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Abstract 
 

 This paper presents some results from the use of kernel imputation with boundary 

adjustment. The simulations show promising results and the method usually behaves 

equal to or better than competitive methods. 
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1 Introduction 
Standard treatment of nonresponse in surveys involves imputation for item nonresponse and 

weighting for unit nonresponse. The aims of imputation are typically to reduce bias, improve 

precision, and preserve multivariate distributions and associations between missing and 

observed variables. It is usually assumed that the missing data mechanism is MAR, so that 

the relation between respondends and non-respondents is found in the observed data. 

Imputation replace the missing values, and both parametric and nonparametric imputation 

models are possible. The imputed values may also either be real donor values (i.e. values 

actually occurring in the observed data) or model donor values (i.e. predictions). The 

accuracy of the imputations will depend on how well the model is specified. Imputed values 

will (almost) always differ from the true values. Methods that account for this uncertainty is 

denoted as proper by Rubin (1987). 

Section 2 describe how the finite population Bayesian bootstrap can be used to make proper 

imputations. In section 3 hot deck imputation is extended to kernel imputation. A simulation 

study is described in section 4, and section 5 give some conclusions. 

2 Imputation using the finite population Bayesian bootstrap  
Lo (1988) describes the finite population Bayesian bootstrap (FPBB) as a way of 

bootstrapping a finite population (of size N) from a single sample (of size n). Starting with 

an initial SRS sample, the procedure is to; 1) draw a single unit, 2) make a duplicate of it, 

and 3) replace both the drawn and the duplicated unit into the sample. The procedure then 

starts over with the update sample (now of size n+1) and all three steps are repeated 

sequentially until the final sample is of size N, which then becomes the bootstrapped 

population. This method is also known as Polya urn sampling, see for example Feller (1971). 

Several bootstrapped populations are easily obtained by repeating the whole procedure, 

starting with the initial sample, so the population distribution can be simulated. 

From combinatorics it follows that each possible sequence of N-n sampled units from a 

polya sample will have the same probability, or in other words that the distribution of units 

in the population is assumed to be finitely exchangeable. Assume that we observe a value x 

from a variable X on each unit. Since the sample (as well as the population) is finite, there 

are also a finite number of values n1,...,nz of each distinct category x1,..,xz, where nz  . 
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In the bootstrapped population the expected proportions p1,...,pz of x1,...,xz is the same as the 

proportion in the sample. If no prior information is used about the population except for the 

sample, then in the limit as N-n goes to inifinity (p1,...,pz)~Dirichlet(n1,...,nz), and the number 

of values of each category will follow a Dirichlet-Multinomial distribution. Eventually if the 

number of categories z would also tend to infinity, that is with continuous variables, the 

distribution would change to a Dirichlet process, see Lo (1988). However, if the population 

is infinite, then as shown by Lo (1987), the FPBB reduces to the Bayesian Bootstrap, see 

Rubin (1981). 

The method easily extends to imputation of units that are believed to be exchangeable, 

simply by assuming that the population is the fully observed sample if there were no missing 

data. Missing units are then sequentially imputed, where previously imputed units are 

allowed to serve as donors in subsequent imputations. Repeating the procedure b>1 times 

gives b imputed datasets, which can then be analysed by using the multiple imputation (MI) 

combining rule of Rubin (1987). When auxiliary variables are available, directly assuming 

exchangeability is perhaps not optimal, and other assumptions might improve. Further, since 

all nonsampled N-n units also are missing, one need not restrict the population to the sample. 

One could instead impute all the non-observed units, which is known as mass imputation. 

3 Hot deck imputation 
Assume a finite population U with N units, with fully observed auxiliary variables 

X=(X1,…,Xp) and where interest is to estimate the mean of a study variable Y. The relation 

between X and Y is described by the conditional model m(X)=E[Y|X]. In a random sample 

of size n from the population, only r<n units are observed. Further the reason for 

nonresponse on Y is assumed to be observable, that is missing at random (MAR), and 

possible to model by conditiong on X. 

A common imputation method is hot deck imputation, where a recent review of the method 

is given in Andridge et al (2010). Hot deck imputes missing values with values that exist in 

the data, real donors, compared to model donor where non-existent values are imputed, 

typically a predicted value from a regression. There do exist mixed forms where real values 

are imputed from a parametric regression, for example predicted mean matching (PMM), or 

where model values are imputed from hot deck, for example fractional imputation. 

For the first of the i=1,...,n-r units where Yi is missing, a donor pool is created from the 

j=1,...,k units with smallest distance d(i,j) to unit i, the k-nearest neighbours (kNN). 

Typically the Euclidian distance d(i,j)=(Xi-Xj)TSxx
-1(Xi-Xj) is used, where Sxx is the estimated 

covariance matrix of X. The units in the pool are then assumed to be exchangeable to the 

missing unit, so a unit j is sampled from the pool of and the missing value Yi is imputed as a 

copy of Yj. The same procedure is then repeated for the remaining n-r-1 missing units, and it 

follows from the FPBB that imputed units might serve as donors in subsequent imputations. 

Hot deck imputation is easily extended to the case when Yi=(Y1i,…,Yqi) is a vector with 

more than one missing value, by imputing the missing part of Yi with the corresponding part 

of Yj. This common donor imputation can promote preservation of multivariate distributions 

among the variables with missing values. The observed part of Yi could also be handled as 

part of X and thus utilized in the calculation of distances. 

When compared to regression imputation that assumes a parametric model for the data, hot 

deck is more robust to model misspecification since less is assumed about the distribution of 

the data. But for the same reason there are potential disadvantages with hot deck imputation. 

The range/domain of X for the observed and the unobserved part of Y may differ. The 



 

nearest neighbours will then be distant and the hot deck model might therefore be a poor 

description of the joint distribution of the missing and the observed data. 

A similar problem appears when imputing values of Yi at the boundary of the domain of X. 

The values X1,...,Xk of the potential donors are then necessarily unevenly dispersed around 

Yi and centered away from the boundary towards the interior of X, unless all are equal to Xi. 

These problems might diminish with larger sample sizes, but will never fully disappear and 

can be better handled with a good parametric imputation model. One further problem is 

when the missingness of values in Y is related to the missing values themselves, that is not 

missing at random (NMAR). This is however a more general problem that is not specifically 

connected to hot deck imputation, and is therefore not discussed further here. 

3.1 Further assumptions and bias adjustment – Kernel imputation 
For a pool with k potential donors the assumption of exchangeability implies that the donor 

selection probabilities λ=(λ1,...,λk) should all be equal, that is λj~Uniform(1/k) for j=1,...,k, 

and zero for all other units. However, the values of at least some of the donor auxiliaries 

X1,...,Xk, usually differ from Xi. The assumed model  iXm  for the data therefore suggests 

that we could improve by conditioning on Xi, and that exchangeability does not give a 

complete description. We denote the alternative model presented here by kernel imputation. 

Noting that   
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ˆ   is the (nonparametric) locally weighted Nadaraya-

Watson estimator, the λ may be interpreted as uniform kernel weights. By letting λ then 

originate from an Epanechnikov function, see figure 1a),   iXmMSE ˆ  can asymptotically 

be minimized, see Silverman (1986). In practice λ decrease as d(i,j) increase, and for distant 

units outside the pool they will be zero as in the uniform case. 

In general 
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 , which implies that  iXm̂  is an inconsistent estimator of 

 iXm . There are several approaches to reduce this bias, see for example Simonoff (1996). 

One solution is to linearly transform λ. The transformed λ‘ can be found by minimizing the 

function 
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while iteratively ensuring that 0' jc   for each j=1,...,k, where c is the maximum 

allowed selection probability for a single donor. If a solution can be found, then 
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''ˆ   will be a consistent estimator of  iXm . 

The bias of  iXm̂  is usually more severe at the boundary of the data, and λ‘ may not be 

obtainable. This could be solved by reducing the number of donors to k’<k before trying to 

solve for λ‘, see figure 1a). Another solution, if X consist of p>1 variables, is to modify the 

donor pool so that both more donors (and selection probability) are located along the 

boundary and less in the interior of the data, see figure 1b). This may be acchieved by 

modifying X through the covariance matrix Sxx, affecting d(i,j) and λ‘. A model donor 

approach to the problem could be to add one or several fictitious units outside the boundary, 

see figure 1c). Even if still no solution is obtainable for λ‘, the bias of  iXm̂  based on λ 

should however in general be reduced compared to the initial situation. 



 

 

 
Figure 1. Modify pool by; a) (univariate) reducing to k’ donors. b) (bivariate) stretching 

along the boundary. c) (bivariate) adding fictitious donors. 

 

4 Simulation 
4.1 Setup of simulations 
Two data models (M1 and M2) are used. Each include three variables (X,Y1,Y2). 

Target parameters are the population means θY1 and θY2, estimated by the Horvitz 

Thompson estimator based on the imputed data. 

M1 is a trivariate standard normal distribution (X,Y1,Y2)~N(μ=0,Σ1) with covariance 

matrix 
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 where ρ=0.6404 (so that the expected R-squared=0.5 from 

a linear regression of any of the variables on the other two). 

In M2 (X,Y1) is the bivariate distribution of M1, while Y2 is a standardized mixture 

of X, Y1 and a normal distribution, Y2~
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full model is thus (X,Y1,Y2)~(μ=0,Σ2) where 
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When sampling from the models X is always fully observed while (Y1, Y2) are 

affected by either of two response models (R1 or R2), see figure 2. Let P(Ri=1) be the 

response probability of variable i, a standard normal distribution function by Φ() and 

response parameters be δ1 and δ2. Model R1 establish a monotone response pattern 

with P(RY1=0)=P(RY1=0,RY2=0)=1-Φ(δ1+δ2X) and P(RY2=1|RY1=1)=Φ(δ1+δ2Y1). The 



 

response pattern from R2 is more general with P(RY1=0)=Φ(δ1+δ2[X+Y2]) and 

P(RY2=0)=Φ(δ1+δ2[X+Y1]), where RY1 and RY2 are conditionally independent. 

By setting the response parameters δ1 and δ2 according to table 1 

Parameters \ (Data,response model) (M1,R1) (M1,R2) (M2,R1) (M2,R2) 

δ1 1 0.7376 1 0.7444 

δ2 0.25 0.1160 0.25 0.1544 

Table 1. Response parameters by data and response model 

the expected average nonresponse rate (γ) of Y1 and Y2 is 

  235.0
2

)1()1(
1 21 


 YY RPRP

E   (σγ≈0.062) for any of the four 

combinations of data and response models. 

 

Figure 2. Sample (n=100) of (Y1,Y2) from models (M1,R2) and (M2,R1). 

For sample sizes n1(=100) and n2(=500) and for each model combination, 1000 

replicates are then simulated, and finally θY1 and θY2 are estimated using: 

1. Complete data (Data). Estimated before any nonresponse. 

2. Complete cases (CC). Exclude units with at least one missing value. 

3. Nearest neighbour (NN). FPBB donor imputation of units with smallest d(i,j). 

4. Parametric regression donor imputation (NORM) and (PMM) with MICE-

library in R. See Schafer (1997) and van Buuren & Oudshoorn (1997). 

5. Parametric regression donor imputation (AREG) from Hmisc-library in R. 

Use splines to deal with non-linearity. See Harrell (2006). 

6. Kernel donor imputation (KI) in several steps, see below. 



 

In order to study the impact from different features of kernel imputation, a stepwise 

approach is taken where different features are added or changed in each step. The 

base case use b=1 imputed dataset and uniform donee selection probabilities for 

k=201 donors. The second step change to b=5 imputed datasets. The third step change 

the distribution of λ to Epanechnikov. For units at the boundary the donor pool is 

modified in the fourth step, and in the fifth step the donor pool is shrunk to k‘=k/2. 

All regression imputation methods also use b=5 imputed datasets. None of the other 

features are compatible or makes sense for the other methods. Measures used to 

evaluate are the same as in those presented in Andridge et al (2010). 

4.2 Results from simulations 

CC always has highest RMSE except for when estimating θY2 with models (M2,R1) and 

(M2,R2), where PMM is an outlier. In general RMSE reduce gradually from KI(1) to KI(5). 

Results from empirical bias (table not shown) looks similar, with CC being worst except for 

when estimating θY2 with (M2,R1) and (M2,R2) where all methods were bad. From KI(1) 

bias also decreased gradually to about half in KI(5). 

 

n Par. Models Data CC NN  NORM PMM AREG KI(1) KI(2) KI(3) KI(4) KI(5) 

100 θY1 (M1,R1) 98 167 109 106 107 107 109 107 107 107 107 

100 θY1 (M1,R2) 98 187 116 109 110 110 118 111 111 110 112 

100 θY1 (M2,R1) 97 167 110 104 107 106 110 106 105 105 105 

100 θY1 (M2,R2) 97 190 106 107 108 107 109 106 105 105 105 

100 θY2 (M1,R1) 98 150 121 114 116 114 126 116 115 114 113 

100 θY2 (M1,R2) 98 188 114 106 109 109 114 109 109 110 109 

100 θY2 (M2,R1) 102 119 110 129 180 113 129 125 117 114 113 

100 θY2 (M2,R2) 102 143 108 121 150 111 122 116 111 111 110 

500 θY1 (M1,R1) 44 129 49 47 47 47 50 48 48 47 47 

500 θY1 (M1,R2) 44 144 52 48 49 49 55 53 52 50 50 

500 θY1 (M2,R1) 45 129 50 48 49 49 51 49 49 48 48 

500 θY1 (M2,R2) 45 148 49 50 50 50 51 49 49 48 49 

500 θY2 (M1,R1) 44 106 53 50 51 50 58 54 52 51 50 

500 θY2 (M1,R2) 44 144 52 49 49 49 55 51 50 50 49 

500 θY2 (M2,R1) 46 54 50 66 158 50 74 72 63 50 49 

500 θY2 (M2,R2) 46 72 48 62 112 50 64 63 57 49 47 

Table 2. 1000*empirical RMSE of estimators 

 

From table 3 it is seen that the average variance is underestimated with NN and CC, when 

compared to the monte-carlo variance. The variance ratio generally rise gradually from KI(1) 

to KI(5), and is above 90% except when estimating θY2 with n=100 for (M2,R1) and 

(M2,R2). PMM overestimates these variances for both sample size, but seems otherwise to 

do a good job. NORM has problem with (M2,R1) and (M2,R2) for θY2 especially for n=500, 

but is otherwise above 90%. AREG is similar to NORM, and have the same problems but 

instead for n=100, as for KI. 

                                                           
1 The number of donors varies as a function of the sample size and number of missing values. 

This reference value is used for 100 “complete” units when unit i has 1 value missing. 



 

n Par. Models Data CC NN  NORM PMM AREG KI(1) KI(2) KI(3) KI(4) KI(5) 

100 θY1 (M1,R1) 104 50 84 103 101 95 82 98 97 98 98 

100 θY1 (M1,R2) 104 48 72 102 99 93 68 94 93 94 91 

100 θY1 (M2,R1) 107 50 82 107 102 97 81 99 102 102 100 

100 θY1 (M2,R2) 107 48 88 109 108 103 81 100 101 101 101 

100 θY2 (M1,R1) 105 12 66 104 96 90 60 92 93 95 95 

100 θY2 (M1,R2) 105 9 76 109 102 96 74 98 97 97 97 

100 θY2 (M2,R1) 96 19 74 93 97 88 49 62 72 77 77 

100 θY2 (M2,R2) 96 18 78 93 119 89 58 73 79 80 80 

500 θY1 (M1,R1) 103 85 82 103 102 98 79 98 99 102 104 

500 θY1 (M1,R2) 103 81 72 104 102 96 64 84 88 94 96 

500 θY1 (M2,R1) 99 84 80 99 99 94 75 94 96 98 99 

500 θY1 (M2,R2) 99 80 84 98 103 96 75 96 95 98 97 

500 θY2 (M1,R1) 102 25 70 105 100 92 57 88 94 99 101 

500 θY2 (M1,R2) 102 16 75 101 102 96 65 89 95 96 97 

500 θY2 (M2,R1) 95 94 75 69 92 92 31 38 52 89 91 

500 θY2 (M2,R2) 95 71 84 70 157 92 42 49 62 89 93 

Table 3. 100*ratio of estimated average variance to monte-carlo variance for estimators 

 

 
Figure 3. 95% CI length and coverage. In a) PMM=(.443;.975). In b) NN=(.461;.933). 

 

KI in figure 3a) show an erratic behaviour, but lies among the regressions models. In b) each 

KI-step shows progress of coverage rate with only slight increases of the CI-length. From 

table 4 it is seen that the main part of the variance of mean estimators comes from the within 

part of Rubin’s combining rule. For n=100 or when estimating θY2 on models (M2,R1) and 

(M2,R2) (especially for PMM) the between part gets larger, which indicates large variation 

between the b=5 imputed datasets of the mean estimates. The differences from KI(2) to 

KI(5) is quite small, where within varation grows and between variation falls slightly. 

 

5 Conclusions 
Kernel imputation seems to be stable and generally perform well. All steps seems to 

improve its performance. The relative advantage seems to and should be since it is 



 

aimed at, large samples and non-linear θY2, as is seen in table 2, table 3 and figure 3. 

AREG behaves similar. NORM is the opposite, but performs very well elsewhere. 

CC, NN and PMM does not seem to be general models based on these cases. 

   NORM PMM AREG KI(2) KI(5) 

n Par. Models With. Betw. With. Betw. With. Betw. With. Betw. With. Betw. 

100 θY1 (M1,R1) 101 15 99 15 99 10 97 14 99 14 

100 θY1 (M1,R2) 101 21 99 20 99 14 95 21 96 18 

100 θY1 (M2,R1) 100 16 100 16 98 12 97 14 98 13 

100 θY1 (M2,R2) 102 22 103 23 103 16 97 15 98 14 

100 θY2 (M1,R1) 101 32 99 29 98 18 94 29 96 26 

100 θY2 (M1,R2) 101 22 100 20 99 14 96 21 97 19 

100 θY2 (M2,R1) 99 56 105 211 90 23 82 15 84 14 

100 θY2 (M2,R2) 99 38 105 164 92 18 86 12 87 10 

500 θY1 (M1,R1) 20 3 20 3 20 2 20 3 20 3 

500 θY1 (M1,R2) 20 4 20 4 20 3 19 4 20 4 

500 θY1 (M2,R1) 20 3 21 3 20 2 20 3 20 3 

500 θY1 (M2,R2) 20 4 21 5 21 3 20 3 20 3 

500 θY2 (M1,R1) 20 6 20 6 20 4 19 6 20 6 

500 θY2 (M1,R2) 20 4 20 4 20 3 19 4 20 4 

500 θY2 (M2,R1) 20 10 23 205 19 4 17 3 19 3 

500 θY2 (M2,R2) 19 7 22 175 19 4 17 2 19 2 

Table 4. Estimated within and between variation from some of the MI models. 

 

In one-sided t-tests on the difference in absolute errors, when comparing NORM to 

KI(5) p-values<.05 favor KI(5) not only for rows 7-8 and 15-16 when estimating θY2 

for (M2,R1) and (M2,R2), but also for rows 9 and 12. In a similar comparison of 

AREG to KI(5), p-values<.05 for row 8, but also for the rows 11-12 and 15-16 where 

n=500 with (M2,R1) or (M2,R2), though AREG should do well here. The erratic 

behaviour in figure 3a) has to be investigated, but is probably due to randomness. In 

summary the regression models does not seem to have any particular advantage over 

KI here, even though data is solely continuous which should fit regression models 

well. An interesting finding is also that PMM sometimes seem to give odd results. 
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