237*** 0.301*** 
 R[ 0.733 0.823 0.922 0.942 0.945 
 α -1.8325E-16 -2.23E-16 -3.07779E-16 -8.15108E-17 0.251 
 β��� 1.138*** 1.038*** 0.947*** 0.989*** 0.979*** 

SG β��� 1.341*** 1.116*** 0.964*** 1.151*** 1.259*** 
 β��� -0.056*** -0.174*** -0.298*** -0.232*** -0.099 
 R[ 0.792 0.803 0.891 0.937 0.907 
 α 2.85339E-16 -8.53899E-17 -1.84038E-16 1.2802E-16 0.117* 
 β��� 1.108*** 1.186*** 1.193*** 1.209*** 1.078*** 

BV β��� 0.365*** 0.379*** 0.324*** 0.424*** 0.277*** 
 β��� 0.659*** 0.739*** 0.766*** 0.713*** 0.814*** 
 R[ 0.791 0.834 0.908 0.929 0.934 
 α -4.68158E-16 -5.87131E-16 -2.86208E-16 1.43135E-16 0.047 
 β��� 1.009*** 1.046*** 1.154*** 1.182*** 0.978*** 

BN β��� 0.372*** 0.277*** 0.373*** 0.313*** 0.258*** 
 β��� 0.404*** 0.381*** 0.392*** 0.633*** 0.476*** 
 R[ 0.845 0.874 0.931 0.952 0.941 
 α -6.87579E-16 2.03561E-16 -4.25844E-17 7.72E-17 -0.144*** 
 β��� 0.942*** 1.076*** 1.079*** 1.015*** 1.005*** 

BG β��� 0.476*** 0.396*** 0.361*** 0.611*** 0.291*** 
 β��� -0.014*** -0.066*** -0.175*** -0.299*** -0.159*** 
 R[ 0.806 0.899 0.918 0.907 0.967 

Note: Signif. codes (***) 0.001  (*) 0.05 
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7. CONCLUSION 

This project aims at investigating the relationship between stock returns and risk factors in both 

CAPM and Fama-French three-factor models in the Swedish market. The two models explain the 

cross-sectional variation of the stock returns over different time scales using MODWT based on 

MRA. After decomposing the given time series into 5 scales, the relationships between portfolio 

returns and risk factors have been examined within the multiscale framework. 

The empirical results from the CAPM show that the risk factor plays an important and significant 

role in describing the cross-sectional variation within the multiscale framework. The estimated 

coefficients of the market excess return are significant regardless of timescales. Besides that, the 

results of 𝑅[ increase as the timescale increases.  

The results from Fama-French three-factor model are not different from the CAPM’s results, it 

addresses that the risk factors play an important role in explaining the cross-section of average 

returns within the five time scales. The results show that the loading on the HML is not only 

significant in the short run, but also in the long run. 

Therefore, the empirical and evidence of this study reveal that both CAPM and Fama-French three-

factor model fit well for making portfolio investment decisions and that their use will depend on 

whether or not the investor wants to capture the size and value premiums of the stocks in the 

portfolio in estimating the expected returns.   

Integrating the factors' profitability and investment patterns, that is, testing the Fama-French five-

factor model can be a proposal for future research directions. In addition, it can be very interesting 

to incorporate the momentum factor. Testing these factors over different time scales can play an 

important role in deciding on portfolio investments in the Swedish market. 
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