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Abstract

We study aspects of the multivalued complex root function and consider
three different ways to construct topological spaces where it becomes single-
valued. For each topological space created, we show that there exists home-
omorphisms to the unit sphere. A generalisation is given (Theorem 6.1.4)
which can be used to create new domains to multivalued inverses for con-
tinuous functions. We compare the different ways to create the domains as
topological spaces together with their single-valued functions.
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Chapter 1

Introduction

The focus of this paper is to look at an idea given by Bernhard Riemann [5].
He took interest in so-called multivalued functions that appear naturally in
the study of complex analysis and are a bit problematic. Riemann’s brilliant
idea was that these functions can be seen as living in a domain different
from the complex plane where they in turn become single-valued. These
domains and functions are now studied and well understood in the field of
Riemann surfaces. We will here restrict us to the complex root function
and Riemann’s solution to how this function can be seen as single-valued.
However, our main interest here will be topology, not complex analysis. We
will use our knowledge from complex analysis to get an idea of how to create
new domains for the root functions and after that we will shift our focus to
look at these domains as topological spaces.

Even though the field of Riemann surfaces is tightly connected to alge-
braic topology, we will here only use concepts that are considered to be part
of general topology. In Chapter 2 we give some preliminaries needed for this
study. In its first section we present some concepts from complex analysis
which we use to analyse the problems with the root function. Our goal with
that section is to give the reader some intuitive view of the problem at hand.
Therefore, it does not go very deep into the theory behind it. After that we
introduce all the concepts from topology which will be used through out the
rest of this study. In Chapters 3, 5 and 6 we will present 3 different ways to
create these domains and how to define topologies on them. For each domain
we create, we will also show that there exists homeomorphisms between them
and the unit sphere. This means that we can view these abstract domains
as something that is well understood and easy to visualise.

The idea for this paper came from Wildberger [6], who gave me a great
intuitive picture. I also want to express gratitude towards my supervisors
Jens Fjelstad and Yury Nepomnyashikh who both came with great creative
ideas.
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Chapter 2

Preliminaries

In this chapter we will introduce concepts from the areas of complex analysis
and topology which will be used throughout this paper. It is not meant to
be seen as an introduction to any of these subjects. It should instead be
seen as a tool which can be used to figure out the results presented in the
following chapters.

2.1 Complex Analysis

We will in this section give some definitions that will help us analyse the
problem at hand. An introduction with more details can be found in Priestley
[4]. Complex analysis is the study of functions defined on subsets of the
complex plane C and their properties, where

C = {z = x+ iy : x, y ∈ R}, i2 = −1.

When studying these functions, there often appear ones that we call mul-
tivalued. A multivalued function does not actually fit the definition of a
function, because each element in the domain of the function can have mul-
tiple values assigned to it. One might think that one should should avoid
these “functions”, but many of them are very important and commonly used.
Even though they are not actual functions, we will here adopt the convention
to at times refer to them as such.

The following example will be a very important one for this study.

Example 2.1.1. We define the complex square root function by

√
z =

√
|z|ei

arg(z)
2 (2.1)

where arg(z) is the suitably defined angle of the point z in the complex plane.
One can see that

ei arg(z) = ei(arg(z)+2π) = ei(arg(z)+2πk), k ∈ Z.
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We then have
√
z =

√
|z|ei

arg(z)
2 =

√
|z|ei

arg(z)+2πk
2 =

√
|z|ei

arg(z)
2 eiπk.

From the following we will see that for even and odd numbers of k, we will
have different values.

eiπ(2m) = 1, eiπ(2m+1) = −1, m ∈ Z

√
z =

{√
|z|ei

arg(z)
2 ,−

√
|z|ei

arg(z)
2

}
Since the square root is such an important function, we see that it is natural
to not only consider functions but also multivalued functions when studying
complex analysis.

We say that a branch to a multivalued function is a function continuously
assigning only one of the multiple values to each point. There are also certain
points called branch points associated with a multivalued function. A branch
point has the property that when the function is being applied to a closed
loop about this point, it changes to another branch of the function. This is
very problematic since at the closing of the loop, there will be a discontinuity.
One way to solve this is by introducing branch cuts which is removal of points
in the plane so that such closed loops do not appear. When the branches
of a multivalued function are restricted to C with appropriate branch cuts,
they become continuous but can not take values on the branch cuts.

Example 2.1.2. Let F (z) be the complex square root function defined in
(2.1). F (z) has a branch point in 0 since when going around a closed loop
about it, the angle will have been increased by 2π making the function take
another value. We can make a branch cut by removing the positive real line.

C \ [0,∞)

The branches of F (z) are

f1(z) =
√
|z|ei

Arg(z)
2

f2(z) = −
√
|z|ei

Arg(z)
2

F (z) = {f1(z), f2(z)}
where Arg(z) is arg(z) restricted to this branch cut. We see here that both
f1 and f2 are continuous, since there is no way to have a closed loop about
0, but they are not defined for positive real values.
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It is important to note that in Example 2.1.2 we chose the positive real
values as our branch cut, but in fact any continuous straight line going from
0 off to any infinity would suffice. For example, C \ (−∞, 0] is also a branch
cut. This makes it so that there are multiple ways to restrict arg(z). The
branch cut in Example 2.1.2 will suffice for most things we consider in this
study, but at times it will not be defined for certain points. In such cases we
will consider Arg(z) to be restricted to any other branch cut, without any
loss of generality.
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2.2 Topology

We will here introduce some concepts from topology that will be needed
for this study. What we introduce here is very minimal and only to the
extent that it will be used somewhere in the results presented in the coming
chapters. There are a lot of interesting topological properties which we have
chosen to not give any focus here, even though they have a hidden presence
in much of what we later study. For the interested reader, we recommend
Munkres [3] as an introduction to the subject. We begin with the definition
of a topology.

Definition 2.2.1. A topology on a set X is a collection T of subsets of X
such that

(T1) ∅ ∈ T , X ∈ T .

(T2) The union of the elements of any subcollection of T is in T .

(T3) The intersection of the elements of any finite subcollection of T is in
T .

A set U ∈ T is said to be open. An open neighbourhood about some point
x ∈ X is an open set containing x. The pair (X, T ) is said to be a topological
space.

Remark 1. Even though a topology is in general not uniquely defined, we
will at times adopt the convention to refer to a topological space (X, T ) as
X. This will only be done when it is clear which topology is considered.

A topology generalises the concept of openness that one studies in an
introductory course to real analysis. The topology is then the collection of
all the open sets defined there. We now give an example which gives some
picture of what a topology can look like.

Example 2.2.2. Let X = {1, 2, 3}. A topology on X could be T1 =
{∅, {1}, {1, 2}, X} since (T1), (T2) and (T3) are all true. Another topol-
ogy on X is T2 = {∅, X} which is called the trivial topology. We can also see
that T3 = {∅, {1, 2}, {2, 3}, X} is not a topology on X since (T3) does not
hold.

Now that we have the definition we want some ways to create a topology
on a given set. One way to do that is to define a basis on the set.

Definition 2.2.3. A basis for a topology on a set X is a collection β of
subsets of X such that

(B1) ∀x ∈ X ∃B ∈ β : x ∈ B

(B2) If B1, B2 ∈ β and x ∈ B1 ∩ B2, then there exists B3 ∈ β such that
x ∈ B3 ⊂ B1 ∩B2
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The topology generated by β is the collection of all unions of elements in β.

Example 2.2.4. In Rn a basis is given by all the open balls of the kind

Br(x) = {(y1, y2, ..., yn) ∈ Rn :
n∑
k=1

|xk − yk|2 < r2}.

The topology generated by this basis is called the standard topology of Rn
and is the one well known from real analysis.

Definition 2.2.5. Let (X, TX) and (Y, TY ) be topological spaces. The prod-
uct topology on X × Y is the topology generated by the basis on the form

β = {U × V ⊂ X × Y : U ∈ TX & V ∈ TY }.

Another very useful way to create a topology is to look at a subset of
some topological space and define a topology relative to it.

Definition 2.2.6. Let Y be a subset of the space X with topology T . The
collection

TY = {Y ∩ U : U ∈ T }
is then a topology on Y called the subspace topology.

Example 2.2.7. We define the unit sphere in R3 by

S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}.

The sphere will be given the subset topology relative to the standard topology
in R3.

TS2 = {S2 ∩ U : U ∈ TR3}

Definition 2.2.8. Let f : X → Y be a function, X0 be a subset of X and
Y0 be a subset of Y . The image of X0 under f is the set defined as

f(X0) = {y ∈ Y : y = f(x) for at least one x ∈ X0}

Similarly, we say that the preimage of Y0 under f is the set

f−1(Y0) = {x ∈ X : f(x) ∈ Y0}.

Remark 2. In definition 2.2.8 we use the notation f−1 to define the preimage
of some set even though the function f has not been assumed to be injective.
We will use the same notation for functions that do have an inverse and hope
that no confusion will arise from this.

We will now give two definitions that might take some time getting used
to.
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Definition 2.2.9. Let (X, TX) be a topological space andX/ ∼ the partition
of X under the equivalence relation ∼. Let p : X → X/ ∼ be the canonical
surjection which carries each point of X to its corresponding equivalence
class in X/ ∼. We define the quotient topology on X/ ∼ by

TX/∼ = {U ⊂ X/ ∼: p−1(U) ∈ TX}.

We say that X/ ∼ is a quotient space of X and p is its quotient map.

Definition 2.2.10. Let C be a collection of topological spaces,

Y =
⊔

(X,TX)

X where (X, TX) ∈ C

a disjoint union and iX : X → Y be the canonical injection which carries a
point x ∈ X to the same point x ∈ Y . We define the disjoint union topology
on Y by

TY = {U ⊂ Y : ∀X ∈ C, i−1
X (U) ∈ TX}.

Remark 3. One can see that each X in the subset topology will be the same
topological space as the one it was before the disjoint union. This motivates
that the intuitive picture one should have of a disjoint union topology is that
it is a collection of disjoint topological spaces considered as one space.

Now that we know how to create a topology we will introduce the concept
of continuous functions which are essential in the study of topology along
with many other areas of mathematics.

Definition 2.2.11. A function f : (X, TX) → (Y, TY ) is said to be contin-
uous if for every set V ∈ TY the preimage of V in f is open in TX . That
is

f : (X, TX)→ (Y, TY ) continuous ⇐⇒ (V ∈ TY ⇒ f−1(V ) ∈ TX).

We will need a lemma which gives us a very useful way to create a
continuous function. A proof can be found in Munkres [3], or considered as
an easy exercise.

Lemma 2.2.12. Let f : X → Y and g : Y → Z be continuous, then
g ◦ f : X → Z is continuous.

With continuous functions we have a way to relate two topological spaces
to each other. Now we will define one way to say if the spaces are equivalent.

Definition 2.2.13. Two topological spaces (X, TX) and (Y, TY ) are said to
be homeomorphic if there exists a function f : X → Y such that

(H1) f is bijective
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(H2) f is continuous

(H3) f−1 is continuous

The function f is said to be a homeomorphism between X and Y .

Lemma 2.2.14. Homeomorphism between topological spaces is an equiva-
lence relation.

Proof. Let (X, TX), (Y, TY ) and (Z, TZ) be topological spaces.
Reflexivity : Let id : (X, TX)→ (X, TX) be the identity function on X. Since
it is bijective and maps any set to itself, any open set would be mapped to
the same open set. Both id and id−1 are therefore continuous, which gives
us that (X, TX) is homeomorphic to itself.
Symmetry : Let f : (X, TX) → (Y, TY ) be a homeomorphism. Since f is
bijective, we have that

(f−1)−1 = f.

From the definition we then see that f−1 : (Y, TY ) → (X, TX) is also a
homeomorphism.
Transitivity : Let f : (X, TX) → (Y, TY ) and g : (Y, TY ) → (Z, TZ) be
homeomorphisms. From set theory we know that g ◦ f : X → Z is bijective,
so Lemma 2.2.12 gives us that both g ◦ f and (g ◦ f)−1 are continuous.

Example 2.2.15. The topology on the complex plane C will be given by
the basis consisting of open balls of the kind

Bε(z) = {w ∈ C : |z − w| < ε}.
We can see that this is homeomorphic to R2 in the standard topology by
defining the function g : C→ R2

g(x+ iy) = (x, y)

2.3 Topologies of interest

Here we will introduce some topological spaces that will be used through
out the rest of the study. In Examples 2.2.4, 2.2.7 and 2.2.15 we introduced
topologies for the spaces Rn, C and S2. Whenever these sets are mentioned
they will be assumed to have those topologies, which will also be true for
the ones given here unless we otherwise say differently.

The Extended Complex Plane

It is sometimes convenient to add a point at infinity when working in the
complex plane. The construction that is made is called the extended complex
plane and will be denoted by

Ĉ = C ∪ {∞}.
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To create a topology on Ĉ, we first need to define what an open neighbour-
hood about this point∞ looks like. We can see that the exterior of any circle
(the interior or inside being the points forming a disk in the plane) centered
at the origin is a neighbourhood about this point. It is important to note
that a neighbourhood about a point actually contains the point in question,
so it is not actually a neighbourhood about ∞ until that point is added to
the set. An open neighbourhood about ∞ is therefore an open set in C,
which contains the exterior of some origin centered circle in the plane, in
union with {∞}. Formally, the collection Θ(∞) of all open neighbourhoods
about ∞ will be

U ∈ Θ(∞) ⇐⇒ ((∞ ∈ U) ∧ (U \ {∞} ∈ TC) ∧ (∃r > 0 : ∀|z| > r, z ∈ U))

where TC is the standard topology in C. We then define the topology TĈ on
Ĉ by

TĈ = TC ∪Θ(∞).

In topology, Ĉ with the topology TC is called a one-point compactification
of C.

The Riemann sphere

It is now time to introduce a very helpful representation of Ĉ called the
Riemann sphere. It is a sphere that is actually homeomorphic to Ĉ via
stereographic projection. There are multiple ways to define this homeomor-

Figure 2.1: Stereographic projection from the sphere to the plane.

phism, but all revolve around fixing a point on the sphere and drawing lines
from that point to the complex plane. We will here present one way to do
it and that is by looking at the unit sphere in R3 with the plane C (or R2)
intersecting its equator, which is the unit circle. We will then fix the north
pole N = (0, 0, 1) and see where every line going through this point will
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intersect both the complex plane and the sphere. One can see that every
line which is not parallel to the complex plane will intersect C once and the
sphere twice (counting N). The point q 6= N of intersection on the sphere
will then be associated with the point p of intersection in C.

We will now show how we can create the functions that will make these
associations. We start by showing how to get the point p = (x, y) ∈ R2 from
a point q = (x1, x2, x3) ∈ S2.

p = (0, 0, 1)+t
−→
Nq = (0, 0, 1)+t([x1, x2, x3]−[0, 0, 1]) = (tx1, tx2, t(x3−1)+1)

Since p lies in the xy-plane , we have that

t(x3 − 1) + 1 = 0 ⇐⇒ t =
−1

x3 − 1
=

1

1− x3

and
p =

(
x1

1− x3
,

x2

1− x3
,
x3 − 1

1− x3
+ 1

)
=

(
x1

1− x3
,

x2

1− x3
, 0

)
.

We then define a function P : S2 → Ĉ by

P (x1, x2, x3) =

{
x1+ix2
1−x3 , (x1, x2, x3) ∈ S2 \ {N}
∞, (x1, x2, x3) = N.

(2.2)

To show that P is a homeomorphism, we also need the inverse function.

q = (0, 0, 1) + t
−→
Np = (0, 0, 1) + t([x, y, 0]− [0, 0, 1]) = (tx, ty, 1− t)

Since q is on the unit sphere, we have that

(tx)2 + (ty)2 + (1− t)2 = 1 ⇐⇒

(tx)2 + (ty)2 + 1− 2t+ t2 = 1 ⇐⇒
t2(x2 + y2 + 1) = 2t.

We have one solution when t = 0 but that would imply that q = N so the
other solution will be given by:

t =
2

x2 + y2 + 1
.

We then have that

q =

(
2x

x2 + y2 + 1
,

2y

x2 + y2 + 1
, 1− 2

x2 + y2 + 1

)
or, equivalently,

q =

(
2x

x2 + y2 + 1
,

2y

x2 + y2 + 1
,
x2 + y2 − 1

x2 + y2 + 1

)
.
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We define the inverse of P by

P−1(x+ iy) =

(
2x

x2 + y2 + 1
,

2y

x2 + y2 + 1
,
x2 + y2 − 1

x2 + y2 + 1

)
. (2.3)

Now we need to show that this is actually the inverse function.

P
(
P−1(x+ iy)

)
=

2x
x2+y2+1

1− x2+y2−1
x2+y2+1

+ i

2y
x2+y2+1

1− x2+y2−1
x2+y2+1

=

2x
x2+y2+1

x2+y2+1−x2−y2+1
x2+y2+1

+ i

2y
x2+y2+1

x2+y2+1−x2−y2+1
x2+y2+1

=
2x

2
+ i

2y

2
= x+ iy

Now the other way.

P−1 (P (x1, x2, x3)) =
1

x21+x22+(1−x3)2

(1−x3)2

(
2x1

1− x3
,

2x2

1− x3
,
x2

1 + x2
2 − (1− x3)2

(1− x3)2

)

=
1

1−x3
x21+x22+(1−x3)2

(1−x3)2

(
2x1, 2x2,

x2
1 + x2

2 − (1− x3)2

1− x3

)

The point (x1, x2, x3) lies in S2, so x2
1 + x2

2 + x2
3 = 1 and x2

1 + x2
2 = 1− x2

3.

P−1(P (x1, x2, x3)) =
1

2−2x3
1−x3

(
2x1, 2x2,

1− x2
3 − 1 + 2x3 − x2

3

1− x3

)
=

1

2

(
2x1, 2x2,

2x3(1− x3)

1− x3

)
= (x1, x2, x3)

This shows that the functions are inverses of each other.
We know that the binary operations addition and multiplication are con-

tinuous functions from R2 to R in their standard topologies. This knowledge
together with Lemma 2.2.12 gives us that both P and P−1 are contimu-
ous functions. We then have that P is a continuous bijective function with
continuous inverse and is therefore a homeomorphism between S2 and Ĉ.
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Chapter 3

The single-valued root function

In Example 2.1.1 and 2.1.2 we saw that the complex square root function is
multivalued and we also saw some problems related to that. We will now
formulate an idea by Bernhard Riemann on how we can solve these problems.

To understand his solution, we first need to see what happens when you
apply the square function z2 to the unit circle. From the following relation

z2 = |z|2e2i arg(z) (3.1)

we can see that squaring a point on the unit circle will only double the angle
of the point since the radius will still be the same. Say that we start at the
point 1 and then apply (3.1) to every point along the upper half of the unit
circle. For every point, the angle will double so when we are getting close to
−1 we will have an angle close to 2π. That means that in the plane of the
range of z2, we will have generated a whole unit circle by only going around
half of it in our domain. If we then continue walking around the circle in our
domain from the point −1, we will see that the same thing happens again.
In other words, applying z2 to the unit circle will generate two whole unit
circles.

One can see that the same thing will happen on any circle centered at 0,
but the radius of the points will also be squared. With this observation we
can then generalise to the Riemann sphere since it consists of all these circles
and also the points 0 and ∞. Applying z2 would then almost generate two
whole Riemann spheres, except that the points 0 and ∞ would only have
unique points mapping to them.

We can now see that we have a problem if we then want to find an
inverse to z2. For every point on the unit circle, there would be two points
corresponding to it under z2. It would be appropriate to then have some way
of knowing whether we are going around the circle the first or the second
time so that the point could be mapped to either the point corresponding to
it on the upper or lower half of the circle.

This is the idea that Riemann then had: change the domain of our square
root function so that it actually lived on two Riemann spheres. The spheres
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would have to be connected in such a way so that when walking around the
first one, we would jump on to the second one when the angle is getting close
to 2π and then the same thing when going around the second one. We also
saw that there would have to be unique points for 0 and ∞.

One can visualise this idea in different ways. One way is to look at a
Riemann sphere and then make a cut in it from 0 to∞. On the inside of this
sphere there would be another one. We could then make a cut in the same
way on the second sphere. What is left to do is to then glue them together
in a continuous fashion.

Another way to visualise this is if instead of having the second sphere on
the inside of the first we have them next to each other and make the same
cuts as before. We would then glue them in a similar fashion. Antipova,
Tsih, and Znamenskaya [2] give a good picture of this, which can be seen
in Figure 3.1. Here is where the topology comes in to the picture. When
gluing this way one might see that it is possible that this creation is actually
homeomorphic to a single sphere. This is very interesting and related to the
main focus of this paper.

Figure 3.1: Two cut spheres glued together + with - along the cuts. [2]

So we have now formulated two things we want to accomplish in this
chapter. The first is a single-valued square root function living on some new
domain created out of these spheres. The second is the homeomorphism
from this double sphere to the single sphere.

3.1 Construction of domain and function

The rest of this chapter will be devoted to showing one way of defining this
complex square root function together with its new domain. We will try to
be very descriptive when we do this. The reason for this is that we hope
it will give some intuition for each step shown, which can be helpful when
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reading the rest of the paper. One very important thing to notice in this
chapter is that we will be using a lot of set operations which all have natural
extensions for creating topologies. However, we will here not consider the
sets we use as topological spaces until we explicitly say so. We hope that no
confusion will arise from this.

Defining the domain

To a start we will not consider the double sphere. The reason for this is
that the way we construct the domain it will only have a topology after
the function is defined on it. To then define a complex valued function on
the sphere without having the homeomorphism to Ĉ is a bit complicated.
Instead we will consider two extended complex planes as the domain for our
function. It will be done by taking the cartesian product of Ĉ with the set
{1, 2}. That is

Ĉ× {1, 2}. (3.2)

This could be our domain for the function, but we will see that it will cause
some trouble. For example, the points (0, 1) and (0, 2) are two distinct points
that would be mapped to the origin in Ĉ. The same would happen for the
points at infinity. In other words, our square root function would not be
injective and that is something we want. What we then need to do is to
introduce an equivalence relation on the set in (3.2) so that we can relate
these points with each other. We define ∼Ĉ by

(z, i) ∼Ĉ (w, j)

⇐⇒ (3.3)

(((z, i) = (w, j)) ∨ (z = w = 0) ∨ (z = w =∞))

We can then make a new set which is the quotient of Ĉ × {1, 2} under the
equivalence relation ∼Ĉ. Let

Ĉ2 = Ĉ× {1, 2}/ ∼Ĉ . (3.4)

This will be the proper domain for the root function, since each point in Ĉ
will have a unique correspondence in one of the planes. The unique points
mapping to 0 and ∞ will be the equivalence classes corresponding to them.
Let

0 = {(0, 1), (0, 2)} ∈ Ĉ2, ∞ = {(∞, 1), (∞, 2)} ∈ Ĉ2.

Defining the function

Now that the domain has been properly defined, we can turn the focus to
creating the root function. From our intuition we saw that it would be
appropriate to assign values on the upper half of the complex plane to the
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first one of our planes in Ĉ2 and values on the lower half to the second plane
in Ĉ2. Define r2 : Ĉ2 → Ĉ by

r2(z, k) =



√
|z|ei arg(z)2 , z ∈ Ĉ \ {0,∞}, k = 1√
|z|ei( arg(z)

2
+π), z ∈ Ĉ \ {0,∞}, k = 2

0, z = 0

∞, z =∞.

(3.5)

With this definition of the square root function we can see a lot of good
properties. Consider the following disjoint sets:

CIm+ = {w ∈ C : Im(w) > 0},
CIm− = {w ∈ C : Im(w) < 0},
CR+ = {w ∈ C : Re(w) > 0, Im(w) = 0},
CR− = {w ∈ C : Re(w) < 0, Im(w) = 0},
C+ = CIm+ ∪ CR+ ,

C− = CIm− ∪ CR− .

(3.6)

We then have that
C \ {0} = C+ ∪ C−.

It is now possible to see that, because of how we defined our function r2, for
each point in either C+ or C− there will exist a unique point corresponding
to it under r2. That is

if w ∈ C+ ∃! p = (w2, 1) ∈ Ĉ2 : r2(p) = w, or

if w ∈ C− ∃! p = (w2, 2) ∈ Ĉ2 : r2(p) = w.

There are also unique points mapping to 0 and ∞, since

if w = 0 ∃! p = 0 ∈ Ĉ2 : r2(p) = w

if w =∞ ∃! p =∞ ∈ Ĉ2 : r2(p) = w

From
Ĉ = C+ ∪ C− ∪ {0,∞},

we can then see that for each point in Ĉ there exists a unique point in Ĉ2

mapping to it under r2 and that makes our root function bijective. More
formally, (

∀w ∈ Ĉ ∃!p ∈ Ĉ2 : r2(p) = w
)
⇒ r2 is bijective.

Now that we have proved that the function r2 is bijective. This is in fact
our single-valued square root function defined on Ĉ2.
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3.2 Preimage topology

It is important to notice that so far we have not actually defined a topology
on Ĉ2. There are of course multiple ways to define one and we will here do
it by using a proposition from topology that gives us very useful properties
for our function r2.

Proposition 3.2.1. Let f : X → (Y, TY ) be a function where X is a set and
(Y, TY ) a topological space. Then the collection

TX = {f−1(U) : U ∈ TY }

is a topology on X and f : (X, TX)→ (Y, TY ) is a continuous function. We
call this the preimage topology.

Proof. Let V and Vn = {Uk}nk=1 be two collections of open sets in TY .(
f−1(∅) = ∅ ∧ f−1(Y ) = X

)
⇒ (T1)

f−1
(⋃

V
)

=
⋃{

f−1(U) : U ∈ V
}
⇒ (T2)

f−1

 ⋂
Uk∈Vn

Uk

 =
⋂

Uk∈Vn
f−1(Uk)⇒ (T3)

TX is then a topology. f is easily seen as continuous since each f−1(U) is
open by definition.

We will also need a lemma from topology which is related to this propo-
sition.

Lemma 3.2.2. Let f : X → (Y, TY ) be a function and define a topology on
X by

TX = {f−1(U) : U ∈ TY }.
If f is bijective, then f : (X, TX)→ (Y, TY ) is a homeomorphism.

Proof. From Proposition 3.2.1 we have that f is continuous. What is left to
prove is that f−1 is continuous. Let V ∈ TX .

V ∈ TX ⇒ ∃U ∈ TY : V = f−1(U)

Since f is bijective we have

(f−1)−1(V ) = f(V ) = f(f−1(U)) = U ∈ TY

which shows that f−1 is continuous. We then have that f is bijective, contin-
uous and f−1 is continuous, which implies that f is a homeomorphism.
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The way we will define the topology on Ĉ2 is then by using Proposition
3.2.1. That is, the open sets in Ĉ2 will be the preimages of open sets in Ĉ
under the “square root” function r2.

TĈ2
= {r−1

2 (U) : U ∈ TĈ}

It might not be so easy to see what an open set in this topology looks like,
so describing open neighbourhoods is of importance.

If we look at some open neighbourhood contained in CIm+ or CIm− (as
defined in (3.6)) and take the preimage of that set, then the resulting set
will be fully in Ĉ× {1} or Ĉ× {2} respectively. If the open neighbourhoods

Ĉ× {1}

Ĉ

Ĉ× {2}

r−1
2 (U)

U

V

r−1
2 (V )

Figure 3.2: The preimage of two typical open sets in Ĉ.

instead intersect either CR+ or CR− , then the resulting preimage will be split
up between both Ĉ× {1} and Ĉ× {2} as shown in the next figure.

Ĉ× {1}

Ĉ

Ĉ× {2}

r−1
2 (U)

r−1
2 (U)

U

Figure 3.3: The preimage of a typical open set in Ĉ.

The last case will be if the open neighbourhood contains either 0 or ∞.
This is a very interesting case, because the preimage of such a set will be
split up as in the previous case but the sets in each plane will look the same.
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The reason for this is the equivalence relation we used to define Ĉ2, so points
close to 0 or ∞ has to be points close to those points in both the planes.

Ĉ× {1}

Ĉ

Ĉ× {2}
U

r−1
2 (U)

r−1
2 (U)

Figure 3.4: The preimage of a typical open set in Ĉ.

Diagram of Homeomorphisms

Now that we have properly defined a topology on Ĉ2, we can return to the
square root function r2. What we know about it so far is that its bijective,
single-valued and we used it to induce the topology on Ĉ2. If we remember
Lemma 3.2.2, then we see that r2 fulfills all the hypotheses so that r2 is a
homeomorphism between Ĉ2 and Ĉ. If we look at the diagram in Figure 3.5,
we see that there exists a homeomorphism between Ĉ2 and S2.

Ĉ2

r2
Ĉ

S2

P

Figure 3.5: Diagram of homeomorphisms.

What we now want is to construct a double sphere, which we will call S2
2,

and see if it is homeomorphic to S2. We know that there exists a relation
between the single sphere and single plane, so it is natural to check if that
is also the case between the double sphere and double plane.
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Ĉ2

r2
Ĉ

S2

P?

S22

Figure 3.6: Incomplete diagram of homeomorphisms.

3.3 Construction of a double sphere

To construct this double sphere S2
2 we will go through the same process as

we did when creating Ĉ2. That is, we make a space consisting of two spheres
by using a cartesian product.

S2 × {1, 2}
Since we want to somehow relate this double sphere to our square root func-
tion, then we also need to create a relation ∼S2 that associates both the
south poles with each other and both the north poles with each other. Why
we choose these points is because they correspond to the points 0 and ∞
under the stereographic projection P we showed in (2.2).

(p, n) ∼S2 (q,m)

⇐⇒
(((p, n) = (q,m)) ∨ (p = q = (0, 0,−1)) ∨ (p = q = (0, 0, 1)))

One can check that this is in fact an equivalence relation. S2
2 is then defined

as the quotient of S2 × {1, 2} under the relation ∼S2 .

S2
2 = S2 × {1, 2}/ ∼S2 (3.7)

We define the unique south pole S and unique north pole N by

S = {((0, 0,−1), 1) , ((0, 0,−1), 2)}, N = {((0, 0, 1), 1) , ((0, 0, 1), 2)}.

Double stereographic projection

What is now left is to see if there is a relation between S2
2 and Ĉ2. We do

this by creating a function Q : S2
2 → Ĉ2 that is related to the function P . Q

will then be defined by

Q(p, k) =


(P (p), 1), k = 1, p ∈ S2 \ {N,S}
(P (p), 2), k = 2, p ∈ S2 \ {N,S}
0, p = S

∞, p = N.

(3.8)
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Since the function P is bijective on S2, then that will still hold when restricted
to S2 \ {N,S}. So Q restricted to (S2 \ {N,S}) × {1} is a bijection and Q
restricted to (S2 \ {N,S}) × {2} is also a bijection. The two sets and their
corresponding ranges under Q are disjoint, so we have that Q restricted to
S2

2 \ {N,S} is a bijection as well. What is left is then the points N and S.
The way Q is defined, these two points already correspond to one point each,
so that Q : S2

2 → Ĉ2 is bijective.

Topology on S2
2

It is not possible yet to see if S2
2 is homeomorphic to Ĉ2 since our double

sphere does not yet have a topology defined on it. The way we constructed
S2

2 was the same as Ĉ2 and that will be the case for the topology as well.
The topology TS22 on S2

2 is the one generated by preimages of open sets
in Ĉ2 under Q using Proposition 3.2.1.

TS22 = {Q−1(U) : U ∈ TĈ2
}

The open neighbourhoods in this topology will very much behave like the
ones in Ĉ2 but the place where they split between the two spheres will
be on the lines corresponding to the positive real lines under Q. Open
neighbourhoods about 0 and∞ will also have corresponding parts about the
poles on both spheres.

We now have that Q is bijective and generates the topology on S2
2, so

Lemma 3.2.2 gives us that

Q : (S2
2, TS22)→ (Ĉ2, TĈ2

)

is a homeomorphism and that is all we needed to complete our diagram of
homeomorphisms.

Ĉ2

r2
Ĉ

S2

PQ

S22 R

Figure 3.7: Complete diagram of homeomorphisms

By the transitivity of homeomorphisms we can then create a new home-
omorphism R between S2

2 and S2. That means that our double sphere is
homeomorphic to a single sphere. With the help of the functions Q and
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r2 we can properly define a single-valued square root function on S2
2. The

function R : S2
2 → S2 will be defined by

R(s) = (P−1 ◦ r2 ◦Q)(s).
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Chapter 4

Higher degree root functions

All of the ideas presented in Chapter 3 can be generalised and we will here
show how this can be done. The problems presented for the complex square
root function also exist for higher degree complex root functions. They are
different in one way, which is that when

zn = |z|nei(n arg(z))

maps the unit circle to itself it will not only go around twice, but n times. To
use the same idea for creating a single-valued nth degree root function, we
would need a domain constructed from not only 2 but n Riemann spheres.

4.1 Generalised domain and function

We will begin by considering the following set

Ĉ× {1, 2, . . . , n}

and then define a relation ∼Ĉn on it by

(z, i) ∼Ĉn (w, j) ⇐⇒ (((z, i) = (w, j)) ∨ (z = w = 0) ∨ (z = w =∞))

which is the same as in (3.3) but on a different set. We can then define our
domain as

Ĉn =
(
Ĉ× {1, 2, . . . , n}

)
/ ∼Ĉn . (4.1)

As before, this set will not be considered as a topological space yet. We will
also make the convention to name the equivalence classes corresponding to
0 and ∞, that is

0 = {(0, 1), (0, 2), . . . , (0, n)} ∈ Ĉn, ∞ = {(∞, 1), (∞, 2), . . . , (∞, n)} ∈ Ĉn.
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We now have everything that is needed to define the generalised root
function. Let rn : Ĉn → Ĉ be defined as

rn(z, k) =



√
|z|ei arg(z)n , z ∈ Ĉ \ {0,∞}, k = 1√
|z|ei

(
arg(z)+2π

n

)
, z ∈ Ĉ \ {0,∞}, k = 2

...√
|z|ei

(
arg(z)+(n−1)2π

n

)
, z ∈ Ĉ \ {0,∞}, k = n

0, z = 0

∞, z =∞.

(4.2)

The following proposition will give us some useful properties.

Proposition 4.1.1. The function rn is bijective. Furthermore, if Ĉn is
given the preimage topology under rn, then it is homeomorphic to Ĉ.

Proof. First we show that rn is bijective. We will do so by considering the
sets

C∗1 =

{
z ∈ C \ {0} : 0 ≤ Arg(z) <

2π

n

}
,

C∗2 =

{
z ∈ C \ {0} :

2π

n
≤ Arg(z) <

4π

n

}
,

...

C∗n =

{
z ∈ C \ {0} : (n− 1)

2π

n
≤ Arg(z) < 2π

}
.

We can then see that

if w ∈ C∗1 ∃! p = (wn, 1) ∈ Ĉn : rn(p) = w, or

if w ∈ C∗2 ∃! p = (wn, 2) ∈ Ĉn : rn(p) = w, or
...

if w ∈ C∗n ∃! p = (wn, n) ∈ Ĉn : rn(p) = w, or

if w =∞ ∃! p =∞ ∈ Ĉn : rn(p) = w, or

if w = 0 ∃! p = 0 ∈ Ĉn : rn(p) = w.

Since

Ĉ =

 n⋃
j=1

C∗j

 ∪ {0,∞}
we have that(

∀w ∈ Ĉ ∃!p ∈ Ĉn : rn(p) = w
)
⇒ rn is bijective.
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Next up is the homeomorphism, which is given when applying Lemma 3.2.2.

We are then done with rn and can shift our focus to the spheres. The
procedure is the same, so we start of with the set

S2 × {1, 2, . . . , n}

and define a relation ∼S2n by

(z, i) ∼S2n (w, j) ⇐⇒ (((z, i) = (w, j)) ∨ (z = w = S) ∨ (z = w = N)) .

The new set will then be

S2
n = (S× {1, 2, . . . , n}) / ∼S2n (4.3)

and it will not be a topological space yet. Now we generalise the function Q
from (3.8) by defining Qn : S2

n → Ĉn

Qn(p, k) =



(P (p), 1), k = 1, p ∈ S2 \ {N,S}
(P (p), 2), k = 2, p ∈ S2 \ {N,S}
...
(P (p), n), k = n, p ∈ S2 \ {N,S}
0, p = S

∞, p = N

(4.4)

where P is the function defined in (2.2). To show that Qn is bijective, we will
use the same arguments as with Q. That is, P is bijective when restricted
to S2 \ {N,S} so that Qn is bijective when restricted to

(
S2 \ {N,S}

)
×{k}

for each k ∈ {1, 2, . . . , n}. We also have that the images under Qn for each
such set are all pairwise disjoint, so that Qn is then bijective when restricted
to S2

n \ {N,S}. For N and S we also have unique points, which then gives
us that Qn is bijective. The following theorem will conclude our discussion
for this chapter.

Theorem 4.1.2. If S2
n is given the preimage topology under Qn, then it is

homeomorphic to S2.

Proof. Since Qn is bijective, we can use Lemma 3.2.2 to show that it is a
homeomorphism. Let rn and P be defined as in (4.2) and (2.2), respectively.
Since they are homeomorphims, then from transitivity we have that

P−1 ◦ rn ◦Qn : S2
n → S2

is also a homeomorphism.
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Chapter 5

Cutting and pasting

In this part we will again consider the problem of constructing the domain
for the square root function which was presented in Chapter 3. The way we
previously did this was by first creating some domain without considering
it as a topological space until we had defined the function on it. That way
of creating a topology kind of forces the continuity onto the function which
then gives us the homeomorphism to the sphere. This is not particularly
interesting when our main focus is to look at the topological spaces. One
good thing to notice is that we create our domain from spheres, which are
well studied objects. This gives us a good starting point for creating a
topological space that preserves everything nice about the sphere. That will
be our main goal for this chapter. We want the reader to recall Figure 3.1.
This is a good image to have in mind while reading this chapter.

5.1 Gluing spheres

We will now describe a process where we cut open two spheres, paste back
almost the same parts which were lost in the cutting and then finally we
glue the two spheres together. All of this while preserving the underlying
topological structure. To do this we will consider multiple subspaces of R3

in several different spherical coordinates. That is, whenever we mention any
indexed R3 it will be considered to consist of points (r, ϕ, θ) where

r ∈ [0,∞), θ ∈ [0, π],

and ϕ will be exactly one of the following:

ϕa ∈ [0, 2π), or ϕ∗a ∈ (0, 2π], or ϕb ∈ [2π, 4π), or ϕ∗b ∈ (2π, 4π].

It will be clear which type of coordinates are considered for each new space
introduced. One can see that with these coordinates, the points lying on
the line where θ ∈ {0, π} are not uniquely determined. We will adopt the
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convention that these points all have the angle ϕ which is the smallest mul-
tiple of 2π, depending on which spherical coordinates are considered for the
given space. Since the topological structures are of interest, it is of course
important to state that the topology for each subspace introduced will be
the subspace topology relative to R3 in the standard topology.

To begin, we consider a single sphere

S2
a = {(r, ϕa, θ) ∈ R3

a : r = 1}.

Now we want to cut off a part of this sphere, but we want to do this in a
way so that we still have a boundary left on the remaining subspace. One
way to do this is the following:

Ŝ2
a = S2

a \
{

(r, ϕa, θ) ∈ S2
a : ϕa ∈

(
7π

4
, 2π

)
∪
[
0,
π

4

)}
.

Then we consider two new spaces Da1 and Da2 , which are subspaces of two
different spaces R3

a1 and R3
a2 . We define them as

Da1 =

{
(r, ϕ∗a, θ) ∈ R3

a1 : r = 1, ϕ∗a ∈
[

7π

4
, 2π

]}
,

Da2 =
{

(r, ϕa, θ) ∈ R3
a2 : r = 1, ϕa ∈

[
0,
π

4

]}
.

z

xx

yy

Ŝ2a

z

xx

yy

Da2

z

xx

yy

Da1

Figure 5.1: Sphere cut open and two subsets of different spheres.

If we compare these two sets to the part which we removed from S2
a, then

we can see that they are almost the same except that we have cut it in half
and added boundaries. We now want to glue Da1 and Da2 onto S2

a. This will
be done by creating a new topological space using the disjoint union between
these sets and then define an equivalence relation on it. That is, we form
the space

Ŝ2
a tDa1 tDa2 . (5.1)

30



We recall that open sets here are either open in one of the three sets or
unions of such sets. Next we define an equivalence relation on (5.1) by

(r1, ϕ1, θ1) ∼A (r2, ϕ2, θ2) ⇐⇒ ((r1 = r2) ∧ (θ1 = θ2) ∧ (ϕ1 = ϕ2)),

which gives us our final space

S̃2
A =

(
Ŝ2
a tDa1 tDa2

)
/ ∼A .

The definition of ∼A is so simple that it is easy to miss what it actually does.
The only points which are not only related to themselves are the ones for
which ϕ ∈

{
π
4 ,

7π
4

}
or θ ∈ {0, π}. This means that we have glued some of

the boundaries together. The topology for S̃2
A will be the quotient topology

under the relation ∼S2A
. This space is almost the sphere we started with, at

least when viewed as a set. The difference is that we have formed an opening
on the sphere with boundaries along it.

To make it easier for the reader, we now want to describe a typical open
set in this space. We recall Definition 2.2.9 and we let

pA : Ŝ2
a tDa1 tDa2 → S̃2

A

be the canonical surjection. We also note that a point in S̃2
A is an equivalence

class under ∼A. This makes it so that a point in S̃2
A is either a one, two or

three point set. Two point sets are points such that ϕ ∈
{
π
4 ,

7π
4

}
, θ /∈ {0, π},

three points sets are points with either θ = 0 or θ = π and one point sets are
the remaining ones. A typical open sets in this space can therefore be divided
into three different types. The most simple one is if the set only contains
one point sets. The preimage under pA of such a set would be an open set
in (5.1) which does not intersect any of the boundaries on which we glued.
That is, ϕ /∈

{
π
4 ,

7π
4

}
for any of the points in the preimage. The second type

would consist of one and two point sets. This is the case when the preimage
under pA contains points for which ϕ ∈

{
π
4 ,

7π
4

}
but θ /∈ {0, π}. Intuitively,

this means that the boundaries of the open sets in the preimage have been
glued together into two point sets but it does not contain the north or south
pole. The third type would be an open set which contains one, two and three
point sets. This type of open set looks a lot like the second type, except that
the preimage contains all three points which have the same angle θ = 0 or
θ = π.

This concludes the first part of our process. We now turn to look at
another sphere

S2
b = {(r, ϕb, θ) ∈ R3

b : r = 1}
and do exactly the same thing to it.

Ŝ2
b = S2

b \
{

(r, ϕb, θ) ∈ S2
b : ϕb ∈

(
15π

4
, 4π

)
∪
[
2π,

9π

4

)}
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Db1 =

{
(r, ϕ∗b , θ) ∈ R3

b1 : r = 1, ϕ∗b ∈
[

15π

4
, 4π

]}
Db2 =

{
(r, ϕb, θ) ∈ R3

b2 : r = 1, ϕb ∈
[
2π,

9π

4

]}
Ŝ2
b tDb1 tDb2

(r1, ϕ1, θ1) ∼B (r2, ϕ2, θ2) ⇐⇒ ((r1 = r2) ∧ (θ1 = θ2) ∧ (ϕ1 = ϕ2))

The topologies for each step will be given in the exact same way as we
described before, which leaves us with a final quotient space

S̃2
B =

(
Ŝ2
b tDb1 tDb2

)
/ ∼B

and define
pB : Ŝ2

b tDb1 tDb2 → S̃2
B

to be the canonical surjection. The typical open sets are much like the ones
in S̃2

A except that the angles ϕ have been shifted by +2π.
We now have two spaces S̃2

A and S̃2
B. One good thing to notice is that

we can define new coordinates

ϕA ∈ [0, 2π], ϕB ∈ [2π, 4π]

and then describe S̃2
A and S̃2

B by

S̃2
A = {(r, ϕA, θ) : r = 1},

S̃2
B = {(r, ϕB, θ) : r = 1}.

The small but very important difference from a unit sphere is that

(1, 0, θ0) 6= (1, 2π, θ0) on S̃2
A

and
(1, 2π, θ0) 6= (1, 4π, θ0) on S̃2

B

unless θ0 ∈ {0, π}. These points will be essential for our last step here, which
is that of gluing these 2 spaces together. Another important property of S̃2

A

is that all of its points with ϕA /∈ {0, 2π} can via construction be identified
as the subset of S2 with ϕa 6= 0. We will call this subset of S̃2

A its interior.
This identification makes it so that open sets in the interior of S̃2

A are exactly
open sets on S2. The same is of course true for S̃2

B except that the points
not included are such that ϕB /∈ {2π, 4π}, which will be called the interior
of S̃2

B. Once again, we consider a new topological space. This time it will be
the disjoint union between S̃2

A and S̃2
B,

S̃2
A t S̃2

B
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and we define the equivalence relation

(r1, ϕ1, θ1) ∼S2AB
(r2, ϕ2, θ2)

⇐⇒
((r1 = r2) ∧ (θ1 = θ2) ∧ ((ϕ1 = ϕ2) ∨ (ϕ1, ϕ2 ∈ {0, 4π}))).

What this relation does is that it relates the points (1, 2π, θ) ∈ S̃2
A to the

points (1, 2π, θ) ∈ S̃2
B and the same for the points (1, 0, θ) ∈ S̃2

A, (1, 4π, θ) ∈
S̃2
B.

S̃2A S̃2B

Figure 5.2: Spheres with boundaries.

We can then define the quotient space

S2
AB =

(
S̃2
A t S̃2

B

)
/ ∼S2AB

and the canonical surjection

pAB : S̃2
A t S̃2

B → S2
AB.

A typical open set in S2
AB is one which has a preimage under pAB that

consists of open sets in S̃2
A and S̃2

B that have been glued together where
ϕ ∈ {0, 2π, 4π}. We define a new coordinate

ϕAB ∈ [0, 4π)

which gives us a way to describe S2
AB. That is,

S2
AB = {(r, ϕAB, θ) : r = 1}.

So, intuitively, what we have done is that we have doubled the amount of
angles ϕ from a sphere.

Theorem 5.1.1. S2
AB is homeomorphic to S2.
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Proof. We define a function f : S2
AB → S2 by

f(r, ϕAB, θ) =
(
r,
ϕAB

2
, θ
)

and note that it is bijective since it maps the angles [0, 4π) into [0, 2π).
Further, we consider the sets

Dα1 =
{

(r, ϕa, θ) ∈ S2 : ϕa ∈
[
0,
π

8

]}
,

Ŝ2
α =

{
(r, ϕa, θ) ∈ S2 : ϕa ∈

[π
8
, π − π

8

]}
,

Dα2 =
{

(r, ϕa, θ) ∈ S2 : ϕa ∈
[
π − π

8
, π
]}

,

Dβ1 =
{

(r, ϕa, θ) ∈ S2 : ϕa ∈
[
π, π +

π

8

]}
,

Ŝ2
β =

{
(r, ϕa, θ) ∈ S2 : ϕa ∈

[
π +

π

8
, 2π − π

8

]}
,

Dβ2 =
{

(r, ϕa, θ) ∈ S2 : ϕa ∈
[
2π − π

8
, 2π
)
∪ {0}

}
,

and see that
S2 = Dα1 ∪ Ŝ2

α ∪Dα2 ∪Dβ1 ∪ Ŝ2
β ∪Dβ2 .

If we look at these sets under the preimage of f , then we will see that each
one looks much like exactly one of the following : Da1 , Ŝ2

a, Da2 , Db1 , Ŝ2
b or

Db2 . Now to see that f is continuous. Let U ∈ TS2 , then U can be written as

U = (U∩Dα1)∪(U∩Ŝ2
α)∪(U∩Dα1)∪(U∩Dβ1)∪(U∩Ŝ2

β)∪(U∩Dβ2). (5.2)

From the definition of a subspace topology, we have that each element in
this union is open in its corresponding subspace. If we now look at f−1(U),
we can see that it can be split up in the same way as in (5.2). Each such
set would be open, since its preimage under pAB is open. For example,
f−1(U ∩ Dα1) would be open since its preimage under pAB is open in S̃2

A

which in turn has a preimage under pA which is open in Da1 . Since f−1(U)
is a union of such sets, it is open and therefore f is continuous.

To see that f−1 is continuous, we consider an open set V in S2
AB which

has a preimage under pAB that lies entirely in the interior of S̃2
A or S̃2

B. We
have already noted that such sets in the interior can be identified with open
sets on S2 which is true for V as well. The set f(V ) is therefore a contraction
in the ϕ coordinate of an open set in S2. This is open since the contraction
is continuous on S2.

Next, we consider an open set V in S2
AB which contains points such that

ϕAB = 0 but ϕAB 6= 2π. Such a set can be written as

V = VA ∪ V0 ∪ VB
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where VA, VB are open and have preimages under pAB that lie entirely in
the interior of S̃2

A or S̃2
B. We then have that f(VA) and f(VB) are open in

S2. Further, we have that
V0 = f−1(W )

where W is an open set in S2. Such a set exists since we can always find
sufficiently small open elliptical neighbourhoods in S2 that intersects the set
where ϕa = 0 on the same points that f(V ) does. Since f is continuous, V0

is open. We then have that

f(V ) = f(VA) ∪ f(V0) ∪ f(VB) = f(VA) ∪W ∪ f(VB)

is a union of three open sets and therefore open. The same arguments can
be applied for the case where V is an open set which contains points such
that ϕAB = 2π. The only difference is that the set W would be an open
elliptical neighbourhood that intersects the set where ϕa = π on the same
points that f(V ) does.

These are all the possible cases for the open set V , so that f(V ) is open
in S2. This makes f−1 continuous and f is therefore the homeomorphism we
are looking for.
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Chapter 6

Graph of a function

We will here present a very simple and straightforward method for obtaining
the Riemann surface for functions that are the inverse of some function in
Ĉ. It will be done by considering a subset of Ĉ × Ĉ which we will call the
graph of the function. As before, we will not look at this space as an actual
Riemann surface or a space with some complex structure but as a topological
space and then look at some homeomorphic space that is easy to understand.
The simple thing about this method is that the graph will already have a
topology defined on it since it is a subspace of another topological space. We
will also show a natural way of obtaining this inverse function that lives on
the graph.

6.1 Definition of a graph

Definition 6.1.1. Let f : X → Y be a function. The graph of f is a set Γf
defined by

Γf = {(x, y) ∈ X × Y : y = f(x)}.

Example 6.1.2. Let f : R → R be defined by f(x) = x2. Then the graph
of f will be

Γf = {(x, y) ∈ R2 : y = x2}.
We can see that the points that lie in Γf are exactly the ones which create
the parabola which is drawn when we want to visualise f .

One can view the graph of a function f as a space that can be used to
make the function not only injective but bijective. From bijectivity we can
also talk about a inverse function. This point of view will be very important
to us. The following proposition will formalise this idea.

Proposition 6.1.3. Let f : X → Y be a function and let Γf be its graph.
Define f̃ : X → Γf by

f̃(x) = (x, f(x)).
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Then f̃ is bijective and its inverse is given by

f̃−1(x, f(x)) = x.

Proof. Since f is a function defined on all of X, the elements of Γf will
consist of pairs (x, y) such that x appears exactly once as the first coordinate
∀x ∈ X. This gives us that f̃ will map any x to the unique element having x
as its first coordinate which makes it injective. Since this is true for all x it
would also mean that f̃ is surjective. Now to check that this is the inverse:

f̃
(
f̃−1(x, f(x))

)
= f̃(x) = (x, f(x)),

f̃−1
(
f̃(x)

)
= f̃−1 (x, f(x)) = x.

Now that we have this function f̃ defined on the graph, it is time to relate
this idea to topology.

Theorem 6.1.4. Let f : (X, TX) → (Y, TY ) be a function. Give the set
X × Y the product topology TX×Y and give Γf the subspace topology TΓf

relative to TX×Y . If f is a continuous function, then f̃ : (X, TX)→ (Γf , TΓf ),

f̃(x) = (x, f(x))

is a homeomorphism.

Proof. From Proposition 6.1.3 we have that f̃ is bijective. Left to prove is
that it is continuous and that it has a continuous inverse. Let V ∈ TΓf , then
from the subspace topology we get that

∃W ∈ TX×Y : V = Γf ∩W.
Since TX×Y is a product topology, we have there exists some U ⊂ TX×Y
such that

W =
⋃
U =

⋃
U

(W1 ×W2)

where W1 ∈ TX and W2 ∈ TY . This gives us that

f̃−1(V ) = f̃−1

(
Γf ∩

(⋃
U

(W1 ×W2)

))

= f̃−1

(⋃
U

Γf ∩ (W1 ×W2)

)
=
⋃
U

f̃−1 (Γf ∩ (W1 ×W2))

=
⋃
U

f̃−1 ({(x, y) ∈ Γf : x ∈W1 & y = f(x) ∈W2})

=
⋃
U

W1 ∩ f−1(W2).
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From (T3) and the continuity of f we see that each element of the union is
open, so (T2) gives us that f̃ is also continuous.

Now for the continuity of the inverse. Let U ∈ TX , then

f̃(U) = {(x, y) ∈ Γf : x ∈ U} = (U × Y ) ∩ Γf

which is open in Γf since U×Y is open inX×Y so that f̃−1 is continuous.

Remark 4. From here on when we talk about the graph as a topological
space, it will always be considered to have the subspace topology.

6.2 Graph as a domain for complex valued func-
tions

To now relate this idea of a graph to our earlier interests in this paper,
we will consider the case when we have a function f : Ĉ → Ĉ. The only
constraint we really need is that it is continuous. The graph gives us a way
to construct an inverse function and a new domain without having to analyse
how the original function behaves when applied to points in the plane or on
the sphere. The following theorem will formulate the main result for this
paper.

Theorem 6.2.1. Let f : Ĉ → Ĉ be a continuous function and let Γf be its
graph. Then Γf is homeomorphic to S2.

Proof. Define f̃ : Ĉ → Γf as in Proposition 6.1.3 using f . From Theorem
6.1.4 we get that f̃ is a homeomorphism. Let P : S2 → Ĉ be defined as
in (2.2), which is also a homeomorphism. Then transitivity gives us that
(f̃ ◦ P ) : S2 → Γf is the homeomorphism we are looking for.

Corollary 6.2.2. Let f : Ĉ→ Ĉ be defined as

f(z) =

{
zn, z ∈ C
∞, z =∞

for some positive integer n. Then Γf is homeomorphic to S2 and f̃−1 : Γf →
Ĉ is the single-valued root function of degree n.

Proof. Since f is continuous, the homeomorphism follows immediately from
Theorem 6.2.1. As for the root function, we consider the definition of f̃−1.
That is

f̃−1(z, f(z)) = f̃−1(z, zn) = z.

Proposition 6.1.3 gave us that f̃−1 is bijective which would mean that it is
single-valued as well.
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Chapter 7

Conclusion

To analyse the results we have presented in this paper, we will split it up
into two categories; complex analysis and topology.

The main results we have presented for complex analysis are given in
Proposition 4.1.1 and Theorem 6.2.1 together with its implications in Corol-
lary 6.2.2. Both Proposition 4.1.1 and Corollary 6.2.2 give us root functions
which are single-valued on their new domains. The good thing about Propo-
sition 4.1.1 is that the function has a definition which is similar to the one
usually considered in complex analysis. This is because we use the branches
of the root function when we create it. The function in Corollary 6.2.2 on
the other hand is a bit more abstract an analysis perspective. Even though
we never studied it closely, Theorem 6.2.1 gives a great way for generalising
the results we have shown for the root function. One could apply it to a
wide variety of functions, for example the function ez is quite interesting. It
is very important to notice that we have not at all analysed any of the prop-
erties for these functions which are of importance within complex analysis.
To give an example, we do not know if they are analytic functions. This was
however never the aim for this paper, but can be interesting to look at for
future studies.

As for topology, the main results are given in Theorem 4.1.2, 5.1.1 and
6.2.1. All three gave us homeomorphisms between abstract spaces and the
unit sphere. It is of course interesting to analyse the methods used leading up
to each theorem. In Chapter 3 we use the functions defined on each new space
to create our topologies. This made each function into a homeomorphism
by construction and did not give us much information about the new space.
In Chapter 5 we wanted to get away from this forced homeomorphism and
we took great care to make sure we had a topological space at each step in
the process. The good thing about this way of creating the domain is that
we were able to preserve the topological properties of the sphere. This was
shown in the form of the homeomorphism in Theorem 5.1.1. The downside
to this method is that it requires much care to details and it can be hard
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to follow for the reader who is new to topology. The most simple method
was given in Chapter 6. What makes it so simple is that it requires very
little effort to state what the topological spaces are. This method also gives
us the most general way of finding spaces homeomorphic to the sphere. In
Theorem 6.1.4 we also present a way for finding a homeomorphism on any
topological space X. For future studies, it can be interesting to look at
ways to generalise the result given in Chapter 5 to spaces that consists of
more than two spheres. We have also made the restriction to only consider
homeomorphisms to the sphere, but Theorem 6.1.4 can be used to look at
continuous functions defined on subsets of the complex plane. This could
lead to a lot of other interesting spaces.
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