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Abstract  

   The purpose of this thesis has been to evaluate the economic relevance of MGARCH models 

in the context of optimal portfolios. In order to achieve this purpose, three different MGARCH 

models were selected, namely the CCC, DCC and VCC. With a five-day rolling window 

methodology, these three models were used to predict the necessary covariance matrices needed 

to derive global minimum variance portfolio weights. Whence the portfolio weights were 

calculated, they were used to derive risk adjusted returns in the form of Sharpe ratios. 

Subsequently, the risk adjusted returns were compared with those of both an equally weighted 

benchmark and a global minimum variance portfolio, based solely on historical covariance.  

   In this comparison, the equally weighted portfolio attained the highest Sharpe ratio, followed 

by the DCC, VCC, CCC and lastly the global minimum variance portfolio based solely on 

historical covariance. As such, the result suggests that the MGARCH models have some 

economic relevance in the context of global minimum variance optimization but none in a 

general context of optimal portfolios.          
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1. Introduction  

   The principle of asset allocation and diversification is generally not contributed to modern 

finance but rather to ancient scriptures such as the Babylonian Talmud, in which it is stated that 

every man should “divide his money into three parts, and invest a third in land, a third in 

business, and a third let him keep by him in reserve” (Gibson, 2008). According to Duchin and 

Levy (2009), this verse has given rise to what is generally referred to as the ‘1/n rule’, which 

simply extends the verse intent to a situation in which there is an arbitrarily large set of possible 

investments opportunities. However, since the Talmud was written, several attempts have been 

made to find a more efficient asset allocation strategy. One such strategy was proposed by Harry 

Markowitz in his seminal paper on portfolio selection (Markowitz, 1952). Its implication for 

the modern perception of risk and return has been paramount, which is reflected in academic 

acknowledgements such as the Nobel prize1 (Nobel prize, 1990). However, perhaps more 

noteworthy is that the article has come to be viewed as the foundation for modern portfolio 

theory, in which optimal portfolios can be constructed by taking into account the 

intercorrelation among assets, e.g. covariance matrices. What the author described in this paper 

was, what has come to be known as the expected returns-variance of returns (E-V) rule or mean-

variance model. 

   Ledoit and Wolf (2004) argue that the mean-variance model primarily utilizes two statistics, 

namely expected returns and covariance of returns, which historically have been derived from 

the sample mean and covariance, respectively. However, as Maillard et al. (2010) argue, any 

optimization strategy resting on assumptions regarding expected returns are bound to be flawed 

due to the inherent characteristics of the stock market. More specifically, due to the fact that 

asset returns are difficult to distinguish from a white noise process and as such are impractical 

to predict (Reschenhofer, 2009). Nevertheless, Clarke, et al. (2011) argue that Markowitz 

optimization still can be applied by the use of global minimum variance (GMV) optimization, 

which requires no assumptions regarding expected returns. The GMV optimization, unlike any 

other described by Markowitz, solely relies on the covariance of returns, which according to 

Clarke et al. (2011) is of great importance due to volatilities and thus covariances innate 

characteristics.  

   Nevertheless, the true GMV portfolio can only be established ex post, wherein a realistic 

portfolio allocation is dependent on predictions.  As such, to utilize the GMV optimization as a 

                                                           
1 the Swedish National Bank's Prize in Economic Sciences in Memory of Alfred Nobel 
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practical investment strategy, one needs predictions of future covariances of returns. 

Fortunately, as the age of information and computer science has progressed, such predictions 

have become more reliable.   

   Perhaps the biggest impact with regards to the reliability of such covariance predictions, in 

the context of financial data and heteroscedasticity, can be contributed to Engle (1982). The 

author established a model which allows for the prediction of conditional variances, a model 

that has come to be known as autoregressive conditional heteroskedasticity (ARCH). What the 

author suggested in his seminal paper was to model time series variance in the following 

manner: 

𝑦𝑡 = 𝜖𝑡√ℎ𝑡  , (1) 

ℎ𝑡 = 𝛼0 + ∑𝛼𝑖𝑦𝑡−𝑖
2  ,

𝑝

𝑖=1

(2) 

𝛼0 > 0,   𝑝 > 0   ,   𝛼𝑖 ≥  0 for all i > 0 , (3) 

where  𝑦𝑡 is a random variable, 𝜖𝑡 is an error term, commonly assumed to be standard normal 

iid2, ℎ𝑡 is the conditional variance and 𝑝 is the number of autoregressive lags incorporated into 

the model. Furthermore, 𝛼0 and 𝛼𝑖 are parameters in need of estimating, commonly though 

maximum likelihood. Thus, the author implied that present variance can be modeled as a 

function of lagged values. The methodology’s academic and practical significance in the 

context of financial time series is recognized worldwide and acknowledged with academic 

homages such as the Nobel prize in economics3 (Nobel prize, 2003).  

   Furthermore, based on the work of Engle (1982), Bollerslev (1986) extended the ARCH 

model so to incorporate previous values of the variance, much in the same spirit as an ARIMA 

model. What the author suggested, was that the conditional variance can be modelled in the 

following manner:  

𝑦𝑡 = 𝜖𝑡√ℎ𝑡  , (4) 

ℎ𝑡 = 𝛼0 + ∑𝛼𝑖𝑦𝑡−𝑖
2

𝑝

𝑖=1

+ ∑ 𝛽𝑖ℎ𝑡−𝑖

𝑞

𝑗=1

 , (5) 

                                                           
2 independent and identically distributed random variables 
3 the Swedish National Bank's Prize in Economic Sciences in Memory of Alfred Nobel 
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𝛼0 > 0, 𝑝 > 0, 𝑞 ≥ 0 ,
𝛽𝑖 ≥ 0, 𝑖 = 1…𝑞 ,
𝛼𝑖 ≥ 0, 𝑖 = 1…𝑝 , (6)

 

where  𝛽𝑖 is a sequence of parameters in need of estimating and 𝑞 is the number of moving 

average lags incorporated.  The model suggested by Bollerslev (1986) has become known as 

the generalized autoregressive conditional heteroskedasticity (GARCH) and is by many viewed 

as the cornerstone of univariate volatility modeling.    

   Nevertheless, four years after Bollerslevs (1986) initial article, he publicized yet another, in 

which he extended the univariate GARCH model to a multivariate setting. In this paper, 

Bollerslev (1990) suggested a model which allows for the prediction of covariances. The model, 

commonly referred to as ‘Constant conditional correlation multivariate generalized 

autoregressive conditional heteroskedasticity’ or CCC MGARCH for short, utilizes the 

univariate GARCH model in combination with a time-invariant estimate of the conditional 

correlation, thus allowing for the prediction of covariances.  

   However, twelve years after the CCC MGARCH model was proposed, Engle (2002) and Tse 

and Tsui (2002) suggested that the time-invariance characteristic of the CCC model might be 

inappropriate for real life time series. Therefore, the authors argued for a more dynamic and 

time-variant correlation estimate. As such, the authors proposed two new models, namely the 

‘Dynamic conditional correlation multivariate generalized autoregressive conditional 

heteroskedasticity’ model and the ‘Varying conditional correlation multivariate generalized 

autoregressive conditional heteroskedasticity’ model or DCC- and VCC MGARCH for short.  

   All the MGARCH models described above, can and have be used to predict covariances in 

financial time series. However, their use and utility in the context of GMV portfolios is 

surprisingly unexplored. Therefore, it has been this papers purpose to combine these two Nobel 

prize winning methodologies, by using the MGARCH models to predict weekly covariance 

matrices and evaluate their economic relevance in the context of GMV optimization and general 

optimal portfolios. 

   Firstly, in order to achieve this purpose, three different GMV portfolios were derived based 

on the aforementioned MGARCH models. Secondly, two benchmark portfolios were 

constructed and compared with, using Sharpe ratio. The first of these benchmarks is the 

previously described ‘1/n-rule’ or equally weighted (EW) portfolio, which according to 

Maillard et al. (2010) is frequently used as a benchmark when evaluating the performance of 
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investment strategies. The second benchmark is a GMV portfolio derived solely on the basis of 

historical covariances (HC).     

   More specifically, five Swedish stocks from OMX30 have been selected, namely 

AstraZeneca, Nordea, Volvo B, Hennes & Mauritz B and Ericsson B. These stocks were 

selected so to represent a diversified portfolio with financial exposure to five different sectors, 

explicitly Health Care, Banks, Industrial Goods & Services, Retail and Technology. 

Subsequently, each stocks logarithmic return was used as the basis for 100 weekly rolling 

windows of MGARCH(1,1) covariance predictions. In turn, these covariance predations were 

used to derive GMV portfolio weights and the corresponding portfolio returns, with weekly 

rebalancing. Lastly, these portfolio returns were used to derive Sharpe ratios, which were 

compared with those of the benchmarks. 

   Moreover, the Sharpe ratios attained in this study indicate that all three MGARCH portfolios 

outperform the HC portfolio, but underperform in comparison to the EW portfolio. Although 

the inferiority of the HC portfolio can be discussed based on risk preferences, it is with regards 

to practical interpretations a moot point. As such, the MGARCH covariance predictions clearly 

have an economic relevance in the context of GMV optimization. However, since the 

MGARCH portfolios did not outperform the EW portfolio, this thesis concludes that the 

MGARCH models does not carry any economic relevance in the general context of optimal 

portfolios.    

   Furthermore, the succeeding sections are outlined in the following manner; In section 2, the 

theoretical framework and a brief literature overview is presented. This section is mostly 

oriented towards conveying a rudimentary understanding of concepts such as GMV, the 

efficient market hypothesis (EMH) and Sharpe ratios. Subsequently, in section 3, the data is 

presented with illustrative tables and graphs. In section 4, the empirical model and 

methodological approach is presented. Thus, this section aims to explain the MGARCH models 

as well as the overall process of deriving GMV portfolio returns from individual logarithmic 

stock returns. After the empirical models, the results are presented and discussed in section 5 

and 6, respectively. In section 7 the references are presented. Lastly, in section 8, some 

additional graphs and time series plots are presented in the form of an appendix.        
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2. Theoretical framework and previous studies 

   The theoretical framework that underpins this evaluation is that of the EMH, first suggested 

by Fama (1970). Naturally, the concept of efficient financial markets existed well before 1970, 

however, Fama specified this previously ambiguous concept in such a manner that it became 

concreate and semi-testable. What the authors specified was three different levels of market 

efficiency, which each corresponds to the incorporation of different information sets into asset 

prices. According to Fama (1970), these levels of market efficiency should be categorized as 

weak, semi-strong and strong, wherein the weak form suggested that all previously attainable 

information regarding prices is reflected in the current price of an asset. The semi-strong 

assumes that all previously attainable public information is incorporated and the strong assumes 

that all previously attainable public and private (insider) information is reflected in the current 

price of an asset.  

   However, as with most academic theories, the EMH remains controversial and is the topic of 

frequent discussion. Discussion that is mostly oriented towards testing the degree by which the 

hypothesis is correct. That is to say, weather the weak, semi-strong or strong form hold true in 

various markets (Zhang et al., 2012; Narayan et al., 2015; Simmons, 2012; Hårstad, 2014).  

Nevertheless, the fundamental implication of the EMH is that price movements solely should 

rely on new and not previously attainable information, which by definition should be random. 

Furthermore, as argued by Reschenhofer (2009), even if the EMH does not hold true, and 

returns to some extent can be predicted, it is highly unlikely that the predictions carry any 

economic relevance after accounting for transaction costs. 

   Still, even if one assumes that asset returns are impractical to predict and perhaps unsuitable 

as the basis for an investment strategy, all is not lost for the rational investor. For this report 

define a rational investor as risk averse and utility maximizing. The practical interpretation of 

this, is an individual whose utility is a non-linear function of both risk and return. Thus, if 

nothing can be said about returns, the rational investor should seek to minimize risk, which 

according to Fleming et al. (2001) and Marra (2015) is inherently more forecastable than 

returns. 

   The essence of Fleming et al. (2001) argument as to why volatility is inherently more 

forecastable is its strong autocorrelation and heteroscedastic inclinations, as well as returns 

white noise tendencies. These characteristics can easily be exemplified by the time series graphs 

and the autocorrelation structures presented below. In Figure 1, they are illustrated for the 

logarithmic returns of Ericsson B between 2002/05/17 and 2018/01/04.     
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Figure 1: Time series graph and autocorrelation of log returns for Ericsson B from 2002-05-17 to 2018-01-04. 

Based on this figure, it is apparent that the autocorrelation is low in logarithmic returns. 

Furthermore, in accordance with Bachelier (1900) one can observe that the time series graph 

has striking resembles to a white noise process.  

   In Figure 2, the volatility between 2002/05/17 and 2018/01/04 of Ericsson B is presented. In 

contrast to Figure 1, the volatility exhibits clear heteroscedasticity and the autocorrelation is 

statistically significant on several lags.  

 

Figure 2: Time series graph and autocorrelation of volatility for Ericsson B from 2002-05-17 to 2018-01-04. 

   Thus, with the words of Marra (2015), this report concludes that “volatility is easier to predict 

than returns… As such, volatility prediction is one of the most important and, at the same time, 

more achievable goals for anyone allocating risk and participating in financial markets” 

(Marra, 2015). Consequently, it has been this papers ambition to use this predictability of 

volatility in Markowitz GMV optimization.       
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2.1 Mean-variance model 

   In the early 1950s, Harry Markowitz published an article on portfolio selection. In this article 

he criticized the contemporary academic establishments reliance on the law of large numbers 

in the context of asset allocation. The reason for this criticism was that he believed that the 

presumption was incorrect and that it insinuated a false conclusion, which was that there existed 

an asset allocation strategy that maximized expected return at the same time as it minimizes 

overall volatility. Instead Markowitz argued that returns should be thought of as a non-linear 

function of risk, which he depicted in accordance with Figure 3, where V and E represent 

volatility and expected return, respectively.    

 

 

 

 

 

 

 

 

Figure 3: Depiction of Markowitz assumed set of possible outcomes for a set of assets with regards to volatility 

and expected return. Source: Markowitz (1952).   

   Thus, Markowitz (1952) argued, that for any given set of assets, there is a continuous set of 

possible outcomes with regards to expected returns and volatility. However, in accordance with 

our definition of a rational investor, no one should strive towards a portfolio allocation which 

yields higher volatility or lower expected return than necessary. It was with this insight that 

Markowitz concluded that there exists only a subset of possible outcomes that are efficient. 

This is the set of possible outcomes that for any given level of return, minimize volatility and 

vice versa. Consequently, these are the possible outcomes that Markowitz mean-variance model 

suggest any rational investor should strive towards, which is also known as the efficient frontier, 

depicted by the bold curvature in Figure 3.    
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   As time has progressed, Markowitz mean-variance model and the suggested relationship 

between volatility and expected return has become world renowned and its essence has 

remained unchanged. However, in modern finance, instead of the circular pattern portrayed in 

Figure 3, it is common to rearrange the axis and depict the relationship between volatility and 

expected return in accordance with Figure 4, thus only illustrating the efficient frontier4.    

    

 

 

 

 

 

 

Figure 4: Graphical illustration of the set of portfolios that Markovitz would deem efficient, commonly referred 

to as the efficient frontier. 

Source: Brant (2007). 

   Moreover, as previously mentioned, if noting can be said about returns, the rational investor 

should seek to minimized volatility. However, such an uncompromising emphasis on volatility 

reduction suggest an optimal portfolio allocation in which noting is invested and thus nothing 

is gained in terms of dividends or returns. Consequently, such an approach is suboptimal.  To 

further elaborate on this, some notations are deemed adequate. According to Markowitz (1952), 

the volatility of a portfolio can be described in the following manner:  

𝑉𝑎𝑟(𝑟𝑝) = 𝜮 =  ∑𝑎𝑖
2𝑉𝑎𝑟(𝑟𝑖) + 2∑∑𝑎𝑖𝑎𝑗𝜎𝑖,𝑗 ,

𝑚

𝑖>1

𝑚

𝑖=1

𝑚

𝑖=1

(7) 

where 𝑉𝑎𝑟(𝑟𝑝) is the variance of returns of a portfolio, 𝑎𝑖 is the portfolio weight of asset i, 

𝑉𝑎𝑟(𝑟𝑖) is the variance of returns for asset i, 𝑚 is the dimension of the portfolio and 𝜎𝑖𝑗 is the 

covariance of returns between asset i and j. Thus, if volatility reduction would be the primary 

and only goal, the objective function could be specified in the following manner:  

                                                           
4 bold curvature in figure 3 
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min 𝑣𝑎𝑟(𝑟𝑝) = 𝜶𝑇𝜮𝒂 , (8)
     𝜶                                          

 

where 𝜮 is a positive and definite covariance matrix of returns and 𝜶 is a vector of asset portfolio 

weights, which respectively can be portrayed in the following manner:  

𝜶 = (𝛼1, 𝛼2, … , 𝛼𝑚), (9) 

𝜮 =

[
 
 
 
 
𝜎1,1

2 𝜎1,2
2 ⋯ 𝜎1,𝑚

2

𝜎2,1
2 𝜎2,2

2 ⋯ 𝜎2,𝑚
2

⋮ ⋮ ⋱ ⋮
𝜎𝑚,1

2 𝜎𝑚,2
2 ⋯ 𝜎𝑚,𝑚

2 ]
 
 
 
 

 . (10) 

   However, such an unrestricted minimization can be thought of as the antithesis of an 

investment strategy, since it results in an asset allocation in which all assets has a portfolio 

weight of zero. Therefore, Markowitz (1952) argued that one needs to subject the objective 

function to several restrictions. The first of these restrictions is commonly referred to as the 

fully investment constraint, which ensures that all available funds are invested in the considered 

assets, and is formally described in following manner: 

∑𝑎𝑖 = 1.

𝑚

𝑖=1

(11) 

The second restriction suggested by Markowitz (1952) precludes the possibility of taking 

negative positions in a stock, i.e. short selling, which he formally described as the following:  

𝑎𝑖 ≥ 0. (12) 

The third restriction, although not explicitly stated by Markowitz (1952) regards future returns. 

It allows for assumptions regarding future returns, so that one can minimize the volatility 

subject to a predetermined target return. Brandt (2007) specifies this restriction in the following 

manner:  

𝐸(𝑟𝑝) =  𝒂𝑇𝝁 = 𝝁,̅ (13) 

where 𝝁 represent a m-dimensional vector of assumed future asset returns. Furthermore, 

according to Brandt (2007), by subjecting the aforementioned objective function to the 

constraints suggested in (11) and (13), one can easily show that the vector of portfolio weights 

that minimize volatility is given by solving an appropriately defined Lagrangian. However, 

whence implementing an inequality restriction, as in (12), the solution must be derived 

numerically. Fortunately, the computer power of today makes such an endeavor a straight 

forward process and will thus not be elaborated on further.   



10 
 

   Consequently, Markowitz (1952) argues that one can derive the previously described efficient 

frontier, portrayed in Figure 4, by minimizing the volatility in accordance with the objective 

function described in (8), subject to restriction (11), (12) and alternating the values of the 

predetermined target return (13). However, as is argued by Maillard et al. (2010), assumptions 

regarding future returns should not be taken lightly. With regards to the set of efficient 

portfolios, there is but one that does not make any such assumptions. The GMV portfolio, 

located on the left peak of the efficient frontier can be derived solely on the basis of the 

previously defined objective function and the restrictions defined in (11) and (12). Thus, in 

order to derive the GMV portfolio weights, one simply needs an estimate of the future 

covariance matrix of returns, �̂�. Consequently, it is such matrices that this paper has sought to 

predict using the MGARCH models.   

2.2 Benchmark portfolios 

   The GMV portfolios based on the MGARCH covariance predictions has been compared with 

two different benchmarks. The first of these benchmarks is a standard GMV portfolio, based 

on the in-sample covariance matrix5. As such, it can be derived from the previously defined 

restrictions in (11) and (12) and the objective function in (8), where the covariance matrix of 

returns is defined as:  

𝜮 = 𝐸 [(𝒓𝑝 − 𝐸[𝒓𝑝])(𝒓𝑝 − 𝐸[𝒓𝑝])
𝑇
] , (14) 

where 𝒓𝑝 is a matrix of past returns. Consequently, the portfolio is solely reliant on historical 

covariances and will therefore be referred to as a HC portfolio.  

   The second benchmark is the aforementioned EW portfolio, which according to Chong et al. 

(2012) and Maillard et al. (2010) is frequently used when evaluating the performance of other 

investment strategies. The asset allocation principle suggested by the EW portfolio is relatively 

self-explanatory, and can formally be defined in the following manner:   

𝑎𝑖 =
1

𝑚
 , (15) 

where, as in keeping with previous notations, 𝑎𝑖 is the portfolio weight of asset i and m is total 

number of considered assets. Furthermore, Windcliff and Boyle (2004) contributes the EW 

portfolios widespread implementation and popularity to primarily two causes, where the first 

of which is its ease of use. The second cause, is that the suggested asset allocation is consistent 

with Markowitz efficient portfolios, under the assumption of equal correlation, mean and 

                                                           
5 Using historical covariance rather than predictions.  
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variance among assets. Although this assumption is obviously false (suggesting that the EW 

portfolio never truly can be efficient), the portfolio has shown to perform very well in a wide 

variety of circumstances and is therefore considered a suitable benchmark (Benartzi and Thaler, 

2001).  

2.3 Sharpe ratio 

   Perhaps the foremost pioneer with regards to the evaluation of portfolio performance is 

William Sharpe (1966), whom in accordance with Markowitz suggested a relationship between 

risk and return. Sharpe suggest that, when evaluating the performance of different allocation 

strategies, one should combine risk and return to a measurable evaluation tool. This tool, which 

has come to be known as Sharpe ratio, has since the middle of the 20th century been praised as 

the “golden standard” for evaluating portfolio performance, so much so that he was awarded 

the Nobel prize in economics6 (Nobel prize, 1990).  Formally, Sharpe (1994) specifies this tool 

in accordance with the following series of equations:  

𝐷𝑡 = 𝑟𝑃,𝑡 − 𝑟𝐵,𝑡 , (16) 

�̅� =  
1

𝑇
∑𝐷𝑡  ,

𝑇

𝑡=1

(17) 

𝜎𝐷 = √
∑ (𝐷𝑡 − �̅�)2𝑇

𝑡=1

𝑇 − 1
 , (18) 

where 𝑟𝑃,𝑡 and 𝑟𝐵,𝑡 are the returns at time t of the portfolio being evaluated and a benchmark 

portfolio, respectively. Furthermore, 𝑇 is the sample size and �̅� is the average difference 

between 𝑟𝑃,𝑡 and 𝑟𝐵,𝑡. Consequently, 𝜎𝐷 is the standard deviation of the difference between 𝑟𝑃,𝑡 

and 𝑟𝐵,𝑡. Subsequently, Sharpe (1994) defined the ratio in the following manner:                  

𝑆𝑅 =  
�̅�

𝜎𝐷
 . (19)  

However, in modern finance it is common to substitute the benchmark return defined in (16) 

for the risk-free interest rate. Furthermore, as a consequence of many central banks recent 

expansionary monetary policy, it is now reasonable to assume that this risk-free interest rate is 

approximately zero. Thus, this paper has defined the Sharpe ratio in the following manner:  

                                                           
6 the Swedish National Bank's Prize in Economic Sciences in Memory of Alfred Nobel 
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𝑆𝑅 =  
�̅�𝑝

√∑ (𝑟𝑝,𝑡 − �̅�𝑝)
2

𝑇
𝑡=1

𝑇 − 1

. (20)

 

   As such, the Sharpe ratios defined in this paper can be thought of as risk adjusted returns, 

which when compared between portfolios suggests a constant, one to one utility tradeoff 

between risk and return. Although this utility tradeoff is inconsistent with the risk averse 

assumption of a rational investor, it allows for a straight forward comparison between portfolios 

and the omission of assumptions regarding the non-linearity of risk preferences. As such, the 

Sharpe ratio is deemed adequate as an evaluation tool and its implication with regards to risk 

preferences will only briefly be discussed in the concluding remarks.   

2.4 Previous studies 

   The idea to combine MGARCH models and Markowitz optimization is not an original one. 

However, the combination of methodologies is rather rare in the contemporary academic 

literature. Therefore, this section will begin with a brief introduction to the literature regarding 

the univariate GARCH(1,1) and its application in portfolio optimization. Once this is 

established, the discussion will be oriented towards the multivariate literature.     

   A common expression within the field of finance and variance forecasting is that “nothing 

beats a GARCH(1,1)” (Hansen and Lunde, 2005). However, is this true or a vast simplification?  

This was the question that Hansen and Lunde (2005) asked themselves before evaluating the 

performance of 330 ARCH-type models by their ability to predict conditional variances. 

Unsurprisingly, the authors concluded that the expression does not hold true and that several 

sophisticated models can beat the GARCH(1,1) under specific circumstances. However, the 

author maintained the belief that the GARCH(1,1) was among the most versatile and universally 

applicable models available. This conclusion has further been exemplified by, among other, 

Gulay and Emec (2018) and Blazsek and Villatoro (2015) whom compared the GARCH(1,1) 

to a normalization and variance stabilization method (NoVaS) and the Beta-t-EGARCH(1,1), 

respectively. Furthermore, as is suggested by Forte and Manera (2006), the GARCH(1,1) model 

is commonly used as a benchmark and starting point, from were more context-oriented models 

can be derived. As such, the consensus within the relevant literature seems to be that the 

GARCH(1,1) is not ‘necessarily the best model but it is always a good model’, much thanks to 

its versatile applicability, simplicity and high predictive power in the context of financial time 

series (Gabriel, 2012).         
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   Moreover, with regards of the usefulness of variance forecasts in asset allocation, Laplante, 

et al.  (2008) compared a GMV portfolios based on the univariate GARCH(1,1) model with 

three different GMV portfolios base on J.P. Morgan’s exponentially weighted moving average 

model, the random walk model (RW) and the historical mean model . In this comparison, the 

GARCH(1,1) and RW were deemed superior in terms of their predictive power. Additionally, 

when studying the Brazilian stock market, Rubesam and Beltrame (2013) concluded that the 

GMV portfolios based on several different GARCH models outperformed their corresponding 

EW benchmarks. Thus, both Laplante, et al.  (2008) and Rubesam and Beltrame (2013) suggest 

the usefulness of GARCH models in the context of asset allocation. 

   Furthermore, as previously suggested, the literature combining MGARCH models and 

optimal portfolio theory is scarce. Instead many studies seem to focus on evaluating MGARCH 

models predictive power in the context of sector volatility transmissions. Two such studies were 

conducted by Righia and Ceretta (2012) and Hassan and Malik (2007), whom evaluated the 

volatility transmission effects in Brazilian and American sector indices, respectively. However, 

since they did not present their results in the context of GMV portfolio performance, their 

results are not directly compatible with the conclusions attained in this thesis. Nevertheless, 

both studies indicate that MGARCH model can contribute to an efficient asset allocation.  

   Moreover, perhaps the most comparable study to this thesis is written by Yilmaz (2011), 

whom evaluated the performance of a GMV trading strategy based on DCC MGARCH 

covariance predictions. Much in the same manner as in this thesis, the author used the DCC 

MGARCH model to predict future covariances which were used to derive GMV portfolio 

weights. Based on these portfolio weight, the authors derived risk adjusted returns which were 

compared with those of both an EW and HC portfolio. In this comparison, the GMV portfolio 

outperformed the EW and HC portfolio, with both weekly and daily DCC forecasts. 

Additionally, worthy of mentioning is that this study was conducted with portfolio returns 

between 2007 to 2010, thus incorporating the financial crisis of 2008.  

   Another similar study was conducted by Škrinjarić and Šego (2016) who used the CCC- and 

DCC MGARCH models to derive GMV portfolio weights between stocks, bonds and exchange 

rates in the Croatian market. Based on these portfolio weights, the authors derived risk adjusted 

returns which were compared those of an EW benchmark between 2010 and 2015. In turn, this 

comparison indicated that the GMV portfolios, based on the MGARCH models, were superior 

to the EW portfolio. However, it should be noted that this result is based on daily forecasts and 
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rebalancing, which perhaps is not the most realistic assumption when considering the average 

investor and the adverse effects of transaction costs.  

   Consequently, what is argued by Škrinjarić and Šego (2016) and Yilmaz (2011) is that, if the 

covariance predictions are adequate, a GMV portfolio should be able to outperform an EW 

portfolio. The essence of their argument can easily be understood by considering the true or ex 

post GMV portfolio, which by definition is efficient, something that the EW portfolio in reality 

never can be. Thus, given perfect ex ante predictions, a risk adjusted GMV portfolio should 

outperform its corresponding EW benchmark. Naturally, the validity of this claim rests strongly 

on the assumption of a linear efficient frontier, which is not necessarily true. However, in this 

paper, the assumption is deemed adequate since it allows for a straight forward practical 

understanding of the argument. With that being said, there seems to exist a spectrum in which 

the predictions are imperfect but at the same time sufficiently accurate to allow a GMV 

portfolios to outperform an EW benchmark. As such, it is this spectrum that this thesis has 

defined as economically relevant in the general context of optimal portfolio.        

   Furthermore, with regards to the comparison between HC and EW portfolios, there are several 

large studies that have been conducted. One such study was done by Behr et al. (2008) whom 

compared the portfolio performance of a HC and EW portfolio between 1964 to 2007 in the US 

market. What the authors found, was that EW portfolio outperformed the HC portfolio with 

regards to risk adjusted returns. Thus, their results indicate that historical covariances has poor 

predictive power.  

   In summary, most previous studies are overwhelmingly positive towards the implementation 

of univariate and multivariate GARCH models in portfolio optimization. However, there is no 

clear consensus weather or not the models are accurate enough to have any real economic 

relevance in the context of portfolio optimization. Nevertheless, a commonly used benchmark 

to test for economic relevance seems to be the EW portfolio. Consequently, if an asset allocation 

strategy continuously outperforms an EW benchmark in terms of risk adjusted returns, it is 

deemed economically relevant. 
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3. Data 

   The data used in this report consist of historical prices of five Swedish stocks, namely 

AstraZeneca, Nordea, Volvo B, Hennes & Mauritz B and Ericsson B, exclusively gathered from 

Nasdaq OMX Nordic (2018a; 2018b; 2018c; 2018d 2018e). These stocks were selected so to 

represent a diversified portfolio with financial exposure to five different sectors, explicitly 

Health Care, Banks, Industrial Goods & Services, Retail and Technology. Naturally, more 

stocks would have been desirable. Preferably so many that they could have represented the 

market portfolio and thus have allowed for a straight forward test of the EMH. However, due 

to the exponentially increasing number of parameters in need of estimating, as a consequence 

of additional stock, this was not plausible. Nevertheless, the chosen stocks represent the most 

sector diversified proxy of the Swedish market portfolio7, conditioned on the restriction of only 

been able to choose five stocks.    

   Furthermore, adjusted8 daily closing prices between 2002/05/17 to 2018/01/04, measured in 

Swedish kroners, have been used.  As such, the data consists of 3932 observations for each 

stock. However, due to company specific trading halts9, six missing values were observed. To 

account for these, linear interpolation was applied. Indeed, this method is by no means an 

optimal solution since stock prices are not a linear function of time. However, due to the 

relatively small number of missing values and the ease by which the method could be 

implemented, linear interpolation was deemed adequate.  

   Moreover, it is not prices but rather returns that are of foremost interest in this report. 

Although, this might seem like a trivial matter it is not, for there exist some controversy 

regarding which type of returns one should use under various circumstances. The primary 

discussion is centered around whether one should use arithmetic or logarithmic returns. 

Nevertheless, in this thesis, logarithmic returns have been used in accordance with the 

suggestion proposed by Hudson and Gregoriou (2015). The authors argue that, in the context 

of financial time series, logarithmic returns are superior due to its inherent characteristics. 

Characteristics such as its ability to reduce the influence of extreme values, approximate the 

normal distribution, stationarity and continuous compounding (Zaimovic, 2013).  

    

                                                           
7 Including only publicly traded assets and excluding assets such as real estate, art and materials.   
8 Adjusted for stock splits, dividends, rights offerings and similar interventions that affect stock prices.   
9 Days in which specific stock were not traded whilst others were.  
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Consequently, for each of the five stocks, the logarithmic returns have been calculated in 

accordance with the following:  

𝑟𝑖 = ln 𝑃𝑖,𝑡 − ln𝑃𝑖,𝑡−1  , (21) 

where 𝑟𝑖 is the logarithmic return for asset i and ln 𝑃𝑖,𝑡 is the logarithmic prices of asset i at time 

t. Thus, these are the returns that have been used as the foundation for the MGARCH covariance 

predictions and as such, the GMV portfolio weights.  

   Moreover, to convey a comprehensive understanding of the data used, some descriptive 

statistics of the logarithmic returns are presented in the table below.      

Table 1: Descriptive statistics of logarithmic returns of AstraZeneca, Nordea, Volvo B, Hennes & Mauritz B 

and Ericsson B from 2002/05/17 to 2018/01/04. 

  AstraZeneca Ericsson B HM B Nordea Bank Volvo B 

Obs  3931 3931 3931 3931 3931 

Mean  0.0001 -0.0001 0.0001 0.0002 0.0004 

Median  0.0000 0.0000 0.0000 0.0000 0.0000 

Min  -0.1633 -0.2719 -0.1390 -0.1221 -0.1570 

Max  0.1235 0.2231 0.1004 0.1492 0.1513 

Std. Dev  0.0160 0.0268 0.0162 0.0206 0.0215 

Skewness  -0.3690 -0.4537 -0.1503 0.3271 -0.0440 

Kurtosis  12.2907 15.8249 7.9911 9.0830 7.7717 

   As is observed in Table 1, the mean returns and standard deviations are quite similar for all 

stocks. However, with regards to the higher moments there are some discrepancies, where, for 

example Nordea exhibits positive skewness. Furthermore, all stocks have an excess kurtosis of 

between 4,77 and 12,82 in comparison to the normal distribution, thus exhibiting clear 

leptokurtic tendencies. Nevertheless, all these statistics are to be expected given the nature of 

the stock market. Furthermore, they are consistent with previous studies such as the one written 

by Kim and Kon (1994), which they evaluated 30 different stocks form the Dow Jones Industrial 

Average.    
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 Additionally, to further elaborate on the descriptive representation of the data, a correlation 

matrix of the logarithmic returns is presented in Table 2. 

  Table 2: Correlation matrix of the logarithmic returns AstraZeneca, Nordea, Volvo B, Hennes & Mauritz B 

and Ericsson B from 2002/05/17 to 2018/01/04. 

  AstraZeneca Ericsson B HM B Nordea Bank  Volvo B 

AstraZeneca 1         

Ericsson B 0.2639 1    

HM B 0.2833 0.3501 1     

Nordea Bank  0.2554 0.4301 0.4859 1  
Volvo B 0.249 0.4246 0.4738 0.5833 1 

Based on the Table 2, it is apparent that the intercorrelation among the logarithmic stock returns 

is relatively low. In turn, this suggests that the chosen stocks are well suited for the stated 

purpose of diversification, which is the fundamental principle of Markowitz mean-variance 

model. 

   Lastly, in order to conveniently illustrate price fluctuations and cumulative returns of the 

individual stocks, a time series graph is presented in Figure 510.   

 

   

 

 

 

 

 

 

 

 

 

 

Figure 5: Time series graph of AstraZeneca, Nordea, Volvo B, Hennes & Mauritz B and Ericsson B adjusted 

stock prices from 2002/05/17 to 2018/01/04.   

  

                                                           
10 Further illustrations of the data, such as histograms, autocorrelations and time series graphs can be found in the 

appendix.   
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4. Empirical model and method 

   As previously has been suggested, this report use CCC, DCC and VCC MGARCH(1,1) 

models to predict the necessary covariances matrices for the following objective function.   

min 𝑣𝑎𝑟(𝒓𝑝) = 𝜶𝑇�̂�𝒂 , (22)
𝜶                                          

 

𝑠. 𝑡 𝑎𝑖 ≥ 0    ,   ∑𝑎𝑖 = 1

𝑚

𝑖=1

,

(23)

 

where �̂� is a predicted covariance matrix of returns, derived from the MGARCH models. 

However, before thoroughly describing how these matrices were derived, some notations and 

terminological background is needed. In this endeavor, this paper will follow the approach 

suggested by Engle (2001), and start by describing the univariate GARCH(1,1) model. After 

the univariate terminology have been established, the leap to a multivariate setting is relatively 

straight forward.  

   Consequently, Engle (2001) argue that asset returns can be described in the following manner:  

𝑟𝑡 = 𝜇𝑡 + √ℎ𝑡𝜀𝑡 , (24) 

where 𝑟𝑡 and 𝜇𝑡 is the return and conditional mean return, respectively. However, in the context 

of asset returns, 𝜇𝑡 is frequently assumed to be zero and thus disregarded. Nevertheless, 𝜀𝑡 is 

the standardized disturbance, commonly assumed to be normal iid and ℎ𝑡 is the conditional 

variance. Consequently, when disregarding  𝜇𝑡,  the author suggest that asset returns can be 

described as the standardized disturbance multiplied by the square root of the conditional 

variance. A conditional variance that the GARCH(1,1) model suggests can be modeled in the 

following manner:  

ℎ𝑡+1 =  ω + α(𝑟𝑡 − 𝑚𝑡)
2 + 𝛽ℎ𝑡 =  ω + 𝛼ℎ𝑡𝜖𝑡

2 + 𝛽ℎ𝑡 , (25) 

where ω, 𝛼 and 𝛽 are parameters in need of estimating, commonly though maximum likelihood. 

However, as is argued by both Engle (2001) and Bollerslev (1986), these parameters need to be 

estimated under the following restrictions so to ensure a positive variance: 

ω > 0 , 𝛼 > 0, 𝛽 > 0  and 𝛼 + 𝛽 < 1. (26) 

   As such, the above described model encapsulates the univariate GARCH(1,1). However, this 

univariate model only allows for the prediction of the diagonal elements in a covariance matrix. 
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To model the off-diagonal elements, the CCC, DCC and VCC MGARCH models, utilize the 

following relationship:  

ℎ𝑖,𝑗 = √ℎ𝑖,𝑖 ∗ 𝜌𝑖,𝑗 ∗ √ℎ𝑗,𝑗  , (27) 

where ℎ𝑖,𝑖 and ℎ𝑗,𝑗 are the conditional variances for asset i and j, predicted by the univariate 

GARCH model. Furthermore,  ℎ𝑖,𝑗 and 𝜌𝑖,𝑗 is the covariance and correlation between the returns 

of asset i and j, respectively. Consequently, the MGARCH models only differ with respect to 

how the correlation coefficient (𝜌𝑖,𝑗) is derived. As such, subsequent sections will be devoted 

to describing this difference.       

4.1 CCC MGARCH(1,1) 

   The first model used to estimate the necessary covariance matrices of returns is the CCC 

MGARCH(1,1). The model, which originally was proposed by Bollerslev (1990) is today 

widely implemented in both statistical software’s and textbooks. As such, there exists a wide 

variety of different notations. However, this thesis will follow the suggested notations of 

StataCorp (2018a) who defines asset returns in the following manner:     

𝒓𝑡 = 𝑪𝒙𝑡 + √𝒉𝑡𝒗𝑡 , (28) 

where 𝒓𝑡 is a m x 1 vector of asset returns, 𝑪 is a m x k matrix of independent variables and 𝒙𝑡 

is a k x 1 vector of parameters. However, in this paper, no assumptions have been made about 

the determenistic factors of stock return. As such, 𝑪 has simply been assumed to be a vector of 

ones as to incorporate an intercept. An intercept that thoughout the estimation process, across 

all models, have been statistically indistinguishable from zero on a 95 % level. Nevertheless, 

𝒗𝑡 is a m x 1 vector of normaly iid errors and √𝒉𝑡 is the Cholesky factor of a matrix of time-

varying conditional covariances, a matrix that StataCorp (2018a) defineds in the following 

manner:   

𝒉𝑡 = √𝑫𝑡𝑹√𝑫𝑡  . (29) 

   Thus, 𝒉𝑡 is the multivariate and matrix equivalence of the covariance defined in (27). 

Furthermore, 𝑫𝑡 is a diagonal matrix of conditional variances, usually depicted in the following 

manner:    

𝑫𝑡 =

[
 
 
 
 
𝜎1,𝑡

2 0 ⋯ 0

0 𝜎2,𝑡
2 ⋯ 0

⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝜎𝑚,𝑡

2 ]
 
 
 
 

, (30) 
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where the diagonal elements are defined in accordance with the previously described 

GARCH(1,1) model, namely:  

𝜎𝑖,𝑡
2 =  ω + 𝛼𝜖𝑖,𝑡−1

2 + 𝛽𝜎𝑖,𝑡−1
2 . 

   Furthermore, 𝑹 is a positive and definite matrix of unconditional and time-invariant 

correlations, hence the “constant conditional correlation” terminology. According to StataCorp 

(2018a), these unconditional and time-invariant correlations are derived from the standardized 

residuals, namely 𝑫𝑡
−1/2𝜺𝑡, and are usually depicted in the following manner:      

𝑹 = [

1 𝜌12 … 𝜌1𝑚

𝜌12 1 ⋯ 𝜌2𝑚

⋮ ⋮ ⋱ ⋮
𝜌1𝑚 𝜌2𝑚 ⋯ 1

] . (31) 

4.2 DCC MGARCH(1,1) 

   The second models that has been used in this paper is the DCC MGARCH(1,1) model, which 

initially was proposed by Engle (2002). However, in the spirit of continuity and ease of 

understanding, this paper has found it adequate to continue with the notations suggested by 

StataCorp (2018b). Thus, asset returns are defined in the following manner:   

𝒓𝑡 = 𝑪𝒙𝑡 + √𝒉𝑡𝒗𝑡 , (32) 

where 𝑪 is a vector of ones and √𝒉𝑡 is the Cholesky factor of a matrix of time-varying 

conditional covariances. Moreover, StataCorp (2018b) defines this matrix of time-varying 

conditional covariances  in the following manner:     

𝒉𝑡 = √𝑫𝑡𝑹𝑡√𝑫𝑡  , (33) 

where, in contrast to the CCC model, 𝑹𝑡 is a time-varying matrix of quasicorrelations, hence 

the “dynamic conditional correlation” terminology. Consequently, StataCorp (2018b) defines 

this time-varying matrix of quasicorrelations in accordance with the following:  

𝑹𝑡 = 𝑑𝑖𝑎𝑔(𝑸𝑡)
−1/2𝑸𝑡𝑑𝑖𝑎𝑔(𝑸𝑡)

−1/2 , (34) 

where,  

𝑸𝑡 = (1 − λ1 − λ2)𝑹 + λ𝟏�̃�𝑡−1�̃�𝑡−1
′ + λ2𝑸𝑡−1 . (35) 

Moreover, λ1 and λ2 are estimated parameters that govern the behavior of the conditional 

quasicorrelations, such that: 

0 ≤ λ1 + λ2 < 1   ,   0 ≤ λ1   , 0 ≤ λ2. (36) 

Furthermore, �̃�𝑡 is a   m x 1 vector of standardized residual, derived from 𝑫𝑡
−1/2𝜺𝑡 and 𝑹 is 

the” weighted average of the unconditional covariance matrix of the standardized residuals, 

�̃�𝑡, and the unconditional mean of 𝑸𝑡” (StataCorp, 2018b, p. 5). Additionally, as in the previous 
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model, 𝑫𝑡 is a diagonal matrix of conditional variances, defined in accordance with the 

univariate GARCH(1,1) model in (25).  

 4.3 VCC MGARCH(1,1) 

   Lastly, the third model that has been used is the VCC MGARCH(1,1) model, fist suggested 

by Tse and Tsui (2002). In accordance with the previously described models, the terminological 

approach suggested by StataCorp (2018c) will be applied. Hence, asset returns are defined in 

the following manner:    

𝒓𝑡 = 𝑪𝒙𝑡 + √𝒉𝑡𝒗𝑡 , (37) 

where 

𝒉𝑡 = √𝑫𝑡𝑹𝑡√𝑫𝑡   . (38) 

However, contrary to the DCC model, StataCorp (2018c) defines the positive and definite 

matrix of conditional quasicorrelations in the following manner:     

𝑹𝑡 = (1 − λ𝟏 − λ2)𝑹 + λ𝟏𝛙𝒕−𝟏
+ λ𝟐𝑹𝑡−1 , (39)  

where, once again, λ1 and λ2 are estimated parameters that govern the behavior of the 

conditional quasicorrelations, such that: 

0 ≤ λ1 + λ2 < 1   ,   0 ≤ λ1   , 0 ≤ λ2 . (40) 

Moreover, 𝑹 is the “matrix of means to which the dynamic process in (39) reverts and  𝝍𝑡 is 

the rolling estimator of the correlation matrix of �̃�𝑡” (StataCorp, 2018c, p.5). Furthermore, as 

in both previous models, the authors defines the matrix of conditional variances, 𝑫𝑡, in 

accordance with the GARCH(1,1), which is described in (25).  

4.4. Roling window and matrix derivation 

   With estimates of parameters, such as the once described in previous sections, the covariance 

matrix of returns can be estimated for any l-step predictions. However, as is argued by Laurent 

et al. (2012), the precision of the predictions from GARCH models can be viewed as a 

decreasing function of the number of steps forecasted. Thus, as the prediction period extends 

further into the future, the predictions from GARCH models become less certain. As such, they 

presumably become less economically relevant as the prediction period prolongs.   

   Contrary to this, in the context of realistic asset allocation strategies, for the average investor, 

frequent rebalancing of portfolio weights is undesirable due to both transaction cost and the 

alternative cost of time spent rebalancing. Therefore, this report has restricted the predictions 

to one-week forecasts, as to accommodate both the decreasing precision of the GARCH models 

as well as the adverse effects on transaction costs.  
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Consequently, all portfolios have been rebalanced on a weekly basis. In addition to the benefits 

described above, the weekly rebalancing of all portfolios allows for the preclusion of 

assumptions regarding transaction costs. The reason for this, is that any assumption regarding 

transaction costs would be equal for all portfolios and since the primary interest of this thesis 

lies in the relative performance of investment strategies, the transaction costs become irrelevant. 

   Furthermore, to establish a robust sample of 100 predictions, a weekly rolling window 

methodology have been applied. Consequently, the data was divided into 100 overlapping 

subsamples were the first of which consist of the logarithmic returns between 2002/05/21 – 

2016/01/12, the second between 2002/05/28 – 2016/01/19 and so on. Moreover, these 

subsamples were used to predict the covariances between the logarithmic returns five days out 

of sample. Thus, the first subsample was used to predict the covariances of returns for 

2016/01/13 to 2016/01/19, the second was used to predict the covariances for 2016-01-20 to 

2016-01-2611 and so on.    

   However, since daily data has been used, the MGARCH predictions results in five different 

values of predicted covariances. To combine these into a unified covariance matrix that can be 

used in GMV optimization, this paper has followed the methodological approach suggested by 

Laplante et al. (2008). The authors propose combining daily covariances estimates into a unified 

weekly estimate in the following manner:  

�̂�𝑖 = ∑ �̂�𝑖,𝑡 

𝑇+5

𝑡=𝑇+1

 , (41) 

where �̂�𝑖  is the estimated weekly covariance matrix of returns for the i:th rolling window and 

�̂�𝑖,𝑡  is the daily covariance matrices predicted by the MGARCH model in the i:th rolling 

window. Thus, the estimated weekly covariances matrices, �̂�𝑖, are the sums of the 

corresponding five daily covariances matrices.  

4.5 Portolio returns 

   Whence the weekly covariance matrices had been established and the GMV portfolio weight 

had been derived in accordance with the objective function defined in (22), the actual returns 

of the different portfolios were calculated. This was done in accordance with Markowitz (1952), 

whom defined portfolio returns in the following manner:  

                                                           
11 The 16:th, 17:th, 23:th and 24:th coincided with weekends. As such, the market was closed, and no volatility 
was calculated. 
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𝑟𝑝,𝑡 = ∑𝑎𝑖𝑟𝑖,𝑡
𝑎𝑐𝑡 

𝑚

𝑖=1

, (42) 

where 𝑟𝑖,𝑡
𝑎𝑐𝑡 reference to the actual returns of asset i at time t, which is defined in accordance 

with the following equation:  

𝑟𝑖,𝑡,𝑎𝑐𝑡 = 
𝑃𝑖,𝑡 − 𝑃𝑖,𝑡−1

𝑃𝑖,𝑡−1
 , (43) 

where 𝑃𝑖,𝑡 is the price of asset i at time t. Consequently, the portfolio returns described in (42) 

were the returns used to calculate the subsequent Sharpe ratios. 

5. Results and analysis 

   To establish a visually appealing overview of the results derived in this paper, an illustrative 

time series graph is presented in Figure 6.  The figure is based on the returns from the different 

portfolios between 2016-01-13 to 2018-01-04 and is constructed with an equal initial index 

value of 100.  

 

 

 

 

 

 

 

 

Figure 6: Time series graph of the CCC, DCC, VCC, EW and HC portfolios price index with an initial index 

value of 100, between 2016-01-13 and 2018-01-04. 

   Figure 6 insinuates that the EW portfolio generated the highest cumulative returns, followed 

by the DCC, VCC, CCC and lastly the HC portfolio. However, supremacy of cumulative returns 

does not warrant any statement regarding the preferability of portfolios. To make such 

declarations one must consider Markovitz insinuated relationship between risk and return, as 

well as individual preferences and statistical significance. Therefore, this paper has chosen to 

evaluate the portfolios preferability and thus the MGARCH models’ economic relevance 
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through the use of Sharpe ratios. Consequently, such ratios, mean returns, standard deviations, 

kurtosis, skewness, median and cumulative returns are presented in the table below. 

Table 3: Mean returns, std. dev, Sharpe ratio, kurtosis, skewness and cumulative returns for the evaluated 

portfolios. 

  HC CCC DCC VCC EW 

Mean -0.0008 -0.0006 -0.0004 -0.0005 -0.0003 

Std.dev 0.0181 0.0185 0.0182 0.0182 0.0175 

Sharpe Ratio -0.0445 -0.0318 -0.0247 -0.0284 -0.0163 

Kurtosis 4.0341 3.8531 4.0346 4.0070 2.9534 

Skewness -0.6567 -0.5684 -0.5828 -0.5944 -0.8218 

Cum. returns -0.3838 -0.3155 -0.2649 -0.2898 -0.1966 

Median -0.0012 -0.0003 -0.0007 -0.0006 0.0009 

  Based on Table 3, one can deduce that the EW portfolio attained the highest and thus the most 

desirable Sharpe ratio, followed by the DCC, VCC, CCC and lastly the HC portfolio. As such, 

the ranking of portfolio based on Sharpe ratios confirm the ranking already suggested by the 

cumulative returns.  

   Moreover, to further clarify the positioning of the different portfolios in terms of risk and 

return, a two-way scatter plot is presented in figure 7. In this figure, the portfolios mean returns 

and standard deviations12 are depicted on the y- and x-axis, respectively. Consequently, 

portfolios located further away from origin is considered more desirable. Furthermore, in Figure 

7, it is important to notice that the scaling of the axis are different, so as to not draw any 

wrongful conclusions based on convoluted ideas of the inclination of indifference curves.                 

 

 

 

 

 

 

 

 

Figure 7: Two-way scatter plot illustrating the risk/ reward positioning of the different portfolios. 

                                                           
12 In reverse 
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   As such, the results suggest that the EW portfolio is superior to all others in terms of a 

balanced assessment of risk and returns. However, as statisticians, we are not only interested in 

suggested relationships, but also statistically significance. Therefore, in addition to the results 

described above, six different paired t-tests have been conducted to compare the mean returns 

of the MGARCH and benchmark portfolios. However, these tests are not risk adjusted but rather 

a crude measurement of returns and should therefore only be viewed as complimentary results. 

Nevertheless, the results of these tests are presented below, in Table 4 and 5. 

Table 4: Mean diff, std. errs, std. dev and p-values for paired t-tests between the MGARCH and HC portfolios. 

  CCC/HC DCC/HC VCC/HC 

Mean difference 0.0002 0.0004 0.0003 

Std.err 0.0002 0.0002 0.0002 

Std. dev 0.0054 0.0052 0.0053 

t-stat 0.9042 1.5359 1.2062 

P-values       

mean diff > 0 0.1832 0.0626 0.1142 

mean diff < 0 0.8168 0.9374 0.8858 

mean diff =/= 0 0.3663 0.1252 0.2283 

   In the Table 4, the mean difference between the MGARCH and HC portfolios are tested.  As 

is evident form the table, the mean differences are all positive, which suggest a slight advantage 

for the MGARCH portfolios in comparison to the HC portfolio. However, by noting the p-

values, the mean differences are neither statistically significantly positive, negative nor 

distinguishable from zero, on a 95 % level.  

Table 5: Mean diff, std. errs, std. dev and p-values for paired t-tests between the MGARCH and EW portfolios. 

  CCC-EW DCC-EW VCC-EW 

mean difference -0.0003 -0.0002 -0.0002 

Std.err 0.0005 0.0005 0.0005 

Std.dev 0.0105 0.0105 0.0106 

t-stat -0.6461 -0.3525 -0.4922 

P-values       

mean diff > 0 0.7407 0.6377 0.6886 

mean diff <0 0.2593 0.3623 0.3114 

man diff =/= 0 0.5185 0.7246 0.6228 

   Subsequently, in Table 5, the statistics for the pared t-test between the MGARCH and the EW 

portfolios are presented. In opposition to the previous comparison, all the mean differences are 

negative, thus suggesting a slight disadvantage for the MGARCH portfolios in comparison to 

the EW benchmark. However, once again, by noting the p-values, neither of the mean 

differences are statistically significantly positive, negative nor distinguishable from zero on a 

95 % level. Nevertheless, although there is no statistically significant ranking with regards to 
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mean returns, it is this paper opinion that the p-values and their disposition strengthen the 

ranking suggested by the aforementioned Sharpe ratios.  

   Moreover, According to Sihem and Slaheddine (2014), it is not only the first two moments 

that should be considered when evaluating risk, but rather the first four. Although such an 

approach has not been applied in this thesis, the higher moments are nonetheless deemed 

adequate to present as complementary results. As such, based on Table 3, the EW portfolio 

attained the highest degree of negative skewness followed by the HC, VCC, DCC and CCC 

portfolio. Additionally, with regards to kurtosis, the HC portfolio attained the highest value, 

followed by the CCC, DCC, VCC and EW portfolio. 

6. Discussion and conclusions 

   As previously suggested, the preferability of the different portfolios depends on both risk and 

return. However, the portfolios preferability also depends on preferences and indifference 

curves, which naturally vary among individuals. As such, it is seldom possible to identify a 

universal ranking that will be true for all investors. Indeed, to establish any ranking at all, one 

must rely on generalizing assumptions regarding these preferences. In this thesis, the 

foundations for these assumptions have been derived from the previously described rational 

investor, whom gain utility from return and dislikes risk. Beyond this however, this paper has 

refrained from making any specific assumption regarding the relationship between utility, risk 

and return, as to maximize the demographics for which the ranking could be true.  

   With a basis in the minimalist assumptions approach described above, this paper has 

determined the ranking of portfolio preferability in accordance with the ranking suggested by 

their corresponding Sharpe ratios. As such, the EW portfolio was deemed the most desirable, 

followed by the DCC, VCC, CCC and lastly the HC portfolio. Consequently, the HC portfolio, 

based solely on historical covariances was considered inferior to all others.  

   The question then becomes, does this inferiority have any implication with regards to the 

economic relevance of MGARCH models in the context of GMV optimization? And the answer 

is YES, for it implies that MGARCH models adds value in terms of risk adjusted returns. 

However, this is perhaps a moot conclusion, for it is equivalent to stating that the MGARCH 

models predict future covariances with higher accuracy than the sample covariance, a 

conclusion that is well established within the relevant literature. Consequently, the more 

intriguing comparison is therefore between the EW and MGARCH portfolios, for it can give 
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insight into the economic relevance of MGARCH models in the general context of optimal 

portfolios.  

   Thus, as suggested by Table 3, the EW portfolio outperformed all the of the MGARCH 

portfolios, not only in terms of higher Sharpe ratios, but also in term of higher mean returns and 

lower volatility. As such, conditioned on the evaluated timeframe and chosen assets, even if the 

most skewed risk preferences are assumed, there can be little doubt of the EW portfolios 

supremacy. A supremacy that suggests the MGARCH models’ economic irrelevance in the 

general context of optimal portfolios.  

   This irrelevance is a surprising conclusion, given both Škrinjarić and Šego (2016) and Yilmaz 

(2011) overwhelming support in favor of the implementation of MGARCH model in portfolio 

optimization. However, some key differences between this thesis and the previous studies 

should be pointed out, since it might help to explain the curious difference in results. 

   Firstly, considering that Yilmaz (2011) evaluation period entailed the financial crisis of 2008, 

it is possible that this might have tilted their results in favor of the MGARCH models. 

Furthermore, although less likely, is that there exist some characteristic differences between the 

evaluated assets. Seeing as Yilmaz (2011) evaluated stocks on the Istanbul stock exchange, 

these differences could be related to anything from geopolitics, business culture to investor 

mentality. However, this is, as previously suggested quite unlikely due to the global nature of 

stock markets.  

   Secondly, Škrinjarić and Šego (2016), evaluated stock, bonds and exchange rates in the 

Croatian market, thus including two asset classes that this thesis has ignored. Consequently, 

this might have affected their results in favor of the MGARCH models. Nevertheless, a 

difference that undoubtedly affected their results in favor of the MGARCH models, is the fact 

that they utilized daily forecasts and rebalancing, which, as previously suggested is not realistic 

in terms of implementable trading strategies. This is especially true, for the average investor, 

when the evaluated trading strategy doesn’t significantly outperform its benchmark, which is 

the case in Škrinjarić and Šego (2016) study.    

   Having recognized these differences, it is not self-evident that they need to be the primary 

reasons for any differences in results. These difference in results could very well be attributed 

to the inherent randomness and dynamic nature of the stock market. As such, assuming the 

irrelevance of MGARCH models to be true, mixed results between studies are to be expected. 

Consequently, contrary to previous studies, this thesis remains skeptical to the MGARCH 

models’ economic relevance in the general context of optimal portfolios. However, with that 
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being said, this thesis is not without its flaws. Flaws, such as the rather limited number of stock 

evaluated and the possible bias of the evaluated timeframe. As such, these are both sources of 

possible bias that future studies should bear in mind. Additionally, future studies might want to 

consider evaluating other MGARCH models and different specifications of the previously 

described matrix of quasicorrelations. Lastly, it would be interesting to evaluate how and if 

specific assumptions regarding risk preferences would alter the conclusions of similar studies.    
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8. Appendix 

9.2 Histograms and autocorrelation of logarithmic stock returns 
AstraZeneca 

 

 

 

 

 

 

 

 

 

 

 

Figure 8. Graphical illustrations of the distribution (compared with normal distribution) of logarithmic returns, 

autocorrelation of logarithmic returns, time series of logarithmic returns and time series of prices of 

AstraZeneca 

Ericsson B 

 

 

 

 

 

 

 

 

 

 

Figure 9. Graphical illustrations of the distribution (compared with normal distribution) of logarithmic returns, 

autocorrelation of logarithmic returns, time series of logarithmic returns and time series of prices of Ericsson B. 
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 Hennes & Mauritz B  

 

 

 

 

 

 

 

 

 

 

 

Figure 10. Graphical illustrations of the distribution (compared with normal distribution) of logarithmic returns, 

autocorrelation of logarithmic returns, time series of logarithmic returns and time series of prices of Hennes & 

Mauritz B 

Nordea Bank  

 

 

 

 

 

 

 

 

 

 

 

Figure 10. Graphical illustrations of the distribution (compared with normal distribution) of logarithmic returns, 

autocorrelation of logarithmic returns, time series of logarithmic returns and time series of prices of Nordea 

Bank. 
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Volvo B 

 

 

 

 

 

 

 

 

 

 

 

Figure 11. Graphical illustrations of the distribution (compared with normal distribution) of logarithmic returns, 

autocorrelation of logarithmic returns, time series of logarithmic returns and time series of prices of Volvo B. 

 


