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A Multilateral Teleoperation System: New Cooperative 

Structure based on Reconfigurable Robot Hand and Controller 

Design based on Type-2 Fuzzy Model 

Da Sun, Qianfang Liao, Xiaoyi Gu, Changsheng Li and Hongliang Ren 

Abstract – This paper develops an innovative multilateral 

teleoperation system with two haptic devices in the master 

side and a newly-designed reconfigurable multi-fingered 

robot hand in the slave side. A novel non-singular fast 

terminal sliding mode (NFTSM) algorithm together with 

varying dominance factors for cooperation is proposed to 

offer this system fast position and force tracking, as well 

as an integrate perception for the operator on the robot 

hand. Type-2 fuzzy model is used to describe the overall 

system dynamics, and accordingly a new fuzzy-model-

based state observer is proposed to compensate for the 

system uncertainties. A sliding mode adaptive controller is 

designed to deal with the varying zero drift of the force 

sensors and force observers. The stability of the closed-

loop system under time-varying delays is proved using 

Lyapunov-Krasovskii functions. Finally, experiments to 

grasp different objects are performed to verify the 

effectiveness of this multilateral teleoperation system.  

 

Index terms – Multilateral teleoperation, Multi-fingered 

robot hand, Sliding mode control, Type-2 T-S Fuzzy Logic 

 

1. Introduction 

n recent years, robot hands have been undergoing 

ascending tendency in substituting human hands and 

executing various tasks in considerable areas. The 

existing robot hands can be classified into different types 

based on the stiffness and actuation mode. The high stiffness 

of the rigid robot hand will make the full actuation undesirable 

for friendly human/environmental robotic interaction [1]-[2]. 

Additionally, complex mechanical structures and 

sophisticated control algorithms are required to achieve 

precise control of the position and the output force, the costs 

of fabricating and maintaining these robot hands could be 

extremely high. On the other hand, the robot hands based on 

soft materials, e.g. silicon gel and fabric, and 

pneumatic/hydraulic actuation have unique advantage in 

compatibility and safety because of their low stiffness, which 

attracting progressive attention and interest of robotic 

researchers and engineers [3]-[4]. Nevertheless, loading 

capability, robustness, and controllability are serious issues 

that prevent the practical application of this technology. 

Combining the advantages of the above mentioned two 

robotic hands, underactuated robotic hands, which are mostly 

based on the cable-driven mechanism, have the intrinsic 

compliance as well as the soft robot hands [5]-[6], but 

enhanced loading capability, improved robustness, and better 

controllability. While compared to fully actuated robot hands, 

underactuated robotic hands have moderate stiffness and 

better compatibility. Additionally, they are generally having 

simpler structures and thus with greatly reduced cost. In this 

paper, we focus on the robot hand based on underactuated 

mechanism, as well as the concept of reconfigurable modular 

design, which is, the number of modules in each finger and 

the locations of the fingers can be easily adjusted to meet 

different requirements. This study aims to develop a new 

human-involved multilateral teleoperation system to 

manipulate this robot hand to perform different tasks. 

Bilateral and multilateral tele-robotic systems have 

emerged as a valuable tool that can involve human operator’s 

decision to improve the performance by feeding the remote 

position and force information back to the human side, and 

can provide more flexibility than the fully-automated systems. 

In contrast to the unilateral teleoperation, a well-designed 

bilateral or multilateral teleoperation system can be 

characterized by three aspects: first, accurate position 

synchronization of multiple robots; and second, which is more 

important, reasonable force feedback that allows the operator 

to have a good perception on the remote environmental object; 

last but not least, having accurate dynamic models for the 

robots that can enhance the system performance and 

meanwhile be supportive for stability achievement.  

For the first aspect, numerous studies have been dedicated 

to the area of multi-robot motion synchronization and the area 

of dealing with time delays [55]-[56]. Among them, the 

sliding mode control (SMC) algorithms have proved to largely 

enhance the transient-state control performance. SMC was 

introduced in [7]-[8] and was surveyed in [9] in detail. In 

recent years, SMC is deeply explored in [43]-[45] for the 

applications of electric vehicles, power systems, chaotic 

systems and a new second order SMC algorithm is designed 

to solve the motion problems for single manipulator [10]. 

Later, SMC on manipulator control is improved in [46] and is 

extended to the cooperative robotic systems [11]. In order to 

derive more precise and faster convergence performances, the 

terminal sliding mode control (TSMC) methods are proposed 

to guarantee the finite time convergence performance [12], 

different from the classical linear sliding mode (LSM) that can 

only provide asymptotical convergence [13]. In the work 

reported in [14] and [15], a globally continuous non-singular 

TSMC is proposed as an indirect approach, to deal with the 

singularity problem. A new non-singular fast terminal sliding 
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mode (NFTSM)-based teleoperation system combined with 

fuzzy logic control to enhance the position tracking [16]. Later, 

this approach is improved by adding synchronization error 

constraint [17]. Nevertheless, the above teleoperation systems 

could only maintain stability in the presence of constant time 

delays. In [18], an NFTSM-based teleoperation system is 

designed that could be used under time-varying delays by 

adding additional buffers to keep the delays constant. 

However, such a method can increase the overall time delays 

and is hard to pre-set.  

In addition, the biggest drawback of the above mentioned 

NFTSM-based teleoperation systems is that they do not 

consider force tracking, which means they cannot live up to 

the standard given in the aforementioned second aspect.  

Therefore, although fine position tracking is achieved, their 

operator can hardly make a reasonable decision since no 

accurate perception on the remote environment can be 

received, and the end effector of the slave may not exert 

desired forces on the object, which may cause unexpected 

consequents. A number of studies introduced the force control 

method into teleoperation control such as the four-channel 

teleoperation [19]-[21] and the passivity-based teleoperation 

[22]. However, they regard the human and environmental 

impedances as constants with known coefficients or the 

systems are assumed to be linear with known dynamics, which 

are against reality. Several force control methods are also 

applied in the nonlinear teleoperation system by adding the 

square of force tracking errors [23]-[24] or using dynamic 

model-based force observer [25]-[27]. Only using force 

tracking errors with a constant gain as force controllers, these 

approaches have no superiority on fast convergence of human 

and environmental forces. 

  Besides, in plenty of robot applications, the accurate 

mathematical functions to describe the system dynamics are 

difficult to achieve, which is an obstacle in developing 

teleoperation control. In order to meet the standard in the 

aforementioned third aspect of a good multilateral 

teleoperation system, fuzzy logic model composed by a batch 

of “IF-THEN” fuzzy rules can be used as the alternative 

because: i). fuzzy models are the universal approximators and 

can be built using input-output data samples or expert 

experience [28]-[30]; ii). fuzzy system is well known for its 

strong ability to deal with noises and disturbances [31]. In this 

paper, the interval Type-2 Takagi-Sugeno (T-S) fuzzy model 

[35] is chosen to describe the dynamics for the tele-robotic 

system. Different from the traditional (Type-1) fuzzy model 

using crisp numbers as the fuzzy memberships, the interval 

Type-2 fuzzy model uses intervals instead such that it offers 

additional design degrees to describe the inexactness and thus 

can increase the robustness. T-S is the name for one of the two 

most popular structures of fuzzy systems. It is using a group 

of linear local models blended by fuzzy memberships to 

describe a global nonlinear system. Compared to the other 

structure called Mamdani, T-S fuzzy model requires less 

fuzzy rules and offers a platform to apply the powerful 

conventional linear algorithms on nonlinear systems [31]. 

Currently, Type-2 fuzzy logic in the forms of both Mamdani 

and T-S can be found in a number of studies for control 

algorithm [44]-[49]. However, few papers use Type-2 T-S 

fuzzy logic to estimate the robotic uncertainty issues. 

Especially in the area of teleoperation system, only a few 

methods using Type-1 Mamdani fuzzy model based 

algorithms for robotic system control can be found at present 

[32]-[34], which gives authors the inspiration to explore 

advanced methods using more sophisticated fuzzy model. 

  The main contribution of this paper is developing a novel 

multilateral teleoperation system where a new cooperative 

structure is applied on the reconfigurable multi-figured robot 

hand and a Type-2 fuzzy model based controller is designed 

to make this human-involved multi-robotic system measure 

up to the aforementioned three standards. The robot hand in 

the slave side is self-designed with proper modular structure 

and locking mechanism for four fingers. The number of 

modules can be quickly and conveniently adjusted according 

to specific requirements, and any fractured module can be 

replaced with a new one without additional tools or breaking 

driven cables. Moreover, the workspace and stiffness can also 

be reconfigured, giving significant improvements on both the 

grasping performance and the versatility of the designed 

robotic hand. Two haptic devices are used in the master side 

to collaboratively control the slave robot hand where the four 

fingers can be considered as two grippers through a new 

NFTSM algorithm with effective cooperative structure using 

varying dominance factors. This algorithm not only 

guarantees finite-time master-slave position tracking 

performance but also provides reasonable force tracking 

which allow the robot hand to hold the environment object 

with adaptive forces and simultaneously let the operator have 

a mixed perception on the two remote grippers. Type-2 T-S 

fuzzy model is identified to describe the overall dynamics of 

each robot and accordingly, a new fuzzy-model-based state 

observer is proposed to compensate for the dynamic 

uncertainties. In addition, a new sliding mode adaptive 

controller is proposed to deal with the varying zero drift of the 

force sensors and force observers. Lyapunov functions are 

applied to prove the finite-time stability of the proposed 

teleoperation system. Finally, a series of grasping experiments 

are conducted to validate the performance of this multilateral 

teleoperation system. 

 

2. Design of the tele-manipulated robot hand 

As shown in Fig.1 (a) and (b), each module of the robotic 

finger consists of 6 components. Two main parts of one 

module mutually connect with each other using a bearing and 

a 3mm shaft. The bending motion of one modular is achieved 

by pulling a nylon cord that through the main part 1. The 

elastic cord with one end fixed to the main part 1 and the other 

end fixed to the main part 2 facilitates the module to return to 

its original position. Each module has a separate elastic cord 

and the stiffness of the joint of one module can be easily 

adjusted by changing the tightness of the elastic cord. One 

module is connected to the other with a dovetail groove (Fig.1 

(c)). For each finger, only one nylon cord is applied to achieve 

the bending motion. 

As illustrated in Fig. 2, the complete robotic hand system is 

composed of a few modular designed fingers, a base with 

several dovetail grooves, two driving shafts, and two servo 

motors (MX64R, Dynamixel,). Fingers connects to the base 

using the same connection mode as shown in Fig. 1(c). Nylon 



cords used to bend fingers are wrapped around the driving 

shafts. Each driving shaft, which is rotated and controlled by 

a servo motor, is capable of actuating at most a pair of fingers. 

Fig.2 depicts the ability of this robotic hand to reconfigure 

workspace and stiffness. To pick up tiny objects, e.g. coins, 

each finger has only one module as shown in Fig. 2 (b). In this 

condition, this pair of fingers is fully actuated and the robotic 

hand works as a clamp with high stiffness. To grasp objects 

with larger size or fragile characteristics, the number of the 

module of fingers can be easily increased because of the 

concept of modular design as shown in Fig. 2 (c). Since the 

actuation mode of the finger with more than one modular is 

under-actuation, the robotic hand with these fingers have 

moderate stiffness and is able to achieve a better compatibility. 

In most cases, two pairs of fingers coordinating with each 

other are believed to be able to enhance the grasping ability of 

the robotic hand. In this design, the location of the finger can 

be easily rearranged. If the object has a regular shape, two 

pairs of fingers have the same location as shown in Fig. 2 (a) 

and (e). If the object has an irregular shape, e.g. a wine bottle 

with a thick body and a thin bottle neck, two pairs of fingers 

should be placed in a staggered manner as shown in Fig.2(d). 

Therefore, the reconfigurability of the workspace and stiffness 

of the robotic hand can be easily realized.  

 

Fig. 1. CAD model of one modular of the finger. (a) Assembly diagram (b) 

Exploded view. (c) Connection mode. ① Main part 1. ② Main part 2. ③ 

Bearing. ④ 3mm shaft. ⑤ Elastic cord. ⑥Nylon cord. 

 

Fig. 2. CAD model of the robotic hand. (a). Robotic hand with two pairs of 

fingers having the same location. (b). Robotic hand with a pair of fingers, 

each has one module. (c). Robotic hand with a pair of fingers, each has three 

modules. (d). Robotic hand with two pair of fingers having the staggered 

location. (e). Robotic hand with two pair of fingers having the same location. 

Fig. 3 shows the diagram of the tele-manipulated robot hand. 

Two haptic devices are taken as the master 1 and master 2, 

which can be installed at different places (with different 

communication delays). For the slave side, since the robot 

hand consists of two grippers (each gripper contains a pair of 

fingers), it can be regarded as one integral, or two separates 

(slave 1 and slave 2). For the forward control, the control 

signals from master 1 and master 2 are used to control slave 1 

and slave 2, respectively. Moreover, in order to offer the 

robotic hand flexibility to perform remote task, control laws 

are also set between the two slave grippers to enhance the 

mutual cooperation ability. For the backward control, the 

robotic hand is considered as an integral, and the control 

signals mixed with the dynamics of the two slave grippers are 

fed back to the master sides so that the operators of master 1 

and master 2 can have the same perception on the remote robot 

hand, which is conducive for cooperation of the two masters 

and the motion synchronization of overall system can be 

improved. From Figs. 1 and 2, one can see that the motors of 

the proposed robot hand drive the cables in order to control 

multiple fingers. Therefore, the motors are always loaded 

even during the free motion condition (the grippers do not 

contact to any object). If without an accurate estimation of the 

system dynamics, the uncertainties especially like the external 

load may seriously degrade the teleoperation system’s 

performance. Accordingly, the Type-2 T-S fuzzy algorithm is 

introduced in next section.  

 
Fig. 3. Diagram of the tele-manipulated robot hand 

 

3. Type-2 T-S fuzzy logic based dynamic models 

Notation: An interval vector 𝐴̃ ∈ 𝑅𝑛  is composed of 𝑛 

intervals as: 𝐴̃ = [𝐴̃1  ⋯ 𝐴̃𝑛]
𝑇 where 𝐴̃𝑖 = [𝐴𝑖 , 𝐴𝑖], 𝐴̃ can 

also be expressed as 𝐴̃ = [𝐴, 𝐴]  where  𝐴 =

[𝐴1  ⋯ 𝐴𝑛]
𝑇 ∈ 𝑅𝑛 and 𝐴 = [𝐴1  ⋯ 𝐴𝑛]

𝑇 ∈ 𝑅𝑛. 

The dynamics of the master/slave can be described by the 

following equation: 

𝑀𝑖(𝑞𝑖)𝑞̈𝑖 + 𝐶𝑖(𝑞𝑖 , 𝑞̇𝑖)𝑞̇𝑖 + 𝑔𝑖(𝑞𝑖) + 𝑓𝑖𝑞̇𝑖 + 𝑓𝑐𝑖(𝑞̇𝑖) + 𝐹𝑖
𝑑 =

𝜏𝑖 + 𝜏𝑗           (1) 

where 𝑖 = 𝑚1,𝑚2, 𝑠1, 𝑠2 represents masters 1 and 2, slave 

grippers 1 and 2, and 𝑗 = ℎ1, h2, 𝑒1, 𝑒2 indicates human and 

environment. 𝑞̈ , 𝑞̇ , 𝑞 ∈ 𝑅𝑛  stand for the vectors of joint 

acceleration, velocity and position signals, respectively. 

𝑀𝑖(𝑞𝑖) ∈ 𝑅
𝑛×𝑛  and 𝐶𝑖(𝑞𝑖 , 𝑞̇𝑖) ∈ 𝑅

𝑛×𝑛  are the inertia 

matrices and Coriolis/centrifugal effects, respectively. 

𝑔𝑖(𝑞𝑖) ∈ 𝑅
𝑛  is the gravitational force. 𝑓𝑖𝑞̇𝑖 ∈ 𝑅

𝑛  and 

𝑓𝑐𝑖(𝑞̇𝑖) ∈ 𝑅
𝑛  denote the viscous friction and Coulomb 

friction, respectively. 𝐹𝑖
𝑑 ∈ 𝑅𝑛  contains the unknown 

disturbance and measurement noise. 𝜏 = [𝜏1  ⋯ 𝜏𝑛]
𝑇 ∈ 𝑅𝑛 

are control variables, and 𝜏𝑗 ∈ 𝑅
𝑛 is the external human or 

environmental torques that 𝜏𝑗 = 𝜏𝑗
∗ + ∆𝜏𝑗 , where 𝜏𝑗

∗  is the 

measured torque and ∆𝜏𝑗  is the bounded measurement error. 



Remark 1: An accurate equation (1) for a robotic system is 

generally difficult to derive. T-S fuzzy model is a solution for 

this problem since it can be built to a high degree of accuracy 

based on data samples and human experience [28]-[29]. In 

addition, powerful conventional linear methods can be applied 

on T-S fuzzy model since it is composed of a batch of linear 

local models, and fuzzy control is a robust tool to deal with 

noise and disturbance [29]. This paper takes interval Type-2 

T-S fuzzy model as an alternative to the mathematical 

function in (1). Interval Type-2 T-S fuzzy model utilizes 

intervals instead of crisp numbers as the fuzzy membership 

grades and local models’ coefficients which possessing 

increased power to describe uncertainties [35]. 

The fuzzy rules used to describe the dynamics of n-DOF 

robotic system is in the following form: 

Rule 𝑙 (𝑙 = 1,⋯ , 𝐿):  

IF 𝑥(𝑘) is 𝑍𝑙 , THEN 𝐶𝑖
𝑙𝑣𝑖(𝑘) + 𝐷𝑖

𝑙𝑞𝑖(𝑘) + 𝐸̃𝑖
𝑙 = 𝜏̃𝑖

𝑙(𝑘) (2) 

where 𝐿  is the number of fuzzy rules; 𝑥(𝑘) =

[𝑣(𝑘)𝑇  𝑞(𝑘)𝑇]𝑇 ∈ 𝑅2𝑛 , 𝑣𝑖(𝑘) ∈ 𝑅
𝑛  and 𝑞𝑖(𝑘) ∈ 𝑅

𝑛  are 

velocity and position signals at time 𝑘 ; 𝑍𝑙  is an interval 

Type-2 fuzzy set in which 𝑥(𝑘)’s fuzzy membership is an 

interval denoted by 𝜇̃𝑙(𝑥(𝑘)) = [𝜇𝑙(𝑥(𝑘)), 𝜇
𝑙
(𝑥(𝑘))] , 

𝜇𝑙(𝑥(𝑘))  and 𝜇
𝑙
(𝑥(𝑘))  are lower and upper bounds, 

respectively; 𝐶𝑖
𝑙 ∈ 𝑅𝑛×𝑛  and 𝐷𝑖

𝑙 ∈ 𝑅𝑛×𝑛  are coefficient 

matrices; 𝐸̃𝑖
𝑙 = [𝐸𝑖

𝑙 , 𝐸𝑖
𝑙
] ∈ 𝑅𝑛  and 𝜏̃𝑖

𝑙(𝑘) = [𝜏𝑖
𝑙(𝑘),

𝜏𝑖
𝑙(𝑘)] ∈ 𝑅𝑛 are interval vectors. The local model of (2) can 

be rewritten by: 

{
𝜏𝑖
𝑙(𝑘)  = 𝐶𝑖

𝑙𝑣(𝑘) + 𝐷𝑖
𝑙𝑞(𝑘) + 𝐸𝑖

𝑙

𝜏𝑖
𝑙(𝑘) = 𝐶𝑖

𝑙𝑣(𝑘) + 𝐷𝑖
𝑙𝑞(𝑘) + 𝐸𝑖

𝑙       (3) 

Blending the 𝐿  fuzzy rules through fuzzy membership 

grades achieves a type-reduced set for output, which is also an 

interval vector 𝜏̃𝑖(𝑘) = [𝜏𝑖(𝑘), 𝜏𝑖(𝑘)] derived by: 

{
 

 𝜏𝑖(𝑘) =
∑ 𝜇𝑙(𝑥(𝑘))𝐿
𝑙=1 ×𝜏𝑖

𝑙(𝑘)

∑ 𝜇𝑙(𝑥(𝑘))𝐿
𝑙=1

= ∑ 𝜔𝑖
𝑙(𝑥(𝑘))𝐿

𝑙=1 × 𝜏𝑖
𝑙(𝑘)

𝜏(𝑘) =
∑ 𝜇

𝑙
(𝑥(𝑘))𝐿

𝑙=1 ×𝜏𝑖
𝑙
(𝑘)

∑ 𝜇
𝑙
(𝑥(𝑘))𝐿

𝑙=1

= ∑ 𝜔𝑖
𝑙
(𝑥(𝑘))𝐿

𝑙=1 × 𝜏𝑖
𝑙(𝑘)

 (4) 

where 𝜔𝑖
𝑙(𝑥(𝑘)) = 𝜇𝑙(𝑥(𝑘)) ∑ 𝜇𝑙(𝑥(𝑘))𝐿

𝑙=1⁄  and 

𝜔𝑖
𝑙
(𝑥(𝑘)) = 𝜇

𝑙
(𝑥(𝑘)) ∑ 𝜇

𝑙
(𝑥(𝑘))𝐿

𝑙=1⁄ . Denote 𝜔𝑖
𝑙(𝑥(𝑘)) =

𝜔𝑖
𝑙
(𝑥(𝑘))+𝜔𝑖

𝑙(𝑥(𝑘))

2
 and Δ𝜔𝑖

𝑙(𝑥(𝑘)) =
𝜔𝑖
𝑙
(𝑥(𝑘))−𝜔𝑖

𝑙(𝑥(𝑘))

2
. The 

dynamics of the robotic system can be expressed by: 

𝐶𝑖(𝑘)𝑣𝑖(𝑘) + 𝐷𝑖(𝑘)𝑞𝑖(𝑘) + 𝐸𝑖(𝑘) + 𝜆(𝑘)Δ𝐸𝑖(𝑘) = 𝜏𝑖(𝑘) +
𝜏𝑗(𝑘)                                 (5) 

where 𝜆(𝑘) ∈ [−1, 1]  is time-varying and unknown, 

𝐶𝑖(𝑘) = ∑ [𝜔𝑖
𝑙(𝑥(𝑘)) + 𝜆(𝑘)Δ𝜔𝑖

𝑙(𝑥(𝑘))]𝐿
𝑙=1 × 𝐶𝑖

𝑙
, 𝐷𝑖(𝑘) =

∑ [𝜔𝑖
𝑙(𝑥(𝑘)) + 𝜆(𝑘)Δ𝜔𝑖

𝑙(𝑥(𝑘))]𝐿
𝑙=1 ×𝐷𝑖

𝑙
, 𝐸𝑖(𝑘) =

∑ 𝜔𝑖
𝑙
(𝑥(𝑘))𝐿

𝑙=1 ×𝐸𝑖
𝑙
+∑ 𝜔𝑖

𝑙(𝑥(𝑘))𝐿
𝑙=1 ×𝐸𝑖

𝑙

2
, Δ𝐸𝑖(𝑘) =

∑ 𝜔𝑖
𝑙
(𝑥(𝑘))𝐿

𝑙=1 ×𝐸𝑖
𝑙
−∑ 𝜔𝑖

𝑙(𝑥(𝑘))𝐿
𝑙=1 ×𝐸𝑖

𝑙

2
. 𝜆(𝑘)Δ𝐸𝑖(𝑘)  denotes the 

uncertainties with known bounds. Since the sampling time for 

robotic system is sufficiently small, (5) can be regarded as a 

continuous equation as:  

𝐶𝑖𝑞̇𝑖 + 𝐷𝑖𝑞𝑖 + 𝐸𝑖 + 𝜆𝛥𝐸𝑖 = 𝜏𝑖 + 𝜏𝑗            (6) 

A Type-2 T-S fuzzy model can be identified from input-

output data and human experience. Based on a batch of data 

samples denoted by 𝑧(𝑘) = [𝑥(𝑘)𝑇  𝜏𝑖(𝑘)]
𝑇 , 𝑘 = 1,⋯ ,𝑁 , 

𝑁  is the number of samples, firstly, Gustafson-Kessel 

clustering algorithm [36] is used to locate 𝐿 fuzzy set centres, 

denoted by 𝑧𝑐
𝑙 = [(𝑥𝑐

𝑙)𝑇 𝜏𝑐
𝑙  ]𝑇 , 𝑙 = 1,⋯ , 𝐿 , and to derive a 

fuzzy partition matrix 𝑈 = [𝜇𝑙(𝑧(𝑘))]𝐿×𝑁  where 

𝜇𝑙(𝑧(𝑘)) ∈ [0, 1]  is a crisp fuzzy membership grade for 

𝑧(𝑘)  in Rule 𝑙  and satisfying ∑ 𝜇𝑙(𝑧(𝑘))𝐿
𝑙=1 = 1 . 

Afterwards, using the elements of 𝑈 as the weights, a linear 

model for Rule 𝑙  can be identified using weighted least 

square algorithm:  

𝐶𝑖
𝑙𝑣𝑖(𝑘) + 𝐷𝑖

𝑙𝑞𝑖(𝑘) + 𝐸𝑖
𝑙 = 𝜏𝑖

𝑙(𝑘)     (7) 

Now a traditional Type-1 T-S fuzzy model is derived, and 

its output can be expressed by the following equation: 

∑ 𝜇𝑙(𝑥(𝑘))𝐿
𝑙=1 (𝐶𝑖

𝑙𝑣𝑖(𝑘) + 𝐷𝑖
𝑙𝑞𝑖(𝑘) + 𝐸𝑖

𝑙) =

∑ 𝜇𝑙(𝑥(𝑘))𝜏𝑖
𝑙(𝑘)𝐿

𝑙=1 = 𝜏𝑇1_𝑖(𝑘)     (8) 

where 𝜏𝑇1_𝑖(𝑘)  denotes the Type-1 fuzzy model’s output.  

The root-mean-square-error (RMSE) of the model is: 

𝑅𝑀𝑆𝐸 = √∑ (𝜏𝑇1_𝑖(𝑘) − 𝜏𝑖(𝑘))
2

𝑁
𝑘=1 𝑁⁄ .The RMSE can be 

used to determine the number of fuzzy sets/fuzzy rules 𝐿 . 

Given an initial small value to 𝐿, and a tolerance value 𝜀𝑅𝑀𝑆𝐸, 

if 𝑅𝑀𝑆𝐸 > 𝜀𝑅𝑀𝑆𝐸 , then let 𝐿 = 𝐿 + 1, and repeat the above 

procedure to derive a new Type-1 fuzzy model. When 

𝑅𝑀𝑆𝐸 ≤ 𝜀𝑅𝑀𝑆𝐸 , stop the repeating and go to the next step that 

extending Type-1 to Type-2. 

For the antecedent part of the fuzzy rules, choose a blurring 

radius ∆𝜇𝑙 ≥ 0 for fuzzy membership grades in each fuzzy 

set to achieve Type-2 fuzzy membership grades 𝜇̃𝑙(𝑧(𝑘)) by 

extending 𝜇𝑙(𝑧(𝑘)) to an interval: 

{
𝜇𝑙(𝑧(𝑘)) = max(𝜇𝑙(𝑧(𝑘)) − ∆𝜇𝑙 , 0)

𝜇
𝑙
(𝑧(𝑘)) = min(𝜇𝑙(𝑧(𝑘)) + ∆𝜇𝑙 , 1)

    (9) 

For the consequent part of the fuzzy rules, choose a Δ𝐸𝑖
𝑙 =

[∆𝐸𝑖1
𝑙  ⋯ ∆𝐸𝑖𝑛

𝑙 ]𝑇 where ∆𝐸𝑖
𝑙 ≥ 0 (𝑖 = 1,⋯ , 𝑛) for each rule 

to extend 𝐸𝑖
𝑙 in (7) to an interval 𝐸̃𝑖

𝑙:  

{
𝐸𝑖
𝑙 = 𝐸𝑖

𝑙 − Δ𝐸𝑖
𝑙

𝐸𝑖
𝑙
= 𝐸𝑖

𝑙 + 𝛥𝐸𝑖
𝑙
        (10) 

The values of ∆𝜇𝑙  and Δ𝐸𝑖
𝑙  can be derived using gradient 

descent algorithm based on the 𝑁 collected data samples: 

{
∆𝜇𝑙(𝑘 + 1) = ∆𝜇𝑙(𝑘) − 𝜂𝜇

𝜕𝑒𝜏

𝜕∆𝜇𝑙

∆𝐸𝑙(𝑘 + 1) = ∆𝐸𝑙(𝑘) − 𝜂𝐸
𝜕𝑒𝜏

𝜕∆𝐸𝑙

     (11) 

where 𝜂𝜇  and 𝜂𝐸  are learning coefficients;  𝑒𝑦 =

[𝜏𝑇2_𝑖(𝑘) − 𝜏𝑖(𝑘)]
2
2⁄ , 𝜏𝑇2_𝑖(𝑘)  denotes Type-2 fuzzy 

model’s output and is calculated by (5) setting 𝜆(𝑘) = 0. The 



calculations of  𝜕𝑒𝜏 𝜕∆𝜇
𝑙⁄  and 𝜕𝑒𝜏 𝜕∆𝐸

𝑙⁄  are introduced 

in [37]. 

When giving a new input vector 𝑥(𝑘)  to the model, 𝐿 

crisp fuzzy membership grades can be calculated using the 

distances between 𝑥(𝑘) and the centres 𝑥𝑐
𝑙 : 

𝜇𝑙(𝑥(𝑘))

=

{
 
 

 
 

0, ∀𝑣≠𝑙
𝑣=1,…,𝐿  ‖𝑥(𝑘) − 𝑥𝑐

𝑣‖ = 0

1, ‖𝑥(𝑘) − 𝑥𝑐
𝑙‖ = 0

1

∑
‖𝑥(𝑘) − 𝑥𝑐

𝑙‖
‖𝑥(𝑘) − 𝑥𝑐

𝑣‖
𝐿
𝑣=1

, ‖𝑥(𝑘) − 𝑥𝑐
𝑣‖ ≠ 0, 𝑓𝑜𝑟 𝑣 = 1,… , 𝐿

 

Afterwards, 𝜇𝑙(𝑥(𝑘))  can be extended to an interval 

𝜇̃𝑙(𝑥(𝑘))  according to (9) by replacing 𝑧(𝑘)  with 𝑥(𝑘) , 

and then the output can be calculated by (3)-(5).  

 

4. Multilateral Teleoperation System 

4.1. Cooperative Structure based on Non-Singular Fast 

Terminal Sliding Mode Algorithm 

Definition 1: define 𝑠𝑖𝑔(𝜂)𝛼, as: 

𝑠𝑖𝑔(𝜂)𝛼 ≜ [|𝜂1|
𝛼1𝑠𝑖𝑔𝑛(𝜂1), … , |𝜂𝑛|

𝛼𝑛𝑠𝑖𝑔𝑛(𝜂𝑛)]
𝑇  

where 𝜂 = [𝜂1, … , 𝜂𝑛]
𝑇 ∈ 𝑅𝑛 , 𝛼1…𝑛  are positive constants. 

𝑆𝑖𝑔𝑛(∙) is the standard signum function. 

Lemma 1: Assume 𝑎1 > 0, 𝑎2 > 0,…, 𝑎𝑛 > 0, if 0 < 𝑐 <
1 , then (𝛼1 +⋯+ 𝛼𝑛)

𝑐 ≤ 𝛼1
𝑐 +⋯+ 𝛼𝑛

𝑐 . If 1 < 𝑐 < ∞ , 

then (𝛼1 +⋯+ 𝛼𝑛)
𝑐 ≤ 𝑛𝑐−1(𝛼1

𝑐 +⋯+ 𝛼𝑛
𝑐). 

Lemma 2: (reaching time): consider the dynamic model 𝑥̇ =

𝑓(𝑥), 𝑓(0) = 0  and 𝑥 ∈ 𝑅𝑛 . If there is a positive definite 

function 𝑉(𝑥) such that  𝑉̇(𝑥) ≤ −ℝ𝑉(𝑥)𝜌1 − ℤ𝑉(𝑥)𝜌2  

where ℝ, ℤ > 0, 𝜌1 > 1 , 0 < 𝜌2 < 1. Then the system is 

finite-time stable, Furthermore, the settling time is given by 

𝑇𝑟 <
1

ℝ

1

𝜌1−1
+

1

ℤ

1

1−𝜌2
 

Lemma 3: (sliding time of the FTSM in [38]) Choose the 

terminal sliding mode as 𝑠 = 𝑒̇ + 𝛼𝑠𝑖𝑔(𝑒)𝛾1 + 𝛽𝑠𝑖𝑔(𝑒)𝛾2 . 

The convergence time 𝑇𝑠  of 𝑒  is 𝑇𝑠 =

∫
1

𝛼𝑥𝛾1+𝛽𝑥𝛾2

|𝑒(0)|

0
𝑑𝑒 <

1

𝛼

1

𝛾1−1
+

1

β

1

1−𝛾2
 where 𝛼, 𝛽 > 0, 𝛾1 >

1, 0 < 𝛾2 < 1. 

Note that for the above FTSM, the singularity problem 

often exists. It is because during the process of the derivation 

of 𝑠, 𝑥𝛾2−1 can cause singularity 𝑠 = 0, 𝑥̇ = 0, but 𝑥 ≠ 0. 

[39]-[40] design a NFTSM control algorithm by adding a new 

online switching controller to switch the sliding surface from 

TSM to LSM. However, such approach may cause 

discontinuity. 

In this work, we propose a new sliding surface that aims to 

have faster convergence time than that of the FTSM in 

Lemma 3. The new sliding surface is designed as 

𝑠 = 𝑘1𝑠𝑖𝑔
𝜑1(𝑒) + 𝑘2𝑠𝑖𝑔

𝜑2(𝑒) + 𝑘3𝑠𝑖𝑔
𝜑3(𝑒̇)       (12) 

where 𝑘1, 𝑘2, 𝑘3, 𝜑1, 𝜑3 are positive constants that 𝑘1, 𝑘2, 

𝑘3 > 0 , 𝜑1 = 𝑙1/𝑝 ,1 < 𝜑3 =
𝑙2

𝑝
< 2.  𝑙1, 𝑙2, 𝑝  are positive 

odd integer satisfying 𝑙1 > 𝑙2 > 𝑝. 𝜑2 is defined as 

𝜑2(𝑡) =
ϖ

‖𝑒‖
, 𝜛1 ≤

𝜛

‖𝑒‖
≤ 𝜛2                     (13) 

ϖ, 𝜛1−2  are positive constants and satisfy 0 < 𝜛1 < 1 <

𝜛2, 0 < ϖ ≪ 1. When 𝑒 decrease to ϖ, 𝜑2 can increase 

from 𝜛1 to 1; and if 𝜑2 continue to decrease to zero, 𝜑2 

will increase from 1 to ϖ2.  

  It follows from (12) that 𝑠𝑖𝑔𝑛(𝑒) = −𝑠𝑖𝑔𝑛(𝑒̇)  and  

𝑘3|𝑒̇|
𝜑3 = 𝑘1|𝑒|

𝜑1 + 𝑘2|𝑒|
𝜑2 . Therefore, (12) can be 

rewritten as 𝑒̇ = −
1

𝑘3

1

𝜙3 𝑠𝑖𝑔
1

𝜙3(𝑘1𝑒
𝜙1 + 𝑘2𝑒

𝜙2) . The 

convergence time of (12) can be expressed as: 

𝑇𝑠1 = ∫
1

(
𝑘1
𝑘3
𝑒𝜙1+

𝑘2
𝑘3
𝑒𝜙2)

1
𝜙3

|𝑒(0)|

0
𝑑𝑒     (14) 

Consider 
𝑘1

𝑘3
= 𝛼 , 

𝑘2

𝑘3
= 𝛽 , 𝜙1 = 𝛾1 , 𝜙2 = 𝛾2 . Since 𝑒  is 

converging to zero, by tuning 𝑘1,  𝑘2 , 𝑘3  to guarantee 
𝑘1

𝑘3
𝑒𝜙1 +

𝑘2

𝑘3
𝑒𝜙2 < 0 , 𝑇𝑠1  can be guaranteed to be smaller 

than 𝑇𝑠. From (14), 𝑇𝑠1 can be derived as: 

𝑇𝑠1 < (
𝑘3

𝑘1
)
1

𝜙3
1

𝜙1
𝜙3
−1
|𝑒(0)|

1−
𝜙1
𝜙3 + (

𝑘3

𝑘2
)
1

𝜙3
1

1−
𝜛1
𝜙3

|𝑒(0)|
1−

𝜛1
𝜙3  (15) 

When applied to the practical dual-master-dual-slave system, 

(12) can be re-expressed as 𝑠𝑖 = 𝑘i1𝑠𝑖𝑔
𝜑1(𝑒𝑖) +

𝑘i2𝑠𝑖𝑔
𝜑2(𝑒𝑖) + 𝑘i3𝑠𝑖𝑔

𝜑3(𝑒𝑣𝑖) 

Remark 2: The forward and backward time delays between 

master 1 and the slave grippers are 𝑇𝑓1(𝑡)  and 𝑇𝑏1(𝑡) , 

respectively; and those between master 2 and the slave 

grippers are 𝑇𝑓2(𝑡) and 𝑇𝑏2(𝑡). The differentials of 𝑇𝑓1(𝑡),  

𝑇𝑓2(𝑡), 𝑇𝑏1(𝑡), and 𝑇𝑏2(𝑡)are bounded by positive constants 

𝑑̅𝑓1 , 𝑑̅𝑓2 , 𝑑̅𝑏1 , 𝑑̅𝑏2 , respectively, which is, 0 ≤

|𝑇̇𝑓,𝑏−1,2(𝑡)| ≤ 𝑑̅𝑓,𝑏−1,2. Since the main focus of this study is 

reconfigurable robot hand design and the relevant control 

logic design for grasping, the large and sharply varying delays 

are not considered in this paper. For more information about 

guaranteeing system stability under large and sharply varying 

delays, please refer to [50]-[54].   

  We define the position convergence errors 𝑒𝑖 as 

𝑒𝑚1(𝑡) = 𝑞𝑚1(𝑡) − 𝐷1(𝑡)𝑞𝑠1(𝑡 − 𝑇𝑏1(𝑡)) − 𝐷1
−(𝑡)𝑞𝑠2(𝑡 −

𝑇𝑏1(𝑡))  

𝑒𝑚2(𝑡) = 𝑞𝑚2(𝑡) − 𝐷2(𝑡)𝑞𝑠1(𝑡 − 𝑇𝑏2(𝑡)) − 𝐷2
−(𝑡)𝑞𝑠2(𝑡 −

𝑇𝑏2(𝑡))  

𝑒𝑠1(𝑡) = 𝑞𝑠1(𝑡) − 𝑞𝑚1 (𝑡 − 𝑇𝑓1(𝑡))  

𝑒𝑠2(𝑡) = 𝑞𝑠2(𝑡) − 𝑞𝑚2 (𝑡 − 𝑇𝑓2(𝑡))              (16) 

where 𝐷1,2(𝑡) 𝐷1,2
− (𝑡) are the variable dominance factors 

defined by 

𝐷1(𝑡) =
1

2
𝑡𝑎𝑛ℎ(𝛼|𝜏𝑒1

∗ (𝑡 − 𝑇𝑏1(𝑡))| − 𝛼|𝜏𝑒2
∗ (𝑡 −

𝑇𝑏1(𝑡))|) +
1

2
  

𝐷2(𝑡) =
1

2
𝑡𝑎𝑛ℎ(𝛼|𝜏𝑒1

∗ (𝑡 − 𝑇𝑏2(𝑡))| − 𝛼|𝜏𝑒2
∗ (𝑡 −

𝑇𝑏2(𝑡))|) +
1

2
  

𝐷1
−(𝑡) = 1 − 𝐷1(𝑡),   𝐷2

−(𝑡) = 1 − 𝐷2(𝑡)   (17) 



where 𝛼 is a positive constant. The dominance factors 𝐷1(𝑡) 

and 𝐷2(𝑡) are varying between 0 to 1 based on the measured 

environmental torque 𝜏𝑒1
∗  and 𝜏𝑒2

∗  satisfying 

{

𝐷1,2 > 𝐷1,2
−   𝑖𝑓 |𝜏𝑒1

∗ | > |𝜏𝑒2
∗ |

𝐷1,2 = 𝐷1,2
−   𝑖𝑓 |𝜏𝑒1

∗ | = |𝜏𝑒2
∗ |

𝐷1,2 < 𝐷1,2
−   𝑖𝑓 |𝜏𝑒1

∗ | < |𝜏𝑒2
∗ |

 

Accordingly, 𝐷1,2  can determine the weights of the 

feedback signals from each slave gripper to the masters. By 

applying the proposed dominance factors, the operator in the 

master side can have an integrate perception for the slave 

robot hand.  

Then, define the velocity convergence error 𝑒𝑣𝑖 as 

𝑒𝑣𝑚1(𝑡) = 𝑞̇𝑚1(𝑡) − 𝐷1(𝑡) (1 − 𝑑̂𝑏1(𝑡)) 𝑞̇𝑠1(𝑡 − 𝑇𝑏1(𝑡)) −

𝐷1
−(1 − 𝑑̂𝑏1(𝑡))𝑞̇𝑠2(𝑡 − 𝑇𝑏1(𝑡))  

𝑒𝑣𝑚2(𝑡) = 𝑞̇𝑚2(𝑡) − 𝐷2(𝑡)(1 − 𝑑̂𝑏2)𝑞̇𝑠1(𝑡 − 𝑇𝑏2(𝑡)) −

𝐷2
−(1 − 𝑑̂𝑏2)𝑞̇𝑠2(𝑡 − 𝑇𝑏2(𝑡))  

𝑒𝑣𝑠1(𝑡) = (𝑞̇𝑠1(𝑡) − (1 − 𝑑̂𝑓1)𝑞̇𝑚1 (𝑡 − 𝑇𝑓1(𝑡)))  

𝑒𝑣𝑠2(𝑡) = (𝑞̇𝑠2(𝑡) − (1 − 𝑑̂𝑓2)𝑞̇𝑚2 (𝑡 − 𝑇𝑓2(𝑡)))   (18) 

where 𝑑̂𝑓,𝑏−1,2  denote the estimation of 𝑇̇𝑓,𝑏−1,2  to be 

introduced later. Accordingly, the sliding time 𝑇𝑠1  in (14) 

can be re-expressed as 

𝑇𝑠1−𝑖 = ∫
1

((
𝑘i1
𝑘i3

𝑒
𝑖
𝜙1+

𝑘i2
𝑘i3

𝑒
𝑖
𝜙2)

1
𝜙3+𝜉𝑖)

|𝑒(0)|

0
𝑑𝑒𝑖     (19) 

where 𝜉𝑖  are expressed as 𝜉𝑚1 = 𝐷1(𝑇̇𝑏1 − 𝑑̂𝑏1)𝑞̇𝑠1(𝑡 −

𝑇𝑏1) + 𝐷1
−(𝑇̇𝑏1 − 𝑑̂𝑏1)𝑞̇𝑠2(𝑡 − 𝑇𝑏1) − 𝐷̇1𝑞𝑠1(𝑡 − 𝑇𝑏1) −

𝐷̇1
−𝑞𝑠1(𝑡 − 𝑇𝑏1) , 𝜉𝑚2 = 𝐷2(𝑇̇𝑏2 − 𝑑̂𝑏2)𝑞̇𝑠1(𝑡 − 𝑇𝑏2) +

𝐷2
−(𝑇̇𝑏2 − 𝑑̂𝑏2)𝑞̇𝑠2(𝑡 − 𝑇𝑏2) − 𝐷̇2𝑞𝑠1(𝑡 − 𝑇𝑏2) − 𝐷̇2

−𝑞𝑠2(𝑡 −

𝑇𝑏2) , 𝜉𝑠1 = (𝑇̇𝑓1 − 𝑑̂𝑓1)𝑞̇𝑚1(𝑡 − 𝑇𝑓1) , 𝜉𝑠2 = (𝑇̇𝑓2 −

𝑑̂𝑓2)𝑞̇𝑚2(𝑡 − 𝑇𝑓2) . According to the function and the 

mechanism structure of the designed gripper, the robot forces 

are not changing sharply so that 𝐷̇1,2  and 𝐷̇1,2
−  are 

neighbouring zero. Under the condition that the rates of time 

delays are accurately estimated, 𝜉𝑖 can be neighboring zero 

and the sliding time 𝑇𝑠1−𝑖 is equal to 𝑇𝑠1 in (14). When the 

rate of the time delays is inaccurately estimated, 𝑇𝑠1−𝑖 will 

be enlarged accordingly. 

 
Fig.4. Time delay rate estimator 

  The time delay rate estimator is designed as Fig.4, where 

ς is a positive constant satisfying ς > max|𝑞𝑚1| that can 

avoid singularity. Noticing that 
𝑑𝑥

𝑑𝑡
=

𝑥(𝑡+)−𝑥(𝑡)

𝑇𝑠𝑎𝑚𝑝𝑙𝑒
 may enlarge 

noises, we apply the following adaptive law to derive 
𝑑𝑥

𝑑𝑡
 

𝑦̇ = 𝑏1(𝑥 − 𝑦) + 𝑏2(𝑥 − 𝑦) + 𝑏1𝑏2 ∫ (𝑥(𝜄) − 𝑦(𝜄))𝑑𝜄
𝑡

0
  (20) 

where 𝑏1 and 𝑏2 are positive gain and y ⟶
𝑑𝑥

𝑑𝑡
. 

 

4.2. Type-2 Fuzzy Model based Control Laws 

Define the torque tracking errors 𝑒𝑡𝑖 to be 

𝑒𝑡𝑚1(𝑡) = 𝜏ℎ1
′ (𝑡) − 𝐷1(𝑡)𝜏𝑒1

′ (𝑡 − 𝑇𝑏1(𝑡)) − 𝐷1
−𝜏𝑒2

′ (𝑡 −

𝑇𝑏1(𝑡))  

𝑒𝑡𝑚2(𝑡) = 𝜏ℎ2
′ (𝑡) − 𝐷2(𝑡)𝜏𝑒1

′ (𝑡 − 𝑇𝑏2(𝑡)) − 𝐷2
−𝜏𝑒2

′ (𝑡 −

𝑇𝑏2(𝑡))  

𝑒𝑡𝑠1(𝑡) = (𝜏ℎ1
′ (𝑡 − 𝑇𝑓1(𝑡)) − 𝜏𝑒1

′ (𝑡)) + (𝜏𝑒2
′ − 𝜏𝑒1

′ )  

𝑒𝑡𝑠2(𝑡) = (𝜏ℎ2
′ (𝑡 − 𝑇𝑓2(𝑡)) − 𝜏𝑒2

′ (𝑡)) + (𝜏𝑒1
′ − 𝜏𝑒2

′ )  (21) 

Remark 3: In the practical application, since the human input 

forces and the sensed environmental contact forces are 

bounded, tracking errors 𝑒𝑡𝑖  in (21) are also bounded. 

Accordingly, we assume 𝑒𝑡𝑖  are bounded by the known 

positive constants ℎ𝑖 as 𝑒𝑡𝑖 ≤ ℎ𝑖.  

 Meanwhile, knowing that the varying zero drift is one of the 

main problems faced by almost all the force/torque observers 

and sensors due to the unknown uncertainties or mechanical 

errors. To compensate for the zero drift, we design the 

following sliding mode adaptive control algorithm to derive 

the output 𝜏𝑗
′  from the force/torque observers and sensors： 

𝜏𝑗
′ = 𝜏𝑗

∗ − 𝑑𝑖                                    (22) 

where  

𝑑̇𝑖 = {
−ð𝑖1𝑑𝑖 + ð𝑖2𝑠𝑖𝑔

𝜑1(𝜏𝑗
′) + ð𝑖3𝑠𝑖𝑔

𝜑2(𝜏𝑗
′), 𝑖𝑓𝜏𝑗

∗ ≥ 𝑎

0,   𝑒𝑙𝑠𝑒
 

(23) 

where ð𝑖1 , ð𝑖2  and ð𝑖3  are constant control gains. 𝑎 is a 

known upper bound of the varying zero drift neighboring zero. 

When 𝜏𝑗
∗ ≥ 𝑎 , the  𝑑𝑖  will take effect to force 𝜏𝑗

′  fast 

converge to zero in a finite time by using the predefined 

sliding mode control algorithm.  

For the feedback force controller design, the following 

adaptive force control algorithm is considered: 

𝜖𝑖 = 𝑐𝑖1𝑠𝑖𝑔
𝜑1(𝑒𝑡𝑖) + 𝑐𝑖2𝑠𝑖𝑔

𝜑2(𝑒𝑡𝑖)           (24) 

where 𝑐𝑖1, 𝑐𝑖2 are positive constant gains. 𝜑2 denotes that 

in (13) by replacing 𝑒  to 𝑒𝑡𝑖 . Also, define the adaptive 

controllers 𝑧𝑖 as 

𝑧𝑖 = 𝑠𝑖𝑔𝜑1(𝑦𝑖) + 𝑠𝑖𝑔
𝜑2(𝑦𝑖)  

𝑦̇𝑖 = −𝑝𝑖1(𝑠𝑖𝑔
2𝜑1−1(𝑦𝑖) + 𝑠𝑖𝑔

2𝜑2−1(𝑦𝑖)) − 𝑝𝑖2𝜅𝑖𝜖𝑖  (25) 

where 

𝜅𝑖 = {

1,
𝑖𝑓 (𝑦𝑖(𝑡)𝜖𝑖(𝑡) > 0) || (𝑦𝑖(𝑡)𝜖𝑖(𝑡) = 0, 𝑦𝑖(𝑡)𝜖𝑖(𝑡

−) ≤ 0)
−1,

𝑖𝑓 (𝑦𝑖(𝑡)𝜖𝑖(𝑡) < 0) || (𝑦𝑖(𝑡)𝜖𝑖(𝑡) = 0, 𝑦𝑖(𝑡)𝜖𝑖(𝑡
−) > 0)

 

(26) 

From (6), the system dynamics can be reformatted as 

follows: 

𝐶𝑖𝑒̇𝑖 + 𝐷𝑖𝑒𝑖 = 𝜏𝑖 + 𝜏𝑗
∗ + 𝐶𝑖(𝑒𝑣𝑖 − 𝑞̇𝑖) + 𝐷𝑖(𝑒𝑖 − 𝑞𝑖) − 𝐸𝑖 +

𝐺𝑖               (27) 



where 𝐺𝑖  denotes the uncertainties satisfying 𝐺𝑖 = ∆𝜏𝑗 +

𝜉𝑖 − ∆𝐸𝑖 . 
Define 𝑍𝑖 = 𝑒𝑖, 𝑍𝑖

∗ = 𝐺𝑖/C𝑖, (27) can be rewritten as: 

{

𝑍̇𝑖 = −𝐶𝑖
−1𝐷𝑖𝑍𝑖 + 𝑍𝑖

∗

+𝐶𝑖
−1(𝜏𝑖 + 𝐶𝑖(𝑒𝑣𝑖 − 𝑞̇𝑖) + 𝐷𝑖(𝑒𝑖 − 𝑞𝑖) − 𝐸𝑖 + 𝜏𝑗

∗)

𝑍̇𝑖
∗ = 𝜔𝑖

   (28) 

where 𝜔𝑖  denotes the derivatives of the system dynamic 

uncertainties. Based on (28), the designed adaptive estimator 

that is used to estimate and compensate for the uncertainties 

of each robot is written as (29). 

{

𝑌̇𝑖1 = 𝑌𝑖2 − 𝐶𝑖
−1𝐷𝑖𝑍𝑖 + 𝐶𝑖

−1(𝜏𝑖 + 𝐶𝑖(𝑒𝑣𝑖 − 𝑞̇𝑖)

  +𝐷𝑖(𝑒𝑖 − 𝑞𝑖) + 𝜏𝑗
∗) − 𝛽𝑖1𝑅𝑖(𝑆𝑖1) − 𝛽𝑖2𝑆𝑖1

𝑌̇𝑖2 = −𝛽𝑖3𝑠𝑖𝑔(𝑆𝑖1)
𝜙2

       (29) 

where 𝛽𝑖1, 𝛽𝑖2 ,  𝛽𝑖3  are constant gains. 𝑌𝑖1, 𝑌𝑖2  are the 

outputs of the adaptive controller. 𝐶𝑖  and 𝐷𝑖  are the 

estimated fuzzy-based dynamics derived from (5). The 

approximation errors are given as: 

𝑆𝑖1 = 𝑌𝑖1 − 𝑍𝑖 , 𝑆𝑖2 = 𝑌𝑖2 − 𝑍𝑖
∗                     (30) 

𝑆𝑖1, 𝑆𝑖2 are expected to converge to zero so that the output 𝑌𝑖2 

can track the dynamic uncertainty 𝑍𝑖
∗. 𝛽𝑖3𝑠𝑖𝑔(𝑆𝑖1)

𝜙2  yields 

a high gain when the estimated error is small. To force 𝑆𝑖1 

fast converge to zero with the its upper boundary close to zero 

at the steady state, 𝑆𝑖1 is required to be 

𝑝𝑖𝐴𝑖(𝑡) < 𝑆𝑖1(𝑡) < 𝑝𝑖𝐴𝑖(𝑡)         (31) 

where 0 < 𝑝𝑖 < 1, 𝜅𝑖 > 0, and the function 𝐴𝑖(𝑡) is 

defined as: 

𝐴𝑖(𝑡) = (𝐴𝑖0 − 𝐴i∞)𝑒
−𝚤𝑡 + 𝐴i∞         (32) 

where 𝐴i0, 𝐴i∞ and 𝚤 are positive constants; and 𝐴i0, the 

predefined maximum overshoot, is the initial value of the 

function 𝐴𝑖(𝑡) . i.e. 𝐴𝑖0 = 𝐴𝑖(0) . The constant 𝐴i∞ =

𝑙𝑖𝑚𝑡→∞𝐴𝑖(𝑡) is the predefined final small constraint of 𝐴𝑖(𝑡). 
Also, 𝚤 is the convergence velocity, and 0 < 𝚤 < 1. 𝑅𝑖(. ) 
is a smooth, strictly increasing function shown as 

𝑅𝑖(𝑆𝑖1) = 𝑡𝑎𝑛(
𝜋𝑆𝑖1

2𝐴𝑖(𝑡)𝑝𝑖
)           (33) 

The function 𝑅𝑖  satisfies: 𝑅𝑖: (−𝐴𝑖 , 𝐴𝑖) → (−∞,+∞) . 

When 𝜖𝑖 converges to zero, 𝑆𝑖1 will also converge to zero, 

by properly set the convergence velocity 𝚤 and the steady-

state overshoot 𝐴i∞. From (28)-(29), we can derive: 

{
𝑆̇𝑖1 = 𝑆𝑖2 − 𝛽𝑖1𝑅𝑖(𝑆𝑖1) − 𝛽𝑖2𝑆𝑖1
𝑆̇𝑖2 = −𝛽𝑖3𝑠𝑖𝑔(𝑆𝑖1)

𝜙2 − 𝜔𝑖
                 (34) 

During the steady state with 𝑆̇𝑖1 = 0, 𝑆̇𝑖2 = 0, (34) can be 

expressed as: 

{
|𝑆𝑖2| = 𝛽𝑖1𝑅𝑖(|𝜔𝑖/𝛽𝑖3|

1/𝜙2) + 𝛽𝑖2|𝜔𝑖/𝛽𝑖3|
1/𝜙2

|𝑆𝑖1| = |𝜔𝑖/𝛽𝑖3|
1/𝜙2

 

By selecting 𝛽𝑖3  to be large enough, 𝑆𝑖1  can be 

guaranteed to be small. As analysed, 𝑅𝑖(. ) can force 𝑆𝑖1 to 

be bounded by a small value 𝐴i∞ and fast converge to zero 

so that the 𝑆𝑖2 can be neighbouring zero in the steady state. 

This means that 𝑌𝑖1  and 𝑌𝑖2  are guaranteed to be 

neighbouring 𝑍𝑖 and 𝑍𝑖
∗, respectively. 

The overall control laws for the proposed system are 

designed as: 

𝜏𝑖 = −𝑏𝑖1𝑠𝑖𝑔
2−𝜑3(𝑠𝑖) − 𝑏𝑖2𝑠𝑖𝑔

𝜑3(𝑠𝑖) − 𝑒𝑖 +

𝜙𝛤𝑖𝑠𝑖𝑔𝑛(𝑒𝑖)𝑘𝑖3
2−𝜑3 |𝑒𝑣𝑖

𝜑3(2−𝜑3)| + 𝜙𝛤𝑖𝑠𝑖𝑔𝑛(𝑒𝑖)𝑘𝑖3
𝜑3 |𝑒𝑣𝑖

𝜑3
2

| +

𝑏𝑖3|𝑧𝑖|𝜖𝑖 − 𝑏𝑖4𝑧𝑖 − 𝐶𝑖(𝑒𝑣𝑖 − 𝑞̇𝑖) − 𝐷𝑖(𝑒𝑖 − 𝑞𝑖) − 𝜏𝑗
∗ + 𝐷𝑖𝑒𝑖 +

𝐸𝑖 − 𝐺̂𝑖                                       (35) 

where 𝑏𝑖1, 𝑏𝑖2, 𝑏𝑖3, 𝑏𝑖4 are positive constant gains. 𝐺̂𝑖 =
𝐶𝑖𝑌𝑖2. 𝛤𝑖  is designed as 

𝛤𝑖 = −𝑠𝑖𝑔𝑛(𝑠𝑖𝑔𝑛(𝑒𝑖)𝑠𝑖𝑔𝑛(𝑒𝑣𝑖))         (36) 

The control laws in (35) have three aspects: 

1). Position tracking controllers: −𝑏𝑖1𝑠𝑖𝑔
2−𝜑3(𝑠𝑖) −

𝑏𝑖2𝑠𝑖𝑔
𝜑3(𝑠𝑖) − 𝑒𝑖 + 𝜙𝛤𝑖𝑠𝑖𝑔𝑛(𝑒𝑖)𝑘3

2−𝜑3 |𝑒𝑣𝑖
𝜑3(2−𝜑3)| +

𝜙𝛤𝑖𝑠𝑖𝑔𝑛(𝑒𝑖)𝑘3
𝜑3 |𝑒𝑣𝑖

𝜑3
2

| . For slaves, the NFTSM-based 

controllers allow slave 1 and slave 2 to closely follow the 

motion of master 1 and master 2, respectively. For masters, 

according to the definition of position errors in (16), each 

master robot follows the weighted position of the two slave 

grippers. Since we see the two slave grippers as an integral 

part of the overall slave robot, the weighted position can be 

seen as the position of the whole slave robot. Since each slave 

gripper closely tracks each master and the two masters 

uniformly follows the weighted position of the slave robot, 

accurate motion synchronization can be achieved by the 

overall multilateral teleoperation systems. 

2). Force/torque tracking controllers: 𝑏𝑖3|𝑧𝑖|𝜖𝑖 − 𝑏𝑖4𝑧𝑖 . For 

slaves, the force applied by each slave gripper is not only 

required to follow that applied by the operator, but needs to be 

automatically tuned by the force from another gripper to the 

extent that equal forces can be applied by the two grippers to 

hold the environmental object with different structures. For 

masters, each master receives equivalent weighted force 

signals from the overall slave robot (containing the two 

grippers) such that operator(s) can feel the same feedback 

force when driving the two masters. 

3). Controllers −𝐶𝑖(𝑒𝑣𝑖 − 𝑞̇𝑖) − 𝐷𝑖(𝑒𝑖 − 𝑞𝑖) − 𝜏𝑗
∗ + 𝐷𝑖𝑒𝑖 +

𝐸𝑖 − 𝐺̂𝑖  are applied to compensate for the system 

uncertainties and to guarantee the system stability. The total 

block diagram is shown as Fig.5. 

 
Fig. 5. Total block diagram 



5. Stability Analysis 

This section analyses the performance and stability of the 

proposed system. Theorem 1 proves that in the free space 

movement without external forces (𝜏ℎ(𝑡) = 𝜏𝑒(𝑡) = 0), the 

position synchronization errors can converge to zero in a finite 

time. Theorem 2 proves that when human and environmental 

forces are applied into the system, the system can still remain 

stable. Moreover, the measured torque errors can be restricted 

in a pre-defined boundary and converge to zero when time 

tends to infinity. These two theorems aim to prove that the 

system can well perform the two objectives, fine position and 

torque tracking under arbitrary time-varying delays. 

Theorem 1. Consider the system (27) with the control laws 

(35) in the absence of the human and environmental torques 

(𝜏ℎ(𝑡) = 𝜏𝑒(𝑡) = 0). The position tracking errors defined in 

(16) can be driven onto the sliding mode surface and converge 

to zero in finite time under time-varying delays. 

Consider a positive definite function 𝑉1 for the system as: 

𝑉1 = ∑
1

2
𝑒𝑖
𝑇𝐶𝑖𝑒𝑖𝑖=𝑚1,𝑚2,𝑠1,𝑠2                        (37) 

𝑉̇1 can be derived as 

𝑉̇1 = −∑ 𝑒𝑖
𝑇𝑏𝑖1𝑠𝑖𝑔

2−𝜑3(𝑠𝑖)𝑖 − ∑ 𝑒𝑖
𝑇𝑏𝑖2𝑠𝑖𝑔

𝜑3(𝑠𝑖)𝑖 −

∑ 𝑒𝑖
𝑇 𝑏𝑖3

2
𝑒𝑖𝑖 + ∑ 𝑒𝑖

𝑇𝜙𝛤𝑖𝑠𝑖𝑔𝑛(𝑒𝑖)𝑘𝑖3
2−𝜑3 |𝑒𝑣𝑖

𝜑3(2−𝜑3)|𝑖 +

∑ 𝑒𝑖
𝑇𝜙𝛤𝑖𝑠𝑖𝑔𝑛(𝑒𝑖)𝑘𝑖3

𝜑3 |𝑒𝑣𝑖
𝜑3
2

|𝑖 + ∑ 𝑒𝑖
𝑇(𝐺𝑖 − 𝐺̂𝑖)𝑖         (38) 

As analysed before, the state estimator designed in (29) 

allows 𝐺̂𝑖  fast tracks 𝐺𝑖  to the extent that ∑ 𝑒𝑖
𝑇(𝐺𝑖 − 𝐺̂𝑖)𝑖  

in (38) is neighbouring zero and can be ignored. Knowing that  

−𝑒𝑖
𝑇𝑏𝑖1𝑠𝑖𝑔

2−𝜑3(𝑠𝑖) = 𝑏𝑖1 (−𝑘𝑖1(‖𝑒𝑖‖
2)

1

2(2−𝜑3)
+
𝜑1
2 −

𝑘𝑖2(‖𝑒𝑖‖
2)

1

2(2−𝜑3)
+
𝜑2
2 − 𝑒

𝑖

1

2−𝜑3 ∗ 𝑘𝑖3(𝑒𝑣𝑖)
𝜑3)

2−𝜑3

  

when 𝑠𝑖𝑔𝑛(𝑒𝑖)𝑠𝑖𝑔𝑛(𝑒𝑣𝑖) ≥ 0, we derive−𝑒
𝑖

1

2−𝜑3 ∗

𝑘𝑖3(𝑒𝑣𝑖)
𝜑3 ≤ 0. Therefore  

−𝑒𝑖
𝑇𝑏𝑖1𝑠𝑖𝑔

2−𝜑3(𝑠𝑖) ≤ −𝑏𝑖1 (𝑘𝑖1(‖𝑒𝑖‖
2)

1

2(2−𝜑3)
+
𝜑1
2 +

𝑘𝑖2(‖𝑒𝑖‖
2)

1

2(2−𝜑3)
+
𝜑2
2 )

2−𝜑3

  

≤ −
1

2
𝑏𝑖1𝑘𝑖1

2−𝜑3‖𝑒𝑖‖
1+𝜑1(2−𝜑3) −

1

2
𝑏𝑖1𝑘𝑖2

2−𝜑3‖𝑒𝑖‖
1+𝜑2(2−𝜑3)       (39) 

Also, when 𝑠𝑖𝑔𝑛(𝑒𝑖)𝑠𝑖𝑔𝑛(𝑒𝑣𝑖) ≥ 0, 𝛤𝑖 = −1 𝑜𝑟 0 that 

makes ∑ 𝑒𝑖
𝑇𝜙𝛤𝑖𝑠𝑖𝑔𝑛(𝑒𝑖)𝑘𝑖3

2−𝜑3 |𝑒𝑣𝑖
𝜑3(2−𝜑3)|𝑖 +

∑ 𝑒𝑖
𝑇𝜙𝛤𝑖𝑠𝑖𝑔𝑛(𝑒𝑖)𝑘𝑖3

𝜑3 |𝑒𝑣𝑖
𝜑3
2

|𝑖  no more than zero. Similarly, 

−𝑒𝑖
𝑇𝑏𝑖2𝑠𝑖𝑔

𝜑3(𝑠𝑖) ≤ −𝑏𝑖2 (𝑘𝑖1(‖𝑒𝑖‖
2)

1

2𝜑3
+
𝜑1
2 +

𝑘𝑖2(‖𝑒𝑖‖
2)

1

2𝜑3
+
𝜑2
2 )

𝜑3

  

≤ −
1

2
𝑏𝑖2𝑘𝑖1

𝜑3‖𝑒𝑖‖
1+𝜑1𝜑3 −

1

2
𝑏𝑖2𝑘𝑖2

𝜑3‖𝑒𝑖‖
1+𝜑2𝜑3   (40) 

Based on (39)-(40), we derive 

𝑉̇1 ≤ ∑ {−
1

2
𝑏𝑖1𝑘𝑖1

2−𝜑3‖𝑒𝑖‖
1+𝜑1(2−𝜑3) −𝑖

1

2
𝑏𝑖1𝑘𝑖2

2−𝜑3‖𝑒𝑖‖
1+𝜑2(2−𝜑3) −

1

2
𝑏𝑖2𝑘𝑖1

𝜑3‖𝑒𝑖‖
1+𝜑1𝜑3 −

1

2
𝑏𝑖2𝑘𝑖2

𝜑3‖𝑒𝑖‖
1+𝜑2𝜑3}  

= ∑ {−
1

2
(2𝐶𝑖

−1)
1+𝜑1(2−𝜑3)

2 𝑏𝑖1𝑘𝑖1 (
1

2
𝑒𝑖
𝑇𝐶𝑖𝑒𝑖)

1+𝜑1(2−𝜑3)

2
−𝑖

1

2
(2𝐶𝑖

−1)
1+𝜑2(2−𝜑3)

2 𝑏𝑖1𝑘𝑖2 (
1

2
𝑒𝑖
𝑇𝐶𝑖𝑒𝑖)

1+𝜑2(2−𝜑3)

2
−

1

2
(2𝐶𝑖

−1)
1+𝜑1𝜑3

2 𝑏𝑖2𝑘𝑖1 (
1

2
𝑒𝑖
𝑇𝐶𝑖𝑒𝑖)

1+𝜑1𝜑3
2

−

1

2
(2𝐶𝑖

−1)
1+𝜑2𝜑3

2 𝑏𝑖2𝑘𝑖2 (
1

2
𝑒𝑖
𝑇𝐶𝑖𝑒𝑖)

1+𝜑2𝜑3
2

}  

≤ −𝛷1𝑉1
𝛿1 − 𝛷2𝑉1

𝛿2 − 𝛷3𝑉1
𝛿3 − 𝛷4𝑉1

𝛿4        (41) 

where 𝛷1 = 𝜆𝑚𝑖𝑛(∑
1

2
(2𝐶𝑖

−1)
1+𝜑1(2−𝜑3)

2 𝑏𝑖1𝑘𝑖1𝑖 ), 𝛷2 =

𝜆𝑚𝑖𝑛(∑
1

2
(2𝐶𝑖

−1)
1+𝜑2(2−𝜑3)

2 𝑏𝑖1𝑘𝑖2𝑖 ), 𝛷3 =

𝜆𝑚𝑖𝑛(∑
1

2
(2𝐶𝑖

−1)
1+𝜑1𝜑3

2 𝑏𝑖2𝑘𝑖1𝑖 ), 𝛷4 =

𝜆𝑚𝑖𝑛(∑
1

2
(2𝐶𝑖

−1)
1+𝜑2𝜑3

2 𝑏𝑖2𝑘𝑖2𝑖 ); and 𝛿1 =
1+𝜑1(2−𝜑3)

2
, 𝛿2 =

1+𝜑2(2−𝜑3)

2
, 𝛿3 =

1+𝜑1𝜑3

2
, 𝛿4 =

1+𝜑2𝜑3

2
. Extending Lemma 

2, the reaching time can be derived as  

𝑇𝑟 <
1

𝛷1

2

|𝛿1 − 1|
+
1

𝛷2

2

|𝛿2 − 1|
+
1

𝛷3

2

|𝛿3 − 1|
+
1

𝛷4

2

|𝛿4 − 1|
 

which means the overall system can remain stable in a finite 

time. 

when 𝑠𝑖𝑔𝑛(𝑒𝑖)𝑠𝑖𝑔𝑛(𝑒𝑣𝑖) < 0,  we derive −𝑒
𝑖

1

2−𝜑3 ∗

𝑘𝑖3(𝑒𝑣𝑖)
𝜑3 > 0 . Then, −𝑒𝑖

𝑇𝑏𝑖1𝑠𝑖𝑔
2−𝜑3(𝑠𝑖) < 𝑏𝑖1 |𝑒𝑖

1

2−𝜑3 ∗

𝑘𝑖3(𝑒𝑣𝑖)
𝜑3|

2−𝜑3

 and −𝑒𝑖
𝑇𝑏𝑖2𝑠𝑖𝑔

𝜑3(𝑠𝑖) < 𝑏𝑖2 |𝑒𝑖

1

𝜑3 ∗ 𝑘𝑖3(𝑒𝑣𝑖)
𝜑3|

𝜑3

  

Under this condition 𝛤𝑖  satisfies 𝛤𝑖 = 1  that makes 

𝑒𝑖
𝑇𝜙𝛤𝑖𝑠𝑖𝑔𝑛(𝑒𝑖)𝑘𝑖3

2−𝜑3 |𝑒𝑣𝑖
𝜑3(2−𝜑3)|  to be −𝜙 |𝑒

𝑖

1

2−𝜑3 ∗

𝑘𝑖3(𝑒𝑣𝑖)
𝜑3|

2−𝜑3

, and 𝑒𝑖
𝑇𝜙𝛤𝑖𝑠𝑖𝑔𝑛(𝑒𝑖)𝑘𝑖3

𝜑3 |𝑒𝑣𝑖
𝜑3
2

|  to be 

−𝜙 |𝑒
𝑖

1

𝜑3 ∗ 𝑘𝑖3(𝑒𝑣𝑖)
𝜑3|

𝜑3

.  By setting 𝜙 ≥ 𝑏𝑖1 and 𝜙 ≥ 𝑏𝑖2, 

𝑉̇1 is also guaranteed to be non-positive. The overall system 

stability can be guaranteed during free space motion. The 

proof is complete. 

Theorem 2. When involving the human and the 

environmental forces, the system (27) with the control laws 

(35) can still remain stable and the torque tracking errors can 

converge to zero at the steady state during time-varying delays. 

Consider a positive definite function 𝑉2 for the system as: 

𝑉2 = 𝑉1 + ∑
1

2
𝑦𝑖
𝑇𝑦𝑖𝑖                             (42) 

Based on (25), 𝑉̇2 is derived as  

𝑉̇2 = 𝑉̇1 − ∑ 𝑒𝑖
𝑇𝑒𝑖𝑖 + ∑ 𝑒𝑖

𝑇𝑏𝑖3|𝑧𝑖|𝜖𝑖𝑖 − ∑ 𝑒𝑖
𝑇𝑏𝑖4𝑧𝑖𝑖 −

∑ 𝑦𝑖
𝑇𝑝𝑖1(𝑠𝑖𝑔

2𝜑1−1(𝑦𝑖) + 𝑠𝑖𝑔
2𝜑2−1(𝑦𝑖))𝑖 −∑ 𝑦𝑖

𝑇𝑝𝑖2𝜅𝑖𝜖𝑖𝑖   

≤ −∑ (𝑝𝑖1 − 𝑏𝑖3
2 ℎ𝑖

2 − 𝑏𝑖4
2 )‖𝑦𝑖‖

2𝜑1
𝑖 − ∑ (𝑝𝑖1 − 𝑏𝑖3

2 ℎ𝑖
2 −𝑖

𝑏𝑖4
2 )‖𝑦𝑖‖

2𝜑2 −∑ 𝑦𝑖
𝑇𝑝𝑖2𝜅𝑖𝜖𝑖𝑖   



≤ −Υ𝑉2
𝜑1 − Υ𝑉2

𝜑2                              (43) 

where Υ = 2(𝑝𝑖1 − 𝑏𝑖3
2 ℎ𝑖

2 − 𝑏𝑖4
2 )  Based on (26), the term 

−∑ 𝑦𝑖
𝑇𝑝𝑖2𝜅𝑖𝜖𝑖𝑖  is always non-positive. Therefore, by setting 

𝑝𝑖1 ≥ 𝑏𝑖3
2 ℎ𝑖

2 + 𝑏𝑖4
2 , 𝑉̇2 can be guaranteed to be negative, and 

𝑦𝑖  belongs to 𝐿2 space that makes the force/torque tracking 

errors fast converge to zero in the finite time. The reaching 

time can be derived from (43) as 

𝑇𝑟 <
1

Υ

1

𝜑1 − 1
+
1

𝛶

1

1 − 𝜛1
 

This completes the proof. 

 

6. Experiment 

In this section, a series of experiments are carried out to 

validate the effectiveness of the proposed multilateral 

teleoperation system. Interval Type-2 T-S fuzzy models are 

constructed to describe the dynamics for master and slave 

robots. Due to the limit of pages, only the results of slave 1 is 

presented. The sampling time interval is 1ms, the number of 

data samples is 10700, and the number of fuzzy sets/rules is 

determined as nine. As shown in Fig. 6, compared to Type-1 

fuzzy model, Type-2 fuzzy model achieves greatly reduced 

RMSE. Especially, for the samples from no. 9500 to 10700 

where the measured outputs are zero, the Type-1 fuzzy 

model’s output cannot settle at zero while Type-2 fuzzy 

model’s outputs can exactly track the measured signals. 

 
Fig. 6. Accuracy evaluation of the proposed Type-2 fuzzy model 

  For the NFTSM surface of the cooperative structure, the 

parameters are determined as 𝑘i1 = 𝑘𝑖2 = 1 , 𝑘𝑖3 = 0.1 . 

𝜑1 =
𝑙1

𝑝
=

15

7
, 𝜑3 =

𝑙2

𝑝
=

9

7
. In 𝜑2 , 𝜛1 = 17/19 , 𝜛2 = 3. 

For the dominance factor, α = 25 . For the force control, 

𝑐𝑠11 = 𝑐𝑠21 = 0.5 , 𝑐𝑠12 = 𝑐𝑠22 = 0.1 , 𝑐𝑚11 = 𝑐𝑚21 = 1 , 

𝑐𝑚12 = 𝑐𝑚22 = 0.15 . 𝑝𝑖1 = 10,  𝑝𝑖2 = 3 . For zero drift 

compensator, ð𝑖1 = 10 , ð𝑖2 = 50 ,  ð𝑖3 = 30 . For the 

state observers, 𝛽𝑖1 = 100, 𝛽𝑖2 = 10 , 𝛽𝑖3 = 0.2. 𝐴𝑖0 = 1, 

𝐴𝑖∞ = 0.05, 𝚤 = 0.1. 𝐶𝑖 , 𝐷𝑖 , 𝐸𝑖 are the derived from fuzzy 

models. For the main control laws, 𝑏𝑠11 = 𝑏𝑠21 = 1, 𝑏𝑠12 =
𝑏𝑠22 = 5, and 𝑏𝑚11 = 𝑏𝑚21 = 0.5, 𝑏𝑚12 = 𝑏𝑚22 = 2. 𝜙 =

5. 𝑏𝑠13 = 𝑏𝑠23 = 1, 𝑏𝑚13 = 𝑏𝑚23 = 2, 𝑏𝑖4 = 1. 

 

Fig. 7. A. Free motion; B. Soft contact; C. Hard contact (regular object); D. 

Hard contact irregular object 

At the slave sides, each gripper attaches one Flexiforce 

pressure sensor to measure the environmental contact force. 

At the master sides, since adding force sensors may interfere 

human operating the manipulators, the force observer 

proposed in [41], which uses the extended Kalman filter to 

suppress external noises, is applied to the haptic devices in 

order to estimate the human force, and Type-2 fuzzy model is 

used to replace the mathematical dynamic function for this 

force observer design. 

As an underactuated robot hand, its exact kinematics is hard 

to derive on-line. Therefore, the kinematics of the 

teleoperation system is ignored in this paper. Besides, for 

simplicity, we assume the measured environmental force is 

proportional to the environmental torque with a known 

constant gain. The time delays are approximately 400ms with 

100ms variation.  

A. Free Motion 

  In the experiment of free motion, the two master haptic 

devices drive the slave grippers which do not contact any 

environmental objects as shown in Fig. 7A. It should be noted 

that no matter whether the system is in free motion or 

contacting objects, the motors of the robot hand need to keep 

dragging the fingers, and thus are always loaded. 

The aim of this free motion experiment is to make the slave 

grippers closely track the motion of the master haptic devices 

and meanwhile, the operator at the master side does not feel 

large feedback force so that he/she can fluently drive the 

master devices. The uncertainty caused by the internal forces, 

such as the frictions of the components in the robot hand, is 

the main issue that can adversely affect the masters-slaves 

motion convergence and simultaneously increase the force 

feedback to the masters. 

 
Fig. 8. Position and force tracking (free motion [27]); 𝑞𝑚1 ↔ 𝑞𝑠1; 𝑞𝑚2 ↔

𝑞𝑠2; 𝜏ℎ1
′ ↔ 𝜏𝑒1

′ ; 𝜏ℎ2
′ ↔ 𝜏𝑒2

′  

Table 1. RMSE (tracking errors for Fig. 8) 

RMSE   Position       Torque 

m1 – s1       0.3181   0.5951 

m2 – s2    0.2993   0.5273 

Fig. 8 shows the position and torque tracking performance 

of the system in [27]. The system in [27] uses the controllers 

containing the force errors between master and slave using 

force observers in order to improve the human perception on 

the environment. However, using only PD control method, 

finite-time position convergence is unable to derive and large 

position variations and errors occur at the steady state (10-13s, 

21-25s, 34-39s). Also, the system uncertainties mainly 

containing internal forces impede the slaves (fingers) to track 



the masters’ positions (3-6s, 15-20s, 30-35s). furthermore, the 

force observer applied in [27] highly depends on exact 

dynamic model. Without the mathematical dynamic model, 

the estimated torques are not accurate that together with the 

system uncertainty let the operator feel large feedback force 

during free motion (larger than 0.2 Nm).  

Fig. 9 shows the position and torque tracking performance 

of the system in [42]. By using the NFTSM, the position 

tracking does not does not contain large variation and errors. 

Finite time convergence can be achieved. However, because 

of the large but unknown mass of the slave grippers and the 

time delay, a certain time is still required in order to allow the 

slaves to accurately track the masters. As analysed before, the 

conventional Mamdani fuzzy logic used in [42] has poor 

performance on uncertainties tracking and estimation. Thus, 

the system uncertainties also influence the performance of this 

system. In addition, without force control algorithms, the large 

position control gains can seriously interrupt the operator’s 

feeling about the remote environment. Therefore, large 

feedback force is still derived in the master side (larger than 

0.2 Nm). 

 
Fig. 9. Position and force tracking (free motion [42]); 𝑞𝑚1 ↔ 𝑞𝑠1; 𝑞𝑚2 ↔

𝑞𝑠2; 𝜏ℎ1
′ ↔ 𝜏𝑒1

′ ; 𝜏ℎ2
′ ↔ 𝜏𝑒2

′  

Table 2. RMSE (tracking errors for Fig. 9) 

RMSE   Position       Torque 

m1 – s1       0.2395   0.4703 

m2 – s2    0.2480   0.4937 

The position and force tracking of the proposed system are 

shown as Fig. 10. When the two masters move to the same 

position, the two slave grippers can fast track their motion 

without large overshoot or variations, and the tracking errors 

are zero at the steady state. Compared with Fig. 9, the 

proposed NFTSM has faster convergence performance. Also, 

since the end effectors of the slave grippers do not contact to 

any object, the outputs of the sensors are zero. With 

compensation for the system uncertainties and accurate force 

tracking strategy, the human operator does not feel feedback 

force and the applied human force is also neighbouring to zero. 

 
Fig. 10. Position and force tracking (free motion, our system); 𝑞𝑚1 ↔ 𝑞𝑠1; 

𝑞𝑚2 ↔ 𝑞𝑠2; 𝜏ℎ1
′ ↔ 𝜏𝑒1

′ ; 𝜏ℎ2
′ ↔ 𝜏𝑒2

′  

Table 3. RMSE (tracking errors for Fig. 9) 

RMSE   Position       Torque 

m1 – s1       0.0297   0.1063 

m2 – s2    0.0301   0.1194 

B. Soft contact 

In this experiment, the slave grippers are controlled to 

grasping a soft sponge as shown in Fig. 7B. When contacting 

the soft sponge, the grippers continue moving to squeeze the 

sponge until their motions stop (the soft contact turns to hard 

contact).  

 
Fig. 11. Position and force tracking (soft contact [34]); 𝑞𝑚1 ↔ 𝑞𝑠1; 𝑞𝑚2 ↔

𝑞𝑠2; 𝜏ℎ1
′ ↔ 𝜏𝑒1

′ ; 𝜏ℎ2
′ ↔ 𝜏𝑒2

′  

Table 4. RMSE (tracking errors for Fig. 11) 

RMSE   Position       Torque 

m1 – s1       1.9832   0.8438 

m2 – s2    2.0731   0.7953 

Fig. 11 shows the position and force tracking of the system 

in [34]. The system in [34] uses the designed auxiliary filter 

to improve the position tracking ability. Without force 

tracking control algorithms, the operator can hardly adjust the 

force of the slave grippers. Therefore, the operator has to 

largely move the master manipulators so that the large 

position errors can enhance the remote slaves’ contact force to 

grasp the soft sponge tightly. When the slave holding the 

sponge tightly, the position errors largely increase the 

feedback force so that the operator has to exert extra forces in 

order to provide the slave enough force to grasp the sponge. 

Fig. 12 shows the position and force tracking of our system. 

From 8th second, the grippers start to contact to the soft sponge 

and the operator’s torques of the two master haptic devices 

increase from 0 Nm to 0.4 Nm. The environmental torques 

also track the operator’s. The signals of the measured 

environmental torques are fed back to the master sides so that 

the masters adaptively adjust their positions to converge to the 

position of the slaves. When the operator stops exerting force, 

the operator’s and environmental torques directly converge to 

zero and the master and slave positions return to zero.  

 
Fig. 12. Position and force tracking (soft contact, our system); 𝑞𝑚1 ↔ 𝑞𝑠1; 

𝑞𝑚2 ↔ 𝑞𝑠2; 𝜏ℎ1
′ ↔ 𝜏𝑒1

′ ; 𝜏ℎ2
′ ↔ 𝜏𝑒2

′  



Table 5. RMSE (tracking errors for Fig. 12) 

RMSE   Position       Torque 

m1 – s1       0.0337   0.0219 

m2 – s2    0.0309   0.0408 

 

C. Hard Contact (regularly-shaped object) 

In this experiment, the slave grippers are controlled to 

contact to a solid cylinder as shown in Fig. 7C. when 

contacting to a solid object, the masters need to directly derive 

the feedback force signals so that the operator feels a large 

feedback and hardly goes on the motion. 

 
Fig. 13. Position and force tracking (regularly-shaped object [33]); 𝑞𝑚1 ↔

𝑞𝑠1; 𝑞𝑚2 ↔ 𝑞𝑠2; 𝜏ℎ1
′ ↔ 𝜏𝑒1

′ ; 𝜏ℎ2
′ ↔ 𝜏𝑒2

′  

Table 6. RMSE (tracking errors for Fig. 13) 

RMSE   Position       Torque 

m1 – s1       2.1735   0.3671 

m2 – s2    2.0943   1.4752 

Fig. 13 shows the position and force tracking performances 

of the system in [33] when contacting to the regularly-shaped 

object. The system in [33] utilizes a robust control algorithm 

to guarantee the delay-based stability for multilateral 

teleoperation system. Mamdani fuzzy models are also applied 

in this system to deal with uncertainties. Similar with the 

system in [34], the system in [33] also does not have a good 

force control algorithm so that the operator has to enlarge the 

position tracking errors in order to enlarge the environmental 

torque to hold the solid object tightly. Although fine torque 

tracking is achieved, the masters’ positions are basically twice 

as large as the slave’s positions at the steady state. 

 
Fig. 14. Position and force tracking (regularly-shaped object, our 

system); 𝑞𝑚1 ↔ 𝑞𝑠1; 𝑞𝑚2 ↔ 𝑞𝑠2; 𝜏ℎ1
′ ↔ 𝜏𝑒1

′ ; 𝜏ℎ2
′ ↔ 𝜏𝑒2

′  

Table 7. RMSE (tracking errors for Fig. 14) 

RMSE   Position       Torque 

m1 – s1       0.0487   0.0391 

m2 – s2    0.0471   0.0373 

Fig. 14 shows the position and force tracking performances 

of our system when contacting to the regularly-shaped object. 

When firstly contact to the solid object, the environmental 

torques jump to around 0.6 Nm. Then the master haptic 

devices directly receive large force feedback so that they fast 

adjust their positions to track the slaves’ position. When the 

position synchronization is derived during the hard contact, 

the contact torques of the master haptic devices and the slave 

grippers decrease to around 0.4 Nm. The proposed force 

controllers allow the operator’s forces to closely track the 

environmental forces. Therefore, the torque tracking errors are 

neighbouring to zero. Besides, the large feedback force also 

impedes the masters’ motion to the extent that basically no 

position tracking errors occur at the steady state during hard 

contact. When the operator relaxes the force, all the position 

and torque signals fast back to zero.  

Moreover, based on the proposed control algorithms, 

master 1 and master 2 can freely drive slave 1 and slave 2, 

respectively. Since the two slave gripers are treated as an 

integral slave robot, the mixed position and force information 

adjusted by the varying dominance factors is fed back to the 

two masters to allow they receive same perception on the 

integrate slave hand. Thus, the operator(s) can feel the same 

feedback force from master 1 and master 2. Therefore, from 

Figs. 10 and 12, the human applied forces and the masters’ 

positions of master 1 and master 2 are basically the same.   

D. Hard Contact (irregularly-shaped object) 

The proposed system is expected to allow the operator(s) to 

equally drive the two masters to reach a designated point and 

consequently control the two slave grippers to tightly hold the 

objects with different texture and different shape (even with 

the irregular shape). Without the mutual control between the 

two slave grippers, they cannot adjust the force to hold the 

irregularly-shaped object. Therefore, all the above systems 

used for comparison are not suitable for this experiment, while 

the proposed system can give satisfactory performance as 

shown in Fig. 7D, where the slave grippers are controlled to 

hold an irregular-shaped object, and the position as well as 

torque tracking are shown in Fig. 15. 

 
Fig. 15. Position and force tracking (irregularly-shaped object, our system); 

𝑞𝑚1 ↔ 𝑞𝑠1; 𝑞𝑚2 ↔ 𝑞𝑠2; 𝜏ℎ1
′ ↔ 𝜏𝑒1

′ ; 𝜏ℎ2
′ ↔ 𝜏𝑒2

′  

Table 8. RMSE (tracking errors for Fig. 15) 

RMSE   Position       Torque 

m1 – s1       0.0520   0.0292 

m2 – s2    0.0484   0.4048 

Firstly, when driving the two masters to conduct the same 

motion, slave 1 firstly contacts to the object. Due to its 

irregular shape, slave 2 does not contact the object. Then, 

according to the control algorithm in (35), slave 1 feeds the 

environmental force back to the masters and slave 2 so that 

slave 2 follows the force information from slave 1 to go on 

moving to contact to the object and then applies the same force 



as that of slave 1. At the steady state, the environmental 

torques of masters 1 and 2, slaves 1 and 2 maintain at around 

0.3 Nm. The position signals of slaves are also fed back to the 

master side in order to allow the masters to closely track the 

motion of slaves.  

E. Dealing with varying zero drift 

  Since force control is an important part of the proposed 

system, the exist varying zero drift in force sensors/observers 

problem is a main issue that may seriously affect the operator 

feeling the remote environment. The operator may still feel 

force feedback even all of the robots stop their motion because 

of the zero drift. By using the proposed sliding mode control 

algorithm in (24)-(25), the measured torque signals can 

remain zero when the no human or environmental force is 

exerted into the system as shown in Fig. 16. 

 
Fig. 16. Original and revised torque signals; 𝜏ℎ1

′ ↔ 𝜏𝑒1
′  

F. Performance of the fuzzy model-based state observer 

As analysed before, in the fuzzy model-based state observer 

in (29), the close tracking between 𝑌𝑖1  and 𝑍𝑖  determines 

the close tracking between 𝑌𝑖2 and 𝑍𝑖
∗. That is, the unknown 

dynamic uncertainties can be estimated and compensated for 

by the state observer. Fig. 17 demonstrate the close tracking 

between 𝑌𝑠11 and 𝑍𝑠1 by using (29) to suppress the errors in 

a small region. The RMSE between 𝑌𝑠11 and 𝑍𝑠1 is 0.0103. 

Therefore, it can be concluded that the dynamic uncertainties 

can be compensated by the proposed state observer.  

 
Fig. 17. 𝑌𝑠11 and 𝑍𝑠1 in our system 

The proposed state observer is an extension of the state 

observer in [40]. There are two unsolved problems of the state 

observer in [40]. Firstly, only the errors between 𝑌𝑖1 and 𝑍𝑖 
with a constant gain are applied in the state observer. When 

the slave robot hand is conducting motions such as free 

motions and holding environmental object, 𝑌𝑖1 cannot fastly 

track 𝑍𝑖 as shown as Fig. 18. The RMSE between 𝑌𝑠11 and 

𝑍𝑠1  is 0.5817. Therefore, the changing 𝑍𝑖
∗  can also not 

accurately tracked by 𝑌𝑖2. Moreover, the state observer in [40] 

still depends on the pre-knowledge of the mathematical 

dynamics of the systems, which is unachievable for the slave 

robot hand. 

 
Fig. 18. 𝑌𝑠11 and 𝑍𝑠1 in the system in [40] 

Fig.19 shows multiple real applications of the designed 

gripper, which are Grasping raw eggs, Hand shaking, 

Grasping a bread, Grasping a 1.5 litre bottle, Grasping four 

pieces of tofu, Grasping a pen to write and Grasping a bunch 

of bananas. 

 

Fig. 19. Multiple real applications of the designed gripper 

 

7. Conclusion 

In this paper, we present a new multilateral tele-

manipulated robot hand control system. In the slave side, a 

multi-fingered robot hand is built containing two gripers. With 

the cooperation of the two gripers, objects with different 

shapes can be tightly grasped. In the master side, two haptic 

devices are applied to collaboratively control the remote robot 

hand. A developed NFTSM method with varying dominance 

factor is proposed to provide the system fast position and force 

tracking ability and meanwhile allow the operator to have a 

mixed feeling on the remote environment. Type-2 Fuzzy 

Logic algorithm is applied to model the overall system 

dynamics and a fuzzy-based state observer is also proposed to 

compensate for system uncertainties. To deal with the zero 

drift of the force observers and force sensors, a new sliding 

mode adaptive controller is also designed in this paper. The 

experiment results demonstrate the superiority of the proposed 

system. In the future work, more DOF will be added for the 

designed multi-fingered robot hand in order to further 

improve its flexibility. Estimation and application of the 

kinematics of the proposed robot hand will also be considered. 
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