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Abstract

An introduction to portfolio theory and the tangency portfolio with risk free
asset is given. Utility functions are explained and how the tangency portfoilio
can be derived from a utility function. Other background information which
is necessary to understand the theory used from [1] for tangency portfolio
weights with singular covariance matrix using the Moore-Penrose inverse is
presented. The theory is applied to historical data from S&P and the results
are analyzed with plots and tables.



Sammanfattning

En introduktion ges till portföljteori och tillämpning av tangentportföljen
med en riskfri tillgång presenteras. Nyttofunktioner förklaras och hur tan-
gentportföljen kan härledas med hjälp av en nyttofunktion. Annan bak-
grundsinformation som är viktig för att förstå resultat från [1] om vikter i
tangentportföljen då kovariansmatrisen inte är inverterbar presenteras också.
Teorin tillämpas på historisk data från S&P. Resultaten visas i grafer och
tabeller som analyseras.
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Chapter 1

Introduction

The undergraduate courses in mathematics tend to be mostly theoretical,
which this thesis aims to remedy by introducing an application. By applying
portfolio theory to real data it also shows that some interesting practical
results can be achieved even at undergraduate level.

The model which will be used for practical results is the tangency port-
folio. It is usually derived for invertible covariance matrices, see definition
2.1.5 and Theorem 2.5. In [1], theory was developed for tangency portfolios
where the covariance matrix is singular or close to singular. For the results
chapter the number of observations is fewer than the number of assets which
causes the covariance matrix to be singular. It is also assumed that the re-
turns of the assets have some dependencies but that noise prevents it from
being observed directly. Therefore the method from [2] is used to detect this
by finding the true rank of the covariance matrix to be used in the models
from [1].

The background chapter is focused on introducing portfolio theory for
someone with a background in mathematics and no prior knowledge in eco-
nomics. The main ideas are that since the risk and return of assets can be
described mathematically they can also be analyzed through mathematics
and statistics. All the tools used to derive portfolios and how to then ana-
lyze them is also covered in the background chapter. The used models from
[1] are restated as Theorems but without proofs. These results are used in
the study of stocks from S&P 500 and only their consequences need to be
understood for this thesis.
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Notation

Matrices will be written with capital bold letters and vectors with lowercase
bold letters. Scalars will be written with lowercase letters. For random
matrices and vectors the same notation is used. In the list below are more
notation that will be used.

Distributions

χ2
ν The chi-squared distribution with ν degrees of freedom.

Fν1,ν2,β The F distribution with ν1 and ν2 degrees of freedom and non-
centrality parameter β.

N(µ, σ) The one dimensional normal distribution with mean µ and standard
deviation σ.

Nk(µ,Σ) A k-dimensional normal distribution with mean vector µ and co-
variance matrix Σ.

tν The t distribution with ν degrees of freedom.

Probability theory

Cov(X,Y ) The covariance between the random variables X and Y .

E(X) The expected value of a random variable or vector X. For vectors x
this is a vector µ such that µi = E(xi).

P(X ≤ x) The probability that the random variable X attains the value x
or lower.

d
= Equality in distribution.

d→ Convergence in distribution.

Var(X) The variance of a random variable X. For vectors this is a matrix,
see definition (2.1.5).

Vector spaces
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〈x,y〉 Inner product in Rk, 〈x,y〉 = xTy.

Rk The space of k dimensional real vectors.

Rk×k The space of k × k dimensional real matrices.

1k A k-dimensional vector of ones.

xT ,AT Vector or matrix transpose.
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Chapter 2

Background

2.1 Portfolio Theory

In order to get the most of this chapter the reader should be familiar with
some concepts in probability theory such as variance, covariance, expected
value and some common distributions.

Returns are used to measure how much an asset increases or decreases
in value in a given time period. The models here will consider discrete time,
where the observation xi is the observed value number i.

Definition 2.1.1 (Returns of an asset). Let xi > 0 be the price of an asset
at observation i.

1. The return of the asset is defined as

ri =
xi
xi−1

.

2. The arithmetic return of the asset is defined as

r
(a)
i = ri − 1 =

xi
xi−1

− 1 =
xi − xi−1
xi−1

.

3. The logarithmic return or log return of the asset is defined as

r
(`)
i = ln(r

(a)
i + 1) = ln(ri) = ln

(
xi
xi−1

)
= ln(xi)− ln(xi−1),

where ln denotes the natural logarithm.

Here we can see that the first definition is just the rate of change (ri ∈
[0,+∞)), while the arithmetic returns measures how many percent the asset
increases or decreases in value (r(a)i ∈ [−1,+∞)). The log return can also
be negative, but as ri → 0 we have ln(ri) → −∞. Both arithmetic and
logarithmic returns are used in practice.
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Lemma 2.1.2 (Relation between log returns and arithmetic returns). For
small values r(a)i = r

(`)
i +O((r

(a)
i )2).

Proof. Taylor expansion of the log returns around 0 gives

r
(`)
i = ln(r

(a)
i + 1) =

∞∑
j=1

(−1)j(r
(a)
i )j

j
= r

(a)
i −

(r
(a)
i )2

2
+O((r

(a)
i )3)

for |r(a)i | < 1 and O((r
(a)
i )3) = B(r

(a)
i )(r

(a)
i )3, where B is bounded when r(a)i

is near zero. This means that

|r(a)i − r
(`)
i | = O((r

(a)
i )2).

In practice the returns in a single time period are often small. For exam-
ple, if the returns are of order O(10−2), the difference between logarithmic
and arithmetic returns have order O((10−2)2) = O(10−4). Some desirable
properties of the log returns are they are often assumed to be normally dis-
tributed (returns are said to be log normal), or normally distributed under
the logarithmic transformation. This simplifies some operations.

Definition 2.1.3 (Portfolio). A portfolio w = (w1, . . . , wk)
T ∈ Rk is a

vector of weights satisfying
∑k

i=1wi = 1, where wi corresponds to the portion
of the wealth invested in the i:th asset.

Remark 2.1.4. This portfolio only considers the investments made in one
time period and analyzing the returns in that time period.

It may be intuitive to assume that the weights also need to satisfy
wi ∈ [0, 1] but this is not necessary. If negative weights are allowed that
corresponds to short selling. Short selling means that a trader borrows as-
sets and sells them at current market price. These assets then need to be
returned at a later time. Either the trader assumes that the asset will de-
crease in value, this would mean that they are sold at the current price and
later returned when they can be bought at a lower price. It can also be
used to free more money to invest into assets that are assumed to give larger
returns even if both increase in value. The models used here assume that
the shorted asset is paid back at the end of each time period.

Definition 2.1.5 (Covariance matrix). The covariance martix of a random
vector x ∈ Rk is a matrix Σ ∈ Rk×k where the element σij = Cov(xi, xj) is
the covariance between the i:th and the j:th element in x. Another way of
representing the covariance matrix is

Σ = E
[
(x− E(x))(x− E(x))T

]
. (2.1)
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When the covariance matrix is unknown it needs to be estimated from
data.

Definition 2.1.6 (Sample covariance matrix). The sample covariance ma-
trix S for a set of observations xi ∈ Rk, i = 1, . . . , n is

S =
1

n− 1

n∑
i=1

(xi − x̄)(xi − x̄)T ,

where

x̄ =
1

n

n∑
i=1

xi

is the estimated mean.

Both x̄ and S are unbiased estimators. This means that if µ is the mean
of x and Σ its covariance matrix, then E(x̄) = µ and E(S) = Σ.

Lemma 2.1.7 (Variance of portfolio returns and expected returns). If Σ is
the covariance matrix of a random vector of returns x with mean µ, and w
is a portfolio, then the variance of the returns is

σ2p = Var(wTx) = wTΣw

and the expected returns are

µp = E(wTx) = wTµ

Proof. Recall that the variance of a linear combination of random variables
is given by

Var

(∑
i

wixi

)
=
∑
i

∑
j

wiwjCov(xi, xj),

for wi ∈ R. Evaluating wTΣw yields

[
w1 w2 . . . wk

]


Var(x1) Cov(x1, x2) . . . Cov(x1, xk)
Cov(x2, x1) Var(x2) . . . Cov(x2, xk)

...
. . .

Cov(xk, x1) Cov(xk, x2) . . . Var(xk)



w1

w2
...
wk



=
[
w1 w2 . . . wk

]

∑

iwjCov(x1, xj)∑
iwjCov(x2, xj)

...∑
iwjCov(xk, xj)

 =
∑
i

∑
j

wiwjCov(xi, xj).

Since the expected value is a linear operator we have

E(wTx) = E
[∑

i

wixi)
]

=
∑
i

wiE(xi) =
∑
i

wiµi = wTµ.
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2.2 Mean Variance Portfolio

2.2.1 Utility function

Utility functions are quite general. This section will focus on a few utility
functions which can be applied to portfolios.

Definition 2.2.1 (Utility function). A utility function is a real valued func-
tion u which measures the utility of an action or item.

The utility mentioned above is an indicator of preference. If you would
rather have e10 than e20, then those e20 have a higher utility for you.
Likewise, a less risky portfolio might be preferred to a riskier one and so
on. The goal then is to maximize utility, i.e to maximize the utility function
but since max u = −min −u we will also allow a function that we want to
minimize to be called a utility function.

For portfolios there are many different possible utility functions. An
example is where the utility function is the variance of a portfolio

u(w) = wTΣw,

which is the same as the risk of the portfolio. The portfolio which minimizes
the variance is known as the mean variance portfolio.

Example 2.2.2 (Portfolio with two assets). Suppose that there are only
two assets, whose returns are denoted by x = (x1, x2)

T with means E(x1) =
µ1,E(x2) = µ2 and covariance matrix

Σ =

[
Var(x1) Cov(x1, x2)

Cov(x2, x1) Var(x2)

]
=

[
σ11 σ12
σ21 σ22

]
.

Then the variance of the returns is given by

Var(wTx) = wTΣw

= σ11w
2
1 + σ22w

2
2 + σ12w1w2 + σ21w2w1

= σ11w
2
1 + σ22w

2
2 + 2σ12w1w2.

The portfolio can be can be expressed in just one variable by w2 = 1−w1.
Substituting this into the variance gives

Var(wTx) = σ11w
2
1 + σ22(1− w1)

2 + 2σ12w1(1− w1)

= w2
1(σ11 + σ22 − 2σ12) + w1(−2σ22 + 2σ12) + σ22

which has a minimum. Taking the derivative with respect to w1 and checking
where this is zero gives

d

dw1
Var(wTx) = 0

⇐⇒ 2w1(σ11 + σ22 − 2σ12)− 2σ22 + 2σ12 = 0

⇐⇒ w1 =
σ22 − σ12

σ11 + σ22 − 2σ12
, (2.2)
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assuming that σ11 + σ22 − 2σ12 6= 0. In this example it is apparent that the
global minimum always can be reached if short selling is allowed but not if
w1 ∈ [0, 1].

Example 2.2.3. Find the minimum variance for the portfolio in the previous
example with

Σ =

[
1 3/4

3/4 2

]
, and µ =

[
1
2

]
.

From (2.2) we get the the weight w1 with short selling allowed as

w1 =
σ22 − σ12

σ11 + σ22 − 2σ12
=

2− 3
4

1 + 2− 23
4

=
5

6
.

This gives the portfolio

w =

[
w1

w2

]
=

[
5/6

1− 5/6

]
=

[
5/6
1/6

]
,

which has variance and expected return given by

Var(wTx) =
[
5/6 1/6

] [ 1 3/4
3/4 2

] [
5/6
1/6

]
=

23

24
,

E(wTx) =
[
5/6 1/6

] [1
2

]
=

7

6
.

Note that the variance of returns is 23/24 < σ11 = Var(x1) and the expected
returns 7/6 > µ1 = E(x1). An illustration of this example is given in figure
2.1 . Note that the line which represents the variance and return for portfolios
(w1, w2)

T is a parabola.

2.2.2 Efficient frontier

Consider the minimization problem

min
w

u(w) = wTΣw

subject to wTµ = γ,

wT1k = 1.

In this optimization problem the variance is minimized for a given level of
expected return. Such portfolios are called minimum variance portfolios. In
[5] it is shown that the set of minimum variance portfolios is a parabola in
the σ2p×µp -plane also when more than two assets are considered. This line
is called the efficient frontier, any other portfolio is deemed inefficient since
other viable portfolios can either have a lower variance with the same level
of expected returns or higher expected returns with the same variance.
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Figure 2.1: The set of portfolios in example (2.2.3) with w1 ∈ [−5, 5] and
the portfolio with least variance.

2.2.3 Risk free asset

A risk free asset is an asset with a positive return but zero variance. Whether
or not any asset can truly be risk free is debatable, however in the models
it makes a rather large difference. Often U.S treasury bills are used as risk
free assets. These are certificates that can be purchased at a fixed price and
mature over time until they can be returned for a fixed price. These assets’
theoretical value increases over time as the maturity date gets closer.

A portfolio which can invest in a risk free asset with return rf has the
expected return

rf (1−wT1k) +wTµ,

and variance
wTΣw,

where w is the investment into the risky assets. Two things to note are

1. The sum of weights
∑

iwi do not sum to 1 if any investment is made
in the risk free asset.

2. The variance of returns are calculated in the same way as earlier since
the risk free asset has no variance.
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2.2.4 Tangency portfolio with risk free asset

In order to determine the optimal portfolio, a utility function must be chosen.
For the tangency portfolio, this utility function is

rf (1−wT1k) +wTµ− τwTΣw.

Optimizing this function can be interpreted as maximizing the expected
returns with a given risk tolerance τ ∈ [0,∞). Note that no constraints
are made on the weights wi. The reasons for this is again that 1 − wT1k
is invested in the risk free asset and that short selling is allowed (wi ≤ 0
allowed). The following two lemmas will be used to state the main result
about the tangency portfolio.

Lemma 2.2.4. The covariance and sample covariance matrices are positive
semidefinite.

Proof. Recall that a matrix A ∈ Rk×k is positive (negative) semidefinite if
it is symmetric and zTAz ≥ 0 (zTAz ≤ 0) for any z ∈ Rk.

When writing Σ as in (2.1), ΣT simplifies as

ΣT = E
(
(x− E(x))(x− E(x))T

)T
= E

([
(x− E(x))(x− E(x))T

]T)
= E

(
(x− E(x))(x− E(x))T

)
= Σ.

Now consider

zTΣz = E
[
zT (x− µ)(x− µ)Tz

]
= E [〈z,x− µ〉〈x− µ, z〉]
= E

[
〈z,x− µ〉2

]
≥ 0,

since 〈z,x − µ〉2 ≥ 0. With the same procedure S can be shown to be
positive semidefinite.

Lemma 2.2.5. Define the function u : Rk → R as

u(w) = rf (1−wT1k) +wTµ− τwTΣw.

Then any stationary point of u is a maximum.

Proof. From optimization theory we have that a stationary point w0 of u
is a maximum if the Hessian of u is negative semidefinite in w0. Using the

15



symmetry of Σ, σij = σji, we can rewrite u as

u(w) = rf +wT (µ− rf1k)− τ
∑
m

∑
j

wmwjσmj

= rf +wT (µ− rf1k)− τ

∑
m

w2
mσmm + 2

∑
m

∑
j>m

wmwjσmj

 .

The first order partial derivatives are given by

∂u

∂wi
= µi − rf − τ

2wiσii + 2
∑
m 6=i

wmσim

 =⇒

∂u

∂wi
= µi − rf − 2τ

∑
m

wmσim, (2.3)

and the second order derivatives are

∂2u

∂wi∂wj
= − 2τσij . (2.4)

This gives the Hessian

H[u(w)] =


∂2u

(∂w1)2
· · · ∂2u

∂w1∂wk

...
. . .

...
∂2u

∂wk∂w1
· · · ∂2u

(∂wk)2

 (2.4)
= −2τ

σ11 · · · σ1k
...

. . .
...

σk1 · · · σkk

 = −2τΣ,

This matrix is negative semidefinite for any w,

(−2τΣ)T = −2τΣ,

zT (−2τΣ)z = −2τzTΣz ≤ 0.

The last inequality following from τ ≥ 0 and that Σ is positive semidef-
inite.

Theorem 2.2.6 (Tangency portfolio). The solution wTP of the optimization
problem

max u(w) = rf (1−wT1k) +wTµ− τwTΣw

is satisfied by

ΣwTP =
1

α
(µ− rf1k), (2.5)

if Σ is invertible and where α = 2τ .
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Proof. The stationary points of u are given by ∇u = 0. Define µi− rf = µ̂i,
then

∂u

∂wi

(2.3)
= µi − rf − 2τ

∑
m

wmσim = µ̂i − 2τ
∑
m

wmσim.

Inserted in the gradient which becomes

∇u =


∂u
∂w1
...
∂u
∂wk

 =

µ̂1 − 2τ
∑

mwmσ1m
...

µ̂k − 2τ
∑

mwmσkm

 =

µ̂1...
µ̂n

− 2τ


∑

k wkσ1k
...∑

k wkσnk

 = µ̂− 2τΣw.

Now the stationary point are given by

∇u = 0 ⇐⇒ µ̂− 2τΣw = 0 ⇐⇒ Σw =
1

2τ
µ̂.

By defining α = 2τ , we get (2.5)

Σw =
1

α
(µ− rf1k).

Note that this is not the most common way of representing the tangency
portfolio, instead it is often written as

wTP =
1

α
Σ−1(µ− rf1k)

which assumes that Σ is invertible. In later chapters singular covariance
matrices will be considered which is why the equation is left on the form
(2.5). In the singular case the least squares solution given by the Moore-
Penrose inverse will instead be used, see next section.

2.3 Generalized Matrix Inverses

Generalized inverses are sometimes used for singular matrices. An example
of an application is the Moore-Penrose inverse, which gives the least squares
solution of a linear system of equations Ax = b such that ‖x‖2 is minimized.

In [3] the following definition is first given.

Definition 2.3.1. A matrix X is a generalized inverse to a matrix A if

AXA = A.

Note that A is not necessarily a square matrix.
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Remark 2.3.2. If A is invertible, then using the definition and multiplying
A−1 from the right and left hand side yields

AXA = A =⇒ A−1AXAA−1 = A−1AA−1 =⇒ X = A−1.

More general definitions can be defined from the Moore-Penrose equa-
tions.

Definition 2.3.3 (Penrose equations). For anyA ∈ Ck×n the Penrose equa-
tions are [3]

AXA = A (P1)
XAX = X (P2)
(AX)∗ = AX (P3)
(XA)∗ = XA (P4)

where ∗ denotes the conjugate transpose.

Definition 2.3.4 (Generalized matrix notation). ForA ∈ Ck×n,A{a, . . . , b}
denotes the set of all matrices X ∈ Ck×n satisfying Penrose equations num-
ber (a), . . . (b). If X ∈ A{a, . . . , b} it is called an {a, . . . , b}-inverse of A.

Example 2.3.5. Suppose that X ∈ Ck×n satisfies Penrose equations (P1)
and (P2). Then X ∈ A{1, 2} and X is a {1, 2}-inverse of A.

2.3.1 Moore-Penrose inverse

The Moore-Penrose inverse is a matrix which satisfies all four of the Penrose
equations. It can be shown that this matrix is uniquely defined.

Lemma 2.3.6 (Uniqueness of Moore-Penrose inverse). If A{1, 2, 3, 4} 6= ∅,
then A{1, 2, 3, 4} contains only one element.

Proof. Suppose that X,Y ∈ A{1, 2, 3, 4}. Then

X
(P1)
= XAX

(P3)
= X(AX)∗ = XX∗A∗

(P1)
= XX∗(AY A)∗ = XX∗A∗Y ∗A∗ = X(AX)∗(AY )∗

(P4)
= XAXAY

(P4)
= (XA)∗(XA)∗Y = A∗X∗A∗X∗Y = (AXA)∗X∗Y

(P1)
= A∗X∗Y

(P1)
= A∗Y ∗A∗X∗Y = (Y A)∗(XA)∗Y

(P4)
= Y AXAY

(P1)
= Y AY

(P2)
= Y .

Since X and Y are arbitrary elements in A{1, 2, 3, 4}, the set must contain
only one element.

18



2.4 Statistical methods

2.4.1 Hypothesis testing

In statistics, hypothesis testing tests some property of a data generating pro-
cess. After collecting observations, a null hypothesis (H0) and an alternative
hypothesis (HA) are devised. Under the assumption that the null hypothe-
sis is true, the probability of generating the observed values or more extreme
values is determined. This probability is called p-value. A low p-value means
that the observation is unlikely under the conditions of the null hypothesis.
If the p-value is below some predetermined threshold (significance level),
the null hypothesis is rejected in favor of the alternative hypothesis. If the
p-value is too high, the null hypothesis cannot be rejected on the desired
significance level.

Example 2.4.1. Suppose X ∼ N(µ, 1). Given the observation X0 = 3,
derive the p-value for the hypotheses

H0 : µ = 0, vs HA : µ ≥ 0.

Under H0 we have X ∼ N(0, 1). In this case P(X ≥ 3) = 0.0013 is the
p-value. In this example the null hypothesis can be rejected on both 1 %
and 5 % significance level since 0.0013 < 0.05, and 0.0013 < 0.01.

2.4.2 Confidence interval

Definition 2.4.2 (Confidence Interval). A confidence interval of significance
level 1− α for a parameter κ is an inverval [a, b] such that

P(κ ∈ [a, b]) = 1− α.

Example 2.4.3. Determine a 0.95 confidence interval for X ∼ N(µ, σ).
First a transformation is made, X ∼ N(µ, σ) =⇒ Z = X−µ

σ ∼ N(0, 1).
Now from tables or distribution functions we get P(Z ≤ −1.96) = 0.025,
and P(Z ≥ 1.96) = 0.025. From this the confidence interval for Z and X
are constructed P(−1.96 ≤ Z ≤ 1.96) = 0.95 =⇒ P((µ − 1.96σ ≤ X ≤
µ+ 1.96σ) = 0.95. The wanted confidence interval is [µ− 1.96σ, µ+ 1.96σ]

2.4.3 Monte Carlo simulation

Monte Carlo simulations have many applications for example statistics and
physics. It works by generating observations of random variables with certain
distributions using a random number generator. The numbers generated in
this way will never be truly random or independent. For some applications
this is not a problem while others need quite sophisticated random number
generators. Once the observations have been generated they can be used to
calculate sample mean or variance etc. Higher number of simulations gives
less variance in the estimations.
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Confidence interval with quantiles

Definition 2.4.4 (Quantile function). For a random variableX, the quantile
function QX(p) p ∈ [0, 1] is defined as

QX(p) = inf{x ∈ R | p ≤ P(X ≤ x)} = inf{x ∈ R | p ≤ FX(x)},

if FX(x) is the cumulative distribution function (CDF) of X.

Remark 2.4.5. Note that, if FX is invertible,

QX [FX(y)] = inf{x ∈ R |FX(y) ≤ FX(x)} = y,

FX [QX(y)] = P [X ≤ inf{x ∈ R | y ≤ P(X ≤ x)}] = y.

This implies that QX(p) is the inverse of FX(x).

Why is this useful? Since

P
[
X ≤ QX(

α

2
)
]

= FX

[
QX(

α

2
)
]

=
α

2
,

and
P
[
X ≤ QX(1− α

2
)
]

= FX

[
QX(1− α

2
)
]

= 1− α

2
,

we have
P
[
QX(

α

2
) ≤ X ≤ QX(1− α

2
)
]

= 1− α

which is a (1 − α) % confidence interval for X. When only dealing with
observations as is the case in a Monte Carlo simulation, sample quantiles
are used instead. An example of a way to do this is with Matlabs quantile
function.

2.5 Matrix rank estimator

The estimator from [2] is used to estimate the rank of the sample covariance
matrix. For observations xi, . . . ,xn ∈ Rk and sample covariance matrix S
with eigenvalues λ1 ≥ · · · ≥ λk the estimated rank r̂NEW is the j which
minimizes the expression(

1

4

[n
k

]2
t2j

)
+ 2(j + 1), for j ∈ N and j < min (k, n), (2.6)

where

tj =

(k − j)
∑k

i=j+1 λ
2
i(∑k

i=j+1 λi

)2
 k − k

n
.

This rank estimator is specifically constructed for when n < k.
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Chapter 3

Statistical models

In [1] many results are derived about the distributions of the tangency port-
folio weights when the dimension is larger than the number of observations.
In the article, observations x1, . . .xn ∈ Rk, k > n are assumed to be in-
dependent and identically distributed (i.i.d.) having k-dimensional normal
distribution xi ∼ Nk(µ,Σ). The observations are assumed to be i.i.d. for all
of the results in this chapter. Since k > n implies that the sample covariance
matrix is rank-deficient, the Moore-Penrose inverse Σ† is used to solve wTP
from (2.5) as

wTP =
1

α
Σ†(µ− rf1k).

The sample estimator of wTP, using the sample covariance matrix and sam-
ple mean is defined as

ŵTP =
1

α
S†(x̄− rf1k).

In Theorem 1 of [1] a stochastic representation of the sample estimator for
individual portfolio weights `T ŵTP is presented, where ` is a unit vector.

Theorem 3.0.1 (Stochastic representation). If θ̂ = `T ŵTP, where ` ∈ Rk,
then

θ̂
d
=
n− 1

α
ξ−1

(
`TΣ†(µ− rf1k) +

√(
1

n
+

r − 1

n(n− r + 1)
u

)
`TΣ†`z0

)
,

(3.1)
with the distributions ξ ∼ χ2

n−r, z0 ∼ N(0, 1),
u ∼ F (r − 1, n− r + 1, n(µ− rf1k)TR`(µ− rf1k)), where

R` =
Σ† −Σ†``TΣ†

`TΣ†`
;

ξ, z0, u are mutually independent.
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From the statistical representation, Theorem 2 derives the variance and
expected value of ŵTP.

Theorem 3.0.2. If x1, . . . ,xn are independent random vectors with xi ∼
Nk(µ,Σ), k > n− 1 and rank(Σ) = r ≤ n− 1. Then

E(ŵTP) =
n− 1

n− r − 2
wTP (3.2)

Var(ŵTP) = c1wTPw
T
TP + c2Σ

† (3.3)

where

c1 =
(n− r)(n− 1)2

(n− r − 1)(n− r − 2)2(n− r − 4)

c2 =
(n− 1)2(n− 2 + n(µ− rf)TΣ†(µ− rf))
n(n− r − 1)(n− r − 2)(n− r − 4)α2

.

A hypothesis test is done for single portfolio weights.

H0 : `TwTP = 0, HA : `TwTP 6= 0. (3.4)

For this a test statistic T is used

T =

√
n− r
n− 1

α`ŵTP
√
`TS†`

√
1
n + 1

n−1 ȳR̂`ȳ
, (3.5)

R̂` = S† − S
†``TS†

`TS†`
, ȳ = x̄− rf1k ∼ N(µ− rf1k,

1

n
Σ).

In Theorem 3a of [1] the distribution of T under H0 is derived.

Theorem 3.0.3. If x1, . . . ,xn are independent random vectors with xi ∼
Nk(µ,Σ), k > n− 1, rank(Σ) = r ≤ n− 1 and ` ∈ Rk. Then

T ∼ tn−r under H0.

Assumptions

Some assumptions are made in order to derive the high-dimensional asymp-
totic distributions in [1]. It is assumed that the dimension of the data gener-
ating process is r = rn = rank(Σ). In other words k− r rows in the data are
linearly dependent. Further, it is assumed that rn

n → c ∈ (0, 1) as n → ∞.
It is also assumed that a γ > 0 exists such that

1

rγn
(µ− rf1k)TΣ†(µ− rf1k) <∞ uniformly on rn,

22



and that ` ∈ Rk have the property

1

rγn
`TΣ†` <∞ uniformly on rn.

Under these assumptions Theorem 5 from [1] can be stated.

Theorem 3.0.4. If x1, . . . ,xn are independent random vectors with xi ∼
Nk(µ,Σ), k > n − 1, rank(Σ) = rn ≤ n − 1. Define cn = rn

n and ` ∈ Rk.
Then the high-dimensional asymptotic distribution is

√
n− rnσ−1γ

(
`T ŵTP −

n− 1

n− rn
`TwTP

)
d→ N(0, 1), (3.6)

where

σ2γ =
α−2

(1− cn)2

(
`TΣ†`+ (α`TwTP)2`TΣ†`(µ− rf1k)TΣ†(µ− rf1k)

)
.

The same assumptions are made as in the previous theorem in Theorem
6a.

Theorem 3.0.5. If x1, . . . ,xn are independent random vectors with xi ∼
Nk(µ,Σ), k > n − 1, rank(Σ) = rn ≤ n − 1. Define cn = rn

n and ` ∈ Rk.
Then the high-dimensional asymptotic distribution is

T ∼ N(0, 1) under H0.
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Chapter 4

Results

4.1 Data

In this chapter the statistical models from chapter 3 are applied to real data.
The data is the weekly log returns of 438 different assets from S&P 500
during the time period 20 March 2007 until 10 March 2018 resulting in 573
observations. The returns were generated manually in Python using weekly
closing prices of each asset from Yahoo finance. Time windows of 250 weeks
are used starting from weeks 1− 250, 2− 251, . . . , 324− 573, resulting in 324
observations. In each time window, n = 250 is the number of observations
and k = 438 is the dimension of the observations. The constant α is set to
80 and the risk free return rf is set to 0.0167, the return of the 13 week U.S.
treasury bill on 5 April 2018.

Four assets from four different sectors are compared:

• ACN Accenture plc - Information Technology,

• AVY Avery Dennison Corp - Materials,

• KIM Kimco Realty - Real Estate,

• ZBH Zimmer Biomet Holdings - Health Care.

4.2 Comments on results

The returns are assumed to be somewhat linearly dependent, but that this
never will be observed because of noise in the data. The assumption is that
the observations are on the form

X(obs) = X +E,

where the columns xi in X(obs) follow xi ∼ Nk(µ,Σ) and X follows the sin-
gular model discussed earlier. The matrix E consists of the errors. These er-
rors cause the numerical rank of the sample covariance matrix to be rank(S) =
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n = 250 since it is the outer product of n observation vectors even if the true
rank is much lower. This is a problem since the models assume linear depen-
dence between the rows in X(obs) which will never be observed. In order to
get a better estimate for the true rank of Σ, the estimator (2.6) from [2] is
used. In figure A.1 the estimated rank of Σ is plotted for each time window
1-324. We observe values between 77 and 94 for the first 18 months with a
dip to around 57 in the beginning of 2014. For the rest of the period, the
ranks are between 65 and 80 except for a few outliers. A lower rank here
means that the vectors are more linearly dependent, following similar trends
to a larger extent. Since the estimated ranks r � n we conclude that there
is a lot of noise in the data.

The probability densities for the assets Accenture plc, Avery Dennison
Corp, Kimco Realty and Zimmer Biomet are compared in the last time
window. The density for the high-dimensional case is derived from (3.6)
using ` = (0, . . . , 1, . . . , 0)T where the placing of the 1 matches the place in
x corresponding to Accenture plc or Avery Dennison Corp and so on, then
`TwTP is the weight of that asset in the tangency portfolio. With these ` in
(3.6) we get

√
n− rnσ−1γ

(
`T ŵTP −

n− 1

n− rn
`TwTP

)
d→ N(0, 1) =⇒

`T ŵTP
d→ N

(
n− 1

n− rn
`TwTP,

σγ√
n− rn

)
, (4.1)

with σγ defined as in Theorem 3.0.4. These distributions are plotted together
with estimated distributions from a Monte Carlo simulation. With the `
corresponding to the asset, θ̂ in (3.1) gives a way to generate values for
`T ŵTP as a function of the independent random variables ξ, z0 and u. The
procedure for the Monte Carlo simulation used in Matlab is given next:

Generate independently ξ ∼ χ2
n−r, z0 ∼ N(0, 1),

u ∼ F (r − 1, n− r + 1, n(µ− rf1k)TR`(µ− rf1k)), with

R` =
Σ† −Σ†``TΣ†

`TΣ†`
.

(i)

Insert the generated values from (i) in (3.1) for an observation θ̂i.(ii)

Repeat steps (i) - (ii) N = 105 times.(iii)

A sample density with normal kernel is retrieved using the Matlab
ksdensity function for the density plot.

(iv)
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In figure A.2 the high-dimensional density and estimated density from
the Monte Carlo simulation is compared for each of the selected assets. No
major differences can be observed between the high-dimensional and Monte
Carlo densities for any of the assets, which means that the high-dimensional
densities are good approximations. For Accenture plc and Kimco Realty the
probability densities have most of their mass in the negative. This suggests
that they are being short sold most of the time. Avery Dennison Corp on
the other hand is centered around zero with approximately equal mass on
each side and Zimmer Biomet Holdings is the only of the four assets which
is reliably being invested in with its density having most of its mass on the
positive side.

In order to test if these weights differ from zero on any significance level
the hypothesis test from (3.4) is used with the test statistic T in (3.5). The
values for Ti, i = 1, . . . , 324 are calculated with the data from each time
period and using r as the estimated ranks in each time window. The exact
p-value is derived using (3.0.3) which gives T ∼ tn−r under H0. Note that
the test is two sided, HA : `TwTP 6= 0 requires checking both the probability
of a more extreme value to the right and to the left.

pexact = P(T ≤ −|Ti|) + P(T ≥ |Ti|) = 2P(T ≤ −|Ti|),

since tn−r is symmetric around zero. In the same way, using the high dimen-
sional distribution of T from (3.0.5) we get T ∼ N(0, 1) under H0 and

phd = 2P(T ≤ −|Ti|),

again due to the symmetry of N(0, 1) around zero.
In figure A.3, pexact and phd for the assets Accenture plc, Avery Dennison

Corp, Kimco Realty and Zimmer Biomet Holdings are plotted for all 324 time
windows. It is difficult to observe any difference between the exact and high-
dimensional p-values which means that the high dimensional distribution is
again a good approximation. We observe that all of the assets have at least
some time window where the p-value is low, which suggests that their weights
are significantly nonzero in those time windows. Looking at the last time
window, the p-values of both Accenture plc and Zimmer Biomet Holdings
are very low which matches the observation of the densities those two assets
having most of their mass away from zero.

In order to get a better picture of the behavior of the weights over time,
their means and variance is calculated for every time window. The exact
mean and variance for the weights is provided by (3.2) and (3.3) in each time
window. For the means and variance from the high-dimensional distribution
(4.1) can be used again to get

E(θ̂) =
n− 1

n− rn
`TwTP, and Var(θ̂) =

(
σγ√
n− rn

)2

=
σ2γ

n− rn
.
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Note that since θ = `TwTP we have E(θ̂) 6= θ so the estimator is biased,
however

E(θ̂) =
n

n

(
1− 1

n

1− r
n2

)
`TwTP =

1− 1
n

1− r
n2

`TwTP → `TwTP = θ, as n→∞.

For the means and variances from the Monte Carlo simulation a similar
procedure is followed as for getting the probability density.

Generate independently ξ ∼ χ2
n−r, z0 ∼ N(0, 1),

u ∼ F (r − 1, n− r + 1, n(µ− rf1k)TR`(µ− rf1k)), with

R` =
Σ† −Σ†``TΣ†

`TΣ†`
.

(i)

Insert the generated values from (i) in (3.1) for an observation θ̂i.(ii)

Repeat steps (i) - (ii) N = 105 times.(iii)

Determine the sample mean µ̄θ̂ and sample variance s2
θ̂
for θ̂ by

µ̄θ̂ = 10−5
105∑
i=1

θ̂i, s2
θ̂

=
1

105 − 1

105∑
i=1

(θ̂i − µ̄θ̂).

(iv)

Repeat steps (i) - (iv) for each time period.(v)

In figures A.4, A.5, A.6 and A.7 the behavior of the means and variances
of the weights over time for Accenture plc, Avery Dennison Corp, Kimco
Realty and Zimmer Biomet Holdings respectively. The lines for the exact,
the Monte Carlo and high-dimensional means are very similar for each of the
four assets. In the variances, the exact and Monte Carlo values are again
very similar but the values from the high-dimensional distributions seem to
undershoot those values in many time windows. This is the first plot provided
where the high-dimensional consistently differs from the other values (albeit
a small difference). For each of the assets the variance grows slightly between
2012 and 2015 where they display relatively stable behavior for the rest of
the time period. Some iteresting behavior is observed with the mean of
Accenture plc which starts at around zero and then goes in the positive in
2016 to mid 2017 and then dips down in the negative as was observed in the
density plot. For Kimco Realty the mean shifted heavily between positive
and negative until mid 2016 where it settles in the negative values. Avery
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Dennison Corp and Zimmer Biomet Holdings means are around zero for most
of the time windows where Zimmer Biomet increases to the positive at the
end of the time period.

In table A.1 the means and variances for the last time window is provided
as was also seen in figures A.4 - A.7.

In the lower table, 95 % and 99 % confidence intervals are provided for
Accenture plc, Avery Dennison Corp, Kimco Realty and Zimmer Biomet
Holdings. The high-dimensional confidence interval is made in the same way
as in example 2.4.3 since the weights are normally distributed according to
(4.1). For the Monte Carlo confidence intervals the procedure is.

Generate independently ξ ∼ χ2
n−r, z0 ∼ N(0, 1),

u ∼ F (r − 1, n− r + 1, n(µ− rf1k)TR`(µ− rf1k)), with

R` =
Σ† −Σ†``TΣ†

`TΣ†`
.

(i)

Insert the generated values from (i) in (3.1) for an observation θ̂i.(ii)

Repeat steps (i) - (ii) N = 105 times.(iii)

Using Matlab, the quantiles can be estimated with the quantile func-
tion to form the confidence interval.

(iv)

For the confidence intervals we observe that every confidence interval except
the 95 % confidence intervals for Zimmer Biomet Holdings cover zero. This
means that those weights are not nonzero on 5 % or 1 % significance level.
Even Zimmer Biomet which was the only asset of the four to not have the
confidence interval cover zero is only nonzero on 5 % significance level but
not on 1 %.
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Chapter 5

Discussion and conclusions

The four assets which were compared in the plots were selected from different
sectors to hopefully show different behaviors so it is interesting that their
weights displayed significant differences in means but their variance had less
differences. Another interesting observation is that the high-dimensional
models give good accuracy even for a relatively small value of n.

Only the Moore-Penrose inverse is used for the tangency portfolio here
but another generalized inverse could also be tried. This thesis would have
done this with the Drazin inverse but there were problems with calculating
it so it was left out in the end. Another idea which is perhaps even more
interesting is to try least squares solutions with other minimal norms. The
Moore-Penrose inverse gives the minimal euclidean norm but maybe 1-norm
or inf-norm could also be used for example. Theoretically the results would
be really interesting since minimizing the inf-norm would even out the in-
vestments so that no weight is much larger than the rest. Using the 1-norm
would also have some effect on how large the weights will get in a different
way. Some of the models used in this thesis could perhaps be used for a
different generalized inverse or different minimum norm solution.
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Appendix A

Graphs and tables
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Figure A.1: Ranks of the covariance matrices in each time window.
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Figure A.2: The high dimensional density functions compared with the ap-
proximated density functions from simulated values.
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Figure A.3: The p-values for each time window using the exact distribution
of the test statistic T compared to the p-values from the high dimensional
distribution.
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Figure A.4: Means and variances over each time window for Accenture plc.

33



2012 2013 2014 2015 2016 2017 2018
-1

-0.5

0

0.5

M
ea

n

AVY Avery Dennison Corp

Exact
Monte Carlo
High-dimensional

2012 2013 2014 2015 2016 2017 2018
0

0.02

0.04

0.06

V
ar

ia
nc

e

Exact
Monte Carlo
High-dimensional

Figure A.5: Means and variances over each time window for Avery Dennison
Corp.
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Figure A.6: Means and variances over each time window for Kimco Realty.
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Figure A.7: Means and variances over each time window for Zimmer Biomet
Holdings.
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Table A.1: Means and variances for the last time window and confidence
intervals for means in the last time window.

Mean and Variance in last time window

ACN AVY KIM ZBH

Mean
Exact -0.416709 -0.022722 -0.202394 0.435545

Monte Carlo -0.416611 -0.023539 -0.201975 0.435505
High-dimen. -0.412079 -0.022469 -0.200145 0.430706

Variance
Exact 0.041194 0.031654 0.034084 0.043049

Monte Carlo 0.041225 0.031439 0.033918 0.043030
High-dimen. 0.039956 0.030712 0.033067 0.041755

Mean Confidence Intervals

ACN AVY KIM ZBH

Monte Carlo

Upper 95% -0.028001 0.327769 0.154448 0.855481
Lower 95% -0.828253 -0.375046 -0.573755 0.041156
Upper 99% 0.093689 0.449629 0.272820 1.004133
Lower 99% -0.972361 -0.496753 -0.706225 -0.081842

High-dimen.

Upper 95% -0.020295 0.321019 0.156268 0.831212
Lower 95% -0.803864 -0.365958 -0.556557 0.030199
Upper 99% 0.102839 0.428973 0.268283 0.957085
Lower 99% -0.926996 -0.473911 -0.668573 -0.095674
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Appendix B

Probability theory

The purpose of this section is to give definitions for convergence and equality
in distribution, and independent identically distributed random variables.
Note that this section is not meant to give a crash course in probability
theory but rather to introduce some important concepts for understanding
some results used in the thesis.

Definition B.0.1 (Random variable). A random variable is a function X :
Ω→ R, where Ω is a sample space.

The sample space is the set of all possible events ω. For each event, X(ω)
attains a value in R. A random variable can be discrete or continuous but
in this thesis only continuous random variables are used. "The probability
that X attains the value x" is written as P(X = x).

Definition B.0.2 (Cumulative distribution function). The cumulative dis-
tribution function (CDF) of a random variable X is a function FX : R →
[0, 1] such that FX(x) = P(X ≤ x), and

FX(x)→ 1, as x→∞,
FX(x)→ 0, as x→ −∞.

Since X takes values in R, it is intuitive to assume that P(X ≤ x)→ 1,
as x→∞ and P(X ≤ x)→ 0 for x→ −∞ as the definition says.

Definition B.0.3 (Probability density function). The probability density
function (PDF) of a random variable X is a function fX : R→ R such that
d
dxFX(x) = fX(x).
Remark B.0.4. By construction

∫
R fX(x) dx = 1 since FX(x)→ 1, as x→∞

and FX(x)→ 0, as x→ −∞.

Remark B.0.5. It hold that P(a ≤ X ≤ b) = FX(b)− FX(a) =
∫ b
a fX(x) dx.

Definition B.0.6 (Equal in distribution). Two random variables X,Y are
equal in distribution, X d

= Y if their CDF are equal FX(x) = FY (x) ∀x.
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Definition B.0.7 (Convergence almost everywhere). A sequence of func-
tions {fn} on a set D ⊂ R such that fn : D → R converges almost every-
where to a function f : D → R if fn(x) converges to f(x) pointwise for all
x /∈ E ⊂ Rm, where E is a point set.

Remark B.0.8. This definition can be stated with more general conditions
but measure theory is deliberately left out here.

Definition B.0.9 (Convergence in distribution). A sequence of random
variables {Xn} converges in distribution to a random variable X, denoted
Xn

d→ X if their CDF FXn(x)
a.e→ FX(x) ∀x.

Definition B.0.10 (Independent identically distributed random variables).
In a sequence or collection of random variablesXn, these are independent and
identically distributed (i.i.d.) if they are mutually independent and equal in
distribution.

No definition for independence of random variables is given here but
instead an intuitive reasoning. Two random variables are independent if the
values of one variables does not affect the other. For example, the sequence
of variables attained from a series of coinflips Xn where Xn = 1, if coinflip
number n was heads, Xn = 0 if coinflip number n was tails. Intuitively the
variables Xn are independent since the outcome of previous coinflips do not
affect subsequent ones.
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