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To obtain real-time interactions in the virtual cockpit sys-
tem (VCS), a real-time trajectory generation method based
on dynamical non-linear optimization and regression predic-
tion for the haptic feedback manipulator (HFM) is presented
in this paper. First, a haptic feedback system based on ser-
vo serial manipulator is constructed. Then, the trajectory
planning problem for the HFM is formulated as a non-linear
optimization problem to balance the motion time and power
consumption and ensure the safety of physical human-robot
interactions. Multiple optimization problems are solved to
generate the optimal database off-line. Finally the classi-
fied multivariate regression method is presented to learn the
database and generate optimal trajectories with arbitrary
initial and objective positions on-line. Results show that tra-
jectories with rapidity, safety and lower power consumption
can be generated in real-time by this method, which lay a
basis of haptic interactions in the VCS.

1 Introduction
Virtual cockpit system (VCS) is a flight simulator in

which human-computer interactions are achieved by the vir-
tual reality technology. Owing to the advantages of small-
er size, lower cost and higher flexibility in the structure and
functionality compared with the physical one, the VCS is
meaningful in the flight simulation [1].

Haptic feedback is of great significance for better im-
mersion and interaction in the VCS. However, efforts in this
direction are still very limited [2]. In order to achieve haptic
interaction in the VCS without sacrificing the advantages, a
haptic feedback system based on the servo serial manipula-
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tor is presented. On the basis of the traditional VCS, a ser-
vo serial manipulator (called haptic feedback manipulator,
HFM) is placed in front of the user. A concise control pan-
el equipped with different kinds of buttons are linked with
the end-effector of the HFM. The HFM tracks the hand and
brings the corresponding button to the objective position the
user operates with to provide haptic feedback.

To achieve the interaction between user’s hand and the
HFM, trajectory planning and generation for the HFM ac-
cording to the hand motion is required, which provide the
command to actuate the HFM. Three key problems are re-
quired to be solved:

Physical human-robot interaction (pHRI) safety. In
haptic feedback applications, the HFM and user’s hand
work in a shared workspace and are required to contact
directly. Thus, the parameters of the workspace, kine-
matics and dynamics of the HFM should be limited to
ensure the safety of the user.
Optimal trajectory planning. In the course of haptic
feedback, the HFM is required to reach the objective
configuration quickly with low power consumption, and
ensure the safety of pHRI. Therefore, we would like to
take the above factors into consideration to seek for op-
timal trajectories.
Real-time trajectory generation. When the haptic
feedback system works, as the hand moves, the trajecto-
ry need to be re-calculated according to the variation of
predicted interacting configuration. In one update peri-
od, the system predicts the new interacting configuration
and accordingly updates the trajectory. Thus, one trajec-
tory generation needs to be done in one update period to
ensure the real-time performance.



First, considering the pHRI, we present a safety strate-
gy by establishing motion limitations of the HFM. Secondly,
non-linear optimization problem is established and solved to
obtain the optimal trajectories, in which the objective func-
tion is constructed to balance the motion time and the pow-
er consumption, and the constraints are constructed accord-
ing to the mechanical limits and the safety of pHRI. Finally,
database of optimal trajectories is created off-line and new
optimal trajectories according to the new inputs are generat-
ed on-line by regression and prediction.

2 Related Work
2.1 Haptic feedback in VCSs

To achieve haptic feedback in VCS, Semi-Virtual Real-
ity Cockpit solution [3] is proposed based on the principle
that “Seeing is virtual and touching is believing”. Haptic
feedback is achieved by employing a 1:1 control panel, but
advantages of the VCS are sacrificed due to the large size
and poor flexibility. Another VCS scheme was developed
by STRICOM with haptic feedback achieved by the TOPIT
(Touched Objects Positioned in Time) technology [4, 5]. A
mechanical system equipped with various kinds of buttons
is placed in front of the user. When user’s hand moves, the
servo system brings the desired button to the position the us-
er aims at to provide haptic feedback. The control panel is
simplified and different kinds of control panels can be sim-
ulated only by changing software. However, the mechanical
system is still large. Moreover, the buttons can only move in
a 2-Dimention plane area so that interactions in 3-Dimension
space are hardly achieved.

We improve the TOPIT scheme by employing a serial
manipulator as the HFM, which can achieve the 3-Dimension
movement with smaller size, larger workspace and better
flexibility.

2.2 Trajectory planning and generation
The traditional point-to-point trajectory planning is s-

tarted from interpolation-based methods, such as polynomi-
al interpolation [6, 7] and B-spline interpolation [8, 9]. In
general, pure interpolation-based methods are able to ac-
complish required tasks, but unable to achieve the optimal
performance in specific aspects. To obtain optimal trajecto-
ries, some trajectory planning methods are presented based
on non-linear optimization [10, 11]. Non-linear optimiza-
tion problem is constructed with optimal objectives based on
time, energy and power consumption. Constraints such as
mechanical structure, time and obstacle avoidance [12] are
considered as well. Von Stryk et al. investigated the non-
linear optimization with three separated criterions of mini-
mum time, minimum energy and minimum power consump-
tion and solved it by a numerical method of combining a
direct collocation and an indirect multiple shooting method
[13]. Chettibi et al. presented the optimal planning prob-
lem tried to find the trade-off between time, energy and pow-
er consumption and solved it by the Sequential Quadratic
Programming (SQP) method [14]. However, all aforemen-

tioned optimization-based methods are not real-time due to
the complex computation of the non-linear optimization.

The non-linear optimization is likely to get stuck in lo-
cal minimum and will be required to be calculated with mul-
tiple initial guesses to obtain the global minimum. Due to
the large amount of calculations, it is hard to achieve on-line
computation. Therefore, quickly computing for the global
minimum is still challenging. To generate trajectories in real-
time, a promising method is learning with previous data to
reduce the on-line computation time. Pan et al. proposed a
machine learning approach to predict the qualities of initial
guesses [15]. Jetchev et al. proposed a trajectory prediction
method, employing the previous data to establish the map
from inputs to outputs by machine learning and predicting
new outputs according to new inputs [16]. Hauser consider-
s more general context of nonlinear optimization problems
and establishes conditions on how many samples are needed
to achieve a given approximation quality [17]. Lampariello
et al. [18] and Werner et al. [19] use the trajectory prediction
methods to solve the on-line trajectory planning problem, but
limit to the cases with a fixed initial configuration of the tar-
get trajectory.

In this paper, we combine the trajectory planning
method based on non-linear optimization and the calculation
method for global optimization based on machine learning,
and then extend them into the haptic feedback application
in the VCS. Non-linear optimization problem is constructed
according to the principle of power consumption optimiza-
tion and the safety of pHRI. Furthermore, the classical re-
gression methods are modified by classifying the input vari-
ables, which are always complex in the motion planning of
the HFM, to achieve trajectory generation with arbitrary ini-
tial and final configurations.

3 Haptic feedback system based on servo serial manip-
ulator

3.1 Haptic feedback system
A haptic feedback system for the VCS based on the ser-

vo serial manipulator is constructed in this paper. As shown
in Fig. 1, it consists of HFM, motion tracking sensors and
computers. The HFM is essentially a servo serial manipula-
tor, which is detailed in Section 3.2. A concise control pan-
el equipped with various kinds of buttons, such as pressing
button, rotating button and sliding button, is linked with the
end-effector of the HFM to provide haptic feedback to users.
Each button is used to simulate all the buttons of the same
type in the real cockpit to simplify the control panel. Motion
tracking sensors are equipped in front of the user and used
to collect the motion data such as position and orientation of
the hand based on vision. Computers work to perform hand
trajectory prediction, trajectory planning and control for the
HFM.

The work flow is shown in Fig. 2. When user’s hand
moves, hand motion data are measured by tracking sensors,
and then processed by computers to predict the hand trajec-
tory and determine the interacting time tc and the interact-
ing point pc. Trajectory planning is performed and the HFM
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Fig. 1. Components of haptic feedback system based on servo serial manipulator
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Fig. 2. Work flow of haptic feedback system

(a) Haptic feedback in real world (b) Visual feedback in virtual environment

Fig. 3. Interaction of the control panel and user’s hand

is actuated to bring the corresponding button on the control
panel to pc at tc. The trajectory of the HFM is required to be
re-planned periodically according to the variation of the pre-
dicted hand trajectory and interacting point, while the hand
is moving constantly. At the same time, the user is able to see
the virtual hand moving in the virtual environment through
the virtual display accordingly.

To achieve the consistency of the virtual environmen-
t and real world, we extract a fixed area in the reachable
workspace of the HFM to simulate the control panel, in
which all the interacting points are supposed to be locat-

ed. The reachable workspace and the control panel area are
shown as the blue and red area in Fig. 3a, respectively. At
the moment of interaction, the user is able to see virtual hand
operating the control panel in virtual environment (Fig. 3b),
while the corresponding button on the end-effector of the
HFM reaches the interacting point which the user intends to
operate to provide haptic feedback (Fig. 3a).

3.2 Haptic feedback manipulator
A 6-DOF (degree of freedom) serial manipulator is

adopted as HFM in this paper (Fig. 4). The six joints of



the serial manipulator are waist, shoulder, elbow, pitching
wrist, yawing wrist and rotating wrist joint, which are all ro-
tating joints. The position of the end-effector is determined
by the waist, shoulder and elbow joint, while the orientation
is determined by three wrist joints. The pitching wrist and
yawing wrist joint are used to adjust the orientation of the
concise control panel. And the rotating wrist joint is used to
switch states of some buttons to further reduce the number
of buttons on the control panel. For example, the state of a
sliding button can be translated from on to off, or in reverse,
by rotating 180 degrees.

The Denavite Hartenberg (DH) convention is adopted to
describe the kinematical chain of the HFM. Four geometric
parameters are used to describe the relationship between two
adjacent joints: αi is the twist angle between the axes, ai is
the perpendicular distance between the joint axes, θi is the
relative rotation between two adjacent links and di is the off-
set distance along the joint axis [20], as illustrated in Table 1.
The structure of the HFM is specified by the DH link param-
eters shown in Table 2. The DH coordinate system is shown
in Fig. 5, where O0−X0−Y0− Z0 is the base coordinate
frame and Oi−Xi−Yi−Zi(i = 1,2, . . . ,6) are the coordinate
frames of the six joints.

Fig. 4. The structure of the HFM (1: waist, 2: shoulder, 3: elbow, 4:
pitching wrist joint, 5: yawing wrist joint, 6: rotating wrist joint)

Fig. 5. DH coordinate system of the HFM

3.3 Safety of pHRI
In human-robot interaction applications, robots and hu-

mans work in a shared workspace. To avoid injury from

Table 1. DH Link Parameters of the Manipulator and Explanation

Parameter Meaning

αi Angle value from Zi to Zi+1 about Xi

ai Perpendicular distance from Zi to Zi+1 along Xi

θi Angle value from Xi to Xi+1 about Zi

di Perpendicular distance from Xi to Xi+1 along Zi

Table 2. Link Parameters of the HFM

Link α /rad a /m θ /rad d /m

L1 −π/2 0 θ1 l1

L2 0 l2 θ2 0

L3 0 l3 θ3 0

L4 π/2 0 θ4 0

L5 0 0 θ5 0

L6 0 0 θ6 0

robots to humans, measures to ensure safety are required, in-
cluding active and passive measures [21], in which collision
avoidance is a common method [22, 23]. However, in haptic
feedback applications, the HFM and user’s hand are required
to contact directly, performing physical human-robot inter-
actions. Therefore, an active safety measure is proposed in
this paper, including motion range limiting (detailed in Sec-
tion 3.3.1) and power and force limiting (detailed in Section
3.3.2).

3.3.1 Motion range limiting
The reachable workspace is obtained by the Monte Car-

lo method [24], denoted as S⊂R3, shown by the blue points
in Fig. 3a. A control panel area can be extracted, denoted
as SC, shown by the red points in Fig. 3a, which divides the
reachable workspace into the effective workspace SE and the
prohibiting area SP.

When the haptic feedback system works, the motion
ranges of the HFM and user’s hand are restricted:

1. The end-effector of the HFM is restricted to move in
SE by trajectory planning and controlling for the HFM.
At the same time, user’s hand is restricted to move at
the side of SP by monitoring of the sensors and visual
feedback through the virtual display.

2. At the interacting moment, user’s hand and the corre-
sponding button contact at a point in SC. All the contacts
are performed in SC.

3. The end-effector of the HFM reaches the interacting
point a slight time before user’s hand to ensure that the
HFM is static when the user manipulating on it.



3.3.2 Power and force limiting
The probability of danger is greatly reduced by limiting

the motion range, but unable to be fully eliminated. Un-
expected collisions may happen when the HFM or user’s
hand moves beyond the motion limits due to reasons such
as sensor errors. Power and force limiting is presented in
collaborative industrial robot safety requirements (ISO/TS
15066 [25]) to reduce the risk for applications in which con-
tact between the robot and human is considered as a normal
event.

Power and force limiting can be converted to maximum
relative velocity limiting, which can be calculated according
to the pain sensitivity threshold of the human body [25]:

vrel,max =
pmaxA√

µk
, (1)

where pmax is the maximum contact pressure for specific
body area, A is the area of contact between robot and body
region, k is the effective spring constant for specific body
region, µ is the reduced mass of the two-body system:

µ = (
1

mH
+

1
mR

)−1, (2)

where mH and mR are the effective mass of the body region
and the robot, respectively.

Therefore, the maximum permissible relative velocity is
determined by pmax, k, mH and mR. According to ISO15066
[25], the contact parameters of the hand are shown in Table
3.

In this paper, we adopt the robot with mR = 20kg. When
A = 100mm2, we can derive vrel,max = 1.86m/s according to
Equ. 1 and 2.

Table 3. Contact parameters of the hand

pmax(N/mm2) k(N/mm) mH(kg)

3.9 75 0.6

4 Trajectory planning based on non-linear optimization
4.1 Problem statement

When the haptic feedback system works, the trajec-
tory of hand movement and interacting point are predict-
ed according to current hand motion periodically every T
milliseconds. A sequence of predicted interacting points
(ppp000

ccc , ppp111
ccc , . . . , pppnnn

ccc) ⊂ SE is obtained. In each period, re-
planning of the trajectory is performed, in which the current
configuration and the interacting configuration are selected
as the initial and objective configurations, respectively. The
whole trajectory of the end-effector is shown in Fig. 6.

In each period, it is required to generate a trajectory
from the initial configuration qqq000 to the objective configura-
tion qqqccc. The trajectory is encoded by a parametric represen-
tation, denoted as qqq(CCC, t), where CCC ∈ RNc is the parameter
vector representing the trajectory, and Nc is the dimension
of parameters. Trajectory planning is formulated as a non-
linear optimization problem. The objective function F(CCC) is
defined according to motion time and power consumption.
Constraints are defined according to mechanical limits and
the safety of pHRI. We need to find a trajectory which is sub-
ject to all the constraints and has minimal F(CCC). The input
state is denoted as xxx = (qqq000,qqqccc). The optimization problem
can be treated as a mapping from xxx to CCC:

xxx 7→CCC∗ = min
C

F(xxx,CCC), (3)

denoted as CCC∗ = O(xxx).

Fig. 6. End-effector trajectory of HFM (Black lines: trajectories gen-
erated in every period, Red line: the actual trajectory of the whole
process)

4.2 Trajectory parameterization
To ensure the continuity of velocities and accelerations,

5-order polynomial is employed to encode the trajectories.
For each joint, the parametric representation of the position
is

q(t) = c0 + c1t + c2t2 + c3t3 + c4t4 + c5t5. (4)

Then, the velocity and acceleration of each joint are:

q̇(t) = c1 +2c2t +3c3t2 +4c4t3 +5c5t4, (5)

q̈(t) = 2c2 +6c3t +12c4t2 +20c5t3. (6)

The trajectory of each joint has 6 parameters.



4.3 Dynamical non-linear optimization
4.3.1 Optimization Problem

The non-linear optimization problem with non-linear
constraints can be described as:

(ccc∗, t∗f ) = minF(ccc, t f )

s.t.

ccc ∈ RNc1 , t f ∈ R,
hi(ccc, t f ) = 0,(i = 1,2, . . . ,Nh),

gi(ccc, t f )≥ 0,(i = 1,2, . . . ,Ng),

(7)

where F is the objective function, hi and gi are the equality
and inequality constraints, respectively.

ccc is the polynomial parameter vector. In this paper, we
only consider the position of the end-effector and the three
corresponding joints, NJ = 3, thus Nc1 = 18. All the joints are
required to reach the objective positions at the same time, and
one motion time parameter t f is added. Therefore, Nc = 19.

4.3.2 Objective Function
In the haptic feedback applications, the HFM is required

to reach the interacting configuration as quickly as possible
with lower power consumption. The objective function is
defined as

F(ccc, t f ) = β ·α · t f +(1−β) ·P(ccc, t f ), (8)

P(ccc, t f ) = (
∫ t f

0

NJ

∑
i=1

(q̇i(ccciii, t)τi(ccciii, t))2dt)
1
2 , (9)

where P is the power consumption, τi is the torque of the
ith joint. α is the proportionality coefficient, making the two
items in the same order of magnitudes. β is the weighting co-
efficient, representing the weighting of the motion time and
the power consumption, and 0 ≤ β ≤ 1. The case β = 1 and
β = 0 correspond to the motion time minimization mode and
the power consumption minimization mode, respectively.

4.3.3 Constraints
The torque τττ at time t is determined by the qqq, q̇qq and q̈qq at

t

τττ = MMM(((qqq)))q̈qq+CCC(((qqq,,, q̇qq)))qqq+GGG(((qqq))), (10)

where MMM(((qqq))), CCC(((qqq,,, q̇qq))) and GGG(((qqq))) are the inertia matrix, the
centripetal force and Coriolis force matrix, and the gravity
matrix, respectively.

The boundary conditions are

q(0) = q0, (11)

q(t f ) = qc, (12)

q̇(0) = q̇0, (13)

q̇(t f ) = 0. (14)

The mechanical limits are

|qi(t)|< qi,max, i = 1, . . . ,NJ , (15)

|q̇i(t)|< q̇i,max, i = 1, . . . ,NJ , (16)

|q̈i(t)|< q̈i,max, i = 1, . . . ,NJ , (17)

|τi(t)|< τi,max, i = 1, . . . ,NJ . (18)

To ensure the pHRI safety, the total motion time, the
final acceleration and the linear velocity of the end-effector
are limited.

First, according to Section 3.3.1, the motion time of the
HFM should not exceed the interacting time tc:

tc− t f ≥ Ts. (19)

Considering the predicting error, a margin Ts is selected
to ensure that the HFM reach the interacting point before the
hand.

Additionally, an accelaration threshold for pHRI is de-
fined to make the acceleration as small as possible when the
HFM approaches the interacting configuration:

|q̈(t f )|< as. (20)

Also, the linear velocity of the end-effector is restricted
according to Section 3.3.2:

|ṗpp(t)|<Vs, (21)

where Vs is the maximum permissible relative velocity ob-
tained in Section 3.3.2, ṗ(t) is the linear velocity in Cartesian
space at time t, which can obtained by the Jacobi equation:

VVV = [vvv,ωωω]T = JJJ(qqq)q̇qq, (22)

where JJJ(qqq) ∈ R6×NJ is the Jacobian matrix, VVV ∈ R6 is the
generalized velocity of the end-effector in Cartesian space,
composed of the linear velocity vvv ∈ R3 and the angular ve-
locity ωωω ∈ R3. And

|ṗpp(t)|= |vvv(t)|. (23)



4.3.4 Solution
According to Section 4.2, each joint has 6 polynomial

parameters (c0,c1,c2,c3,c4,c5). According to the bound-
ary conditions in Section 4.3.3, each joint has 2 indepen-
dent joint parameters. First, according to Equ. 11 and 13,
we get c0 = q0 and c1 = q̇0. Then we select (c2,c3) as
the independent parameters, consequently c4 and c5 can be
derived by Equ. 12 and 14. Therefore, for three joints,
there are 7 independent optimization parameters, denoted as
CCC = (c2

1,c3
2,c2

2,c3
2,c2

3,c3
3, t f ).

The SQP method [26] is adopted to solve the non-linear
optimization problem to minimize the objective function de-
scribed in Section 4.3.2 satisfying to the constraints in Sec-
tion 4.3.3, which can be represented as:

CCC∗ = OCCC000(xxx,CCC). (24)

where CCC000 is the initial guess for the iterative solver.
To achieve the real-time performance, we elaborately s-

elect the initial guess CCC000 and modify the solving algorithm,
which are detailed in Section 5.

5 Real-time trajectory generation based on regression
and prediction

5.1 Overview
Due to the large amount of calculations of dynamics, the

SQP solver described in 3.3-D takes long time to converge,
which makes it hardly operate on-line. Therefore, a real-time
trajectory generation method based on regression and predic-
tion is presented in this paper. First, we select multiple input
states xxx = (qqq000,qqqccc) and solve the optimization problems by
the SQP method to obtain the optimal trajectories and gener-
ate a database off-line. During the on-line course, for a new
input state, the optimal parameters are predicted through the
regression model established with the database. The proce-
dure is as below ((1) and (2) are off-line steps and (3) and (4)
are on-line steps), shown as Fig. 7:

(1) Workspace analysis
First, Np groups of joint variables qqq = (θ1,θ2,θ3) are
selected in the motion range and the corresponding po-
sitions in Cartesian space are obtained by the forward
kinematics. Then, a 3-Dimension point cloud is depict-
ed and SE and SC are determined.
(2) Generate database
Np0 groups of ppp000 ∈ SE and Npc groups of pppccc ∈ SC are
selected as the initial points and the objective points,
respectively. The corresponding configurations qqq000 and
qqqccc are paired to obtain Np0 ∗Npc groups of input states
xxx = (qqq000,qqqccc). For each xxx, optimal parameters CCC are ob-
tained by solving the optimization problem by the SQP
method. The database is created:

D = {xxxiii,,, jjj = (qqqiii
000,qqq

jjj
ccc),CCC

iii,,, jjj}(i = 1, . . . ,Np0; j = 1, ,Npc).
(25)

(3) Regression and prediction
For the new input state xxx, regression analysis is per-
formed with database D and the mapping from current
state to the trajectory parameters is established:

xxx 7→CCC = f (xxx). (26)

And the new generated parameters C̃ are obtained.
(4) Refine parameters
As C̃ may not satisfy the constraints, we refine C̃ by
solving the optimization problem taking C̃ as the initial
guess. To further reduce the computation time, we sim-
plify the original optimization problem by removing the
objective function

CCC∗ = ŌC̃(xxx), (27)

where Ō represents the non-objective optimization.

5.2 Regression prediction method
5.2.1 Classified multivariate regression (CMR)

For a new input state xxx = (qqq000,qqqccc), predicted parameters
C̃CC are obtained by learning from the database. As the non-
linearity of the mapping from inputs to outputs, global lin-
ear regression is not appropriate. Therefore, two local non-
parametric regression methods, k-nearest neighbour (k-NN)
and locally weighted regression (LWR), are selected.

Define the similarity of the new input state xxx and a state
in the database xxxiii,,, jjj:

‖xxxiii,,, jjj− xxx‖−2. (28)

Different measurements can be achieved by selecting d-
ifferent forms of norm ‖ · ‖.

Then the new parameters are generated by weighting of
the parameters in the database. The weighting coefficients
are determined by the similarities.

For an input state xxx = (qqq000,qqqccc), the initial configuration
qqq000 and the objective configurations qqqccc are expected to be
considered separately. Therefore, we improve the classical
method by classifying the elements of the input variable into
several classes and defining similarity for each class. Sup-
pose the input variable is d-Dimension, and divide the ele-
ments into m classes. The index set of the ith class is

I = {I1, . . . , Idi}, (29)

where di is the number of elements in the ith class, and

m

∑
i=1

di = d. (30)
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Fig. 7. Real-time trajectory generation base on regression and prediction

Define m corresponding selection matrix, and the ith se-
lection matrix SSSl ∈ Rdl×d is

SSSlll(i, j) =
{

1 i = 1, j = I1; . . . ; i = dl , j = Idl
0 others (l = 1, . . . ,m).

(31)
Then the similarity of the ith class of the input variable

is

Siml = ‖SSSlll(xxx(((iii,,, jjj)))− xxx)‖−2. (32)

In this paper, we classify the input variable into 2 class-
es of initial configuration and objective configuration, m =
2,d = 6,d1 = d2 = 3.

The selection matrix is

SSS111 = (III333 OOO333),

SSS222 = (OOO333 III333),
(33)

where III333 and OOO333 are the 3*3 unit matrix and zero matrix,
respectively.

Consequently, the similarities of the initial and objective
configurations are

Sim1(i) = ‖SSS111(xxx(((iii,,, jjj)))− xxx)‖−2 (i = 1, . . . ,Np0; j = 1),

Sim2( j) = ‖SSS222(xxx(((iii,,, jjj)))− xxx)‖−2 ( j = 1, . . . ,Npc; i = 1).
(34)

5.2.2 Classified multivariate k-NN (CM-k-NN)
k-NN is a local linear approximator of a function based

on a set of known (state, parameters) pairs. k groups of state

with the largest similarity are selected and the corresponding
parameters are weighted to generate new parameters. As to
the CM-k-NN, k nearest initial configurations to qqq000 and k
nearest objective configurations to qqqccc are selected and paired,
then k ∗ k groups of parameters are weighted to obtain the
new parameters:

CCCk−NN(xxx) = ∑
i∈INN

1
j∈INN

2

w(i, j) ·CCCiii,,, jjj, (35)

where INN
1 ∈Rk and INN

2 ∈Rk are the sets of the indexes with
largest similarities in Sim1 and Sim2, respectively. w(i, j) is
the weighting coefficient, which is calculated by the inverse-
distance weighting:

w(i, j) =
Sim1(i)

2k ·∑i∈INN
1

Sim1(i)
+

Sim2( j)
2k ·∑ j∈INN

2
Sim2( j)

. (36)

And

∑
i∈INN

1
j∈INN

2

w(i, j) = 1. (37)

5.2.3 Classified multivariate LWR (CM-LWR)
Compared to k-NN which uses only a part of data in

the database, LWR is required to use the whole data. The
weighting coefficient is reduced sharply as the similarity de-
creasing:

CCCLWR(xxx) = ∑
i∈I0
j∈Ic

w(i, j) ·CCCiii,,, jjj, (38)



where I1 and I2 are the sets of the whole indexes of initial
configurations and objective configurations, respectively.

Similar to the CM-k-NN, the weighting coefficient is de-
termined by Sim1 and Sim2:

w(i, j) =
1

W
e−

Sim1(i)
−1+Sim2( j)−1

2λ2 , (39)

W = ∑
i∈I1
j∈I2

e−
Sim1(i)

−1+Sim2( j)−1

2λ2 . (40)

And

∑
i∈I1
j∈I2

w(i, j) = 1. (41)

where λ represents the bandwidth, which determine the de-
scent rate of w as the similarities decrease.

6 Results
We select l1 = 0.4, l2 = 0.3 and l3 = 0.4 in Table 2. And

the motion limits of the HFM are selected as shown in Table
4.

6.1 Trajectory planning based on the non-linear opti-
mization

The trajectories obtained by non-linear optimization is
shown by the solid lines in Fig. 10. The velocity, accelera-
tion, torque and linear velocity satisfy the constraints. Addi-
tionally, Joint 1 and Joint 2 work smoothly. For each joint,
a phase with approximate uniform velocity takes up a large
proportion.

The average computation time for one optimization
problem on the computer with Inter Xeon CPU E5-1603
2.8GHz is 137.51s, which is unable to achieve real-time per-
formance.

We choose qqq000 = [−0.3,−0.2,−1.7], qqqccc =
[1.3,0.5,−0.9], and α = 10. When µ = 0.5, the mo-
tion times (t f ) and power consumptions (P) of the optimal
trajectories with different µs are shown in Table 5. As
µ increasing, the motion time increases while the power
consumption decreases. When µ = 0, t f reaches the upper
limit. However, when µ = 1, t f is unable to reach the lower
limit. As the velocity, acceleration and linear velocity reach
the limits, t f is unable to further reduce to satisfy all the
constraints.

6.2 Database of optimal trajectories
We randomly select 50000 groups of joint values in the

motion ranges shown in Table 4. The reachable workspace of

Table 5. t f and P with different µ

µ t f (s) P (J)

0 2 23.41

0.2 2 23.41

0.4 2 23.41

0.6 1.56 27.82

0.8 1.33 32.80

1.0 1.33 35.30

(a) Spatial Point Cloud (b) Projection on Plane
xy

(c) Projection on Plane
xz

(d) Projection on Plane
yz

Fig. 8. The Reachable Workspace and the control panel area of the
HFM

the HFM is obtained and divided according to Section 3.3.1
(shown as Fig. 8), in which the control panel area is extracted
(depicted with red points in Fig. 8, approximated as a 0.6 ∗
0.5m2 rectangle).

We randomly select Np0 = 100 initial points and Npc =
25 objective points in SE and SC, respectively. As shown in
Fig. 9, the initial points and the objective points are depicted
with green and red points respectively.

The initial and objective points are paired and the 2500
corresponding configuration pairs are served as the input of
the non-linear optimization problem, which is solved to ob-
tain 2500 groups of parameters. The total computation time
for database generation is about 108 hours.

6.3 Comparison of two regression prediction method
6.3.1 Motion curve

We choose qqq000 = [−0.53,−0.13,−1.71] and qqqccc =
[−0.23,−0.40,−1.12] and obtain motion curves by non-
linear optimization, CM-k-NN and CM-LWR respectively,



Table 4. Motion Limits of the HFM

Joint Motion Range (◦) ωmax(
◦/s) q̈max(

◦/s2) τmax(Nm)

Joint 1 -90 ∼ 90 100 860 180

Joint 2 +45 ∼ 45 100 860 180

Joint 3 -135 ∼ 0 100 860 180

Fig. 9. Database of the initial and objective points

shown as Fig. 10. The motion curves obtained by the CMR
methods are approximate to the ones obtained by the non-
linear optimization and the constraints are satisfied as well.

6.3.2 Precision analysis
We select Nr = 20 input states xxx randomly and choose

2-norm as the measure of similarity:

Siml = ‖SSSlll(xxx(((iii,,, jjj)))− xxx)‖−2
2 (l = 1,2). (42)

The initial parameters C̃CC are first obtained by CM-k-NN
and CM-LWR respectively. Then the optimal objective func-
tion value Fp and the corresponding parameters CCCppp are ob-
tained by non-objective optimization.

The cost increase is

eF = |
Fp−Fa

Fa
|, (43)

where Fa is the optimal objective function value obtained by
non-linear optimization.

For the k-NN method, the average eF s with different ks
are shown by the blue points in Fig. 13. As k increases,
the average eF first decreases and then increases. As only a
part of data are used, when k is relatively small, the database
is not employed sufficiently, which can lead to large errors.
1-NN is equivalent to a look-up table, which has the largest
error. When k is very large, large amount of data are used.
However, the coefficient chosen by Equ. 44 reduces slowly
as the similarity decreases (shown as Fig. 11a), which means
the states with small similarities take a large proportion in

new parameters generation and lead to large error. When
k = 6, the smallest error is obtained, eF = 6.56%.

For the LWR method, the average eF s with different λs
are shown by the blue points in Fig. 14. As λ increases, the
average eF first decreases and then increases. Unlike k-NN,
LWR employs the whole data in the database. The coeffi-
cient chosen by Equ. 39 reduces as the similarity decreases,
and the reduction rate decreases as λ increases, as shown in
Fig. 11. When λ is relatively small, states with large simi-
larities take quite a large proportion, similar to 1-NN, shown
as Fig. 11b. When λ = 0.5, the smallest error is obtained,
eF = 5.25%.

We amend the k-NN method by choosing different ks
for different classes of the input. For a new input state xxx =
(qqq000,qqqccc), k0 groups of qqq000 and kc groups of qqqccc are selected
in the database to generate new parameters. The weighting
coefficient is

w(i, j) =
Sim1(i)

2kc ·∑i∈I1 Sim1(i)
+

Sim2( j)
2k0 ·∑ j∈I2 Sim2( j)

. (44)

When k0 = Np0 and kc = Npc, the k0-kc-NN method em-
ploys the whole data and is equivalent to the LWR method
with the different weighting coefficient chosen manner. The
variation trend of this weighting coefficient is similar to the
LWR with larger λ, shown as Fig. 11a.

6.3.3 Time performance
The average regression time (denoted as TR) of k-NN

increases as k increases, as shown in Fig. 12. When k = 6,
the minimum objective value is obtained, TR = 0.58ms. The
maximum TR is 1.71ms(k = 25).

The average regression time, non-objective optimization
time (denoted as TO) and the total calculation time (denoted
as TT ) of 6-NN and LWR are shown as Table 6. The average
non-objective optimization time, and even the total calcula-
tion time are far smaller than the average calculation time
for the original optimization problem (137.51s). And real-
time performance can be achieved by the regression predic-
tion method.

In conclusion, compared with k-NN, LWR has better
predicting precision, but costs longer time for regression.

6.4 Influence of database size
According to Section 6.2, it takes a large amount of time

to generate the database. When the database size is reduced,



(a) Velocity (b) Accelerate

(c) Torque (d) Linear velocity

Fig. 10. Motion curve (solid: non-linear optimization, dashed: CM-6-NN, dot-dashed: CM-LWR; red: Joint 1, green: Joint 2, blue: Joint 3)

(a) k-NN method and LWR method with larger λ (b) LWR method with smaller λ

Fig. 11. Variation trend of the weighting coefficient

the calculation time decreases, but the prediction precision
will decrease as well. To balance the precision and time per-
formance, databases with different sizes are employed to an-
alyze the trade-off between them.

Three databases with 100*25, 60*15 and 20*5 simples
are selected. The average cost increases of k-NN and LWR
with three databases are shown as Fig. 13 and Fig. 14,

respectively. The precision with smaller database is lower.
The minimum average cost increase with three databases are
shown in Table 7. When database size decreases, for LWR,
the increase of eF is small. When λ = 0.5, eF = 5.64% (with
20*5-database), which is smaller than the minimum eF ob-
tained by k-NN with 100*20-database. For k-NN, the min-
imum eF is 9.13% with 20*5-database, which is still below



Fig. 12. TR of k-NN with different ks

Table 6. Calculation time

Time 6-NN LWR

TR(ms) 0.58 9.87

TO(ms) 12.45 12.81

TT (ms) 13.03 22.68

Fig. 13. eF with different database sizes (k-NN)

10%. Therefore, the database size can be appropriately re-
duced when it has no strict requirement of precision, to great-
ly reduce the calculation time while keep a reasonable error
rate.

The regression times with different database sizes are
shown in Table 8. When the database size reduces, TR of k-
NN has little change (always very small) while TR of LWR
greatly reduces.

In conclusion, high efficiency can be achieved when s-
elect 20*5-database and employ the LWR method with λ =
0.5. The relative high precision can be obtained with smaller
calculation time.

Fig. 14. eF with different database sizes (LWR)

Table 7. eF with different database sizes

Database size k-NN (%) LWR (%)

100*25 6.56 (k = 6) 5.25 (λ = 0.5)

60*15 7.65 (k = 10) 5.37 (λ = 0.5)

20*5 9.13 (k = 4) 5.64 (λ = 0.5)

Table 8. TR with different database sizes

Database size k-NN (ms) LWR (ms)

100*25 0.58 (k = 6) 9.87

60*15 0.60 (k = 10) 2.74

20*5 0.49 (k = 4) 0.71

7 Conclusion
A real-time trajectory generation method based on non-

linear optimization and regression prediction is presented in
this paper.

1. A haptic feedback system based on the servo serial ma-
nipulator is constructed and the type and parameters of
the HFM is selected. Additionally, a pHRI safety strat-
egy is presented. The limitation of motion range, mo-
tion time and linear velocity of the end-effector is deter-
mined, which is essential to pHRI applications.

2. Trajectory planning based on non-linear optimization is
performed. The objective function is constructed to bal-
ance the motion time and power consumption, and the
constraints are constructed according to the mechanical
limits and the safety of pHRI. Feasible and safe trajecto-
ries are obtained to actuate the robot move to the objec-
tive configuration faster with less power consumption.

3. Optimal trajectories are generated in real-time by gen-
erating database of optimal trajectories off-line and re-



gression prediction on-line. CMR method is presented,
which is suitable to the situations that elements of in-
put variable belong to different classes and need to be
considered separately. Two local non-parameter regres-
sion methods, k-NN and LWR, are performed combin-
ing with CMR. And the precision and time performance,
as well as the influence of the database size are ana-
lyzed. LWR has better predicting precision, while k-NN
works faster. Better real-time performance is achieved
with a reasonable error rate by appropriately reducing
the database size.

There are still some limits in this paper.

1. This paper focuses on 3-DOF trajectory planning which
actuates the end-effector of the HFM move to the ob-
jective position. In the future work, we would like to
consider the last three DOFs to control the orientation
of the end-effector.

2. The trajectory is encoded by 5-order polynomials, lack-
ing of the uniform motion phase. The velocity increases
slowly and the max velocity phase is short. In the future
work, we would like to use the piecewise interpolation
method to encode trajectories and obtain the better mo-
tion efficiency.
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