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Mathematics education is still behind in the implementation of digital technology. Digital technology 
can support classroom talk, but this potential needs to be further explored. This study reports on a 
project that develops and explores task design principles, through a series of interventions, that are 
intended to utilize digital technology to enrich mathematics lessons. The results consist of three 
design principles together with their theoretical and empirical arguments from analysis of a lesson 
series about pattern generalization. The three principles exploit opportunities provided by technology 
to make reasoning available for examination to all students, and to focus students’ attention between 
different aspects of mathematical reasoning. 
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Digital technology has been recognized for its potential for teaching and learning mathematics. Task 
designs relying on digital technology offer students amplified opportunities to explore, re-invent and 
explain mathematical concepts using tools imbedded in technology-rich environments (Leung, 2011). 
However, Lagrange and Monaghan (2009) argue that digital technology adds to the complexity of 
teaching mathematics. It challenges traditional teaching practices by creating new classroom 
situations and possibilities (Drijvers, Doorman, Boon, Reed, & Gravemeijer, 2010). Pierce and Ball 
(2009) argue that teachers need to make it their own, and relate technology rich lessons to their usual 
practice. We propose that one way forward is to take a modest approach, to digitally enriching 
mathematics classroom talk by using material from actual teaching practices and show how to 
enhance these practices with the use of digital technology; i.e. to create designs that shift between a 
digital and an analogue environment within the mathematics classroom. However, the research on 
uses of digital technology to enrich and support classroom talk is in its infancy and needs more 
exploration (Mercer, Hennessy, & Warwick, 2017). 

Design principles are thought of as guidelines for task design (Bakker, 2018) that can inform on how 
to recreate learning opportunities in other classrooms than the intervention ones. The aim of the 
present paper is to propose task design principles for developing a digitally enriched math-talk 
learning community (Huffered-Ackles, 2004), focused on algebraic reasoning. The research question 
we attempt to answer is: what are important task design principles for a technology enriched pattern 
task to gain potential for math-talk? 

Theoretical background 
Students act upon mathematical objects on the basis of their assigned meaning of that object, and 
their interpretation of others’ actions towards those objects (Blumer, 1986). As the students and the 
teacher interact with each other, and the tasks, they negotiate the mathematical content and create a 
joint interpretation of that content. For example, in a pattern task: a student suggests an algebraic 
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expression to represent the number sequence behind the pattern, and the teacher asks for a clarification 
on the student’s reasoning in relation to the pattern. Such expressions can be created through the use 
of visual structure reasoning (Rivera, 2010). Students can reason with visual 
structure units of n in visual patterns as a tool for writing an algebraic 
expression. Figure 1 shows an example of color coding to highlight visual 
structure units. With this particular partition, red is n and blue is n+1, forming 
the expression n+(n+1)+n. Such tasks open up for student interaction to 
negotiate both how to partition a visual pattern in visual structure units, and 
how to formulate the expression, creating a math-talk learning community. 

A Math-talk learning community is “a classroom community in which the teacher and students use 
discourse to support the mathematical learning of all participants” (Hufferd-Ackles, Fuson, & Sherin, 
2004, p. 82). It is a learning community where students are encouraged to negotiate meaning and gain 
some responsibility for the mathematics forming in the classroom. The teacher should strive to shift 
the responsibility of the questioning and the source of the mathematical ideas from the teacher to the 
students (Hufferd-Ackles et al., 2004). The students are encouraged and supported to take an active 
role, focusing on mathematical thinking and reasoning rather than waiting to answer leading questions 
from the teacher, to create investigative discussions in mathematics. Digital technology has the 
potential to amplify students’ opportunities to explore, re-invent and explain mathematical concepts 
in such practice (Leung, 2011), which we believe enriches their Math-talk learning community. 

To understand the complexity of classroom practices with human/machine interaction, Trouche 
(2004) introduced the idea of instrumental orchestration. The idea is that teachers create opportunities 
for students to negotiate mathematical meaning by organizing available artefacts, i.e. didactical 
configuration (DC), and determining how to utilize these artefacts, i.e. exploitation mode, combined 
with the ad hoc decisions made by the teacher in the classroom, i.e. didactical performance (Drijvers 
et al., 2010). A DC including a projector offers the possibility to make a student’s visual structure 
reasoning public and available for all students to interpret and react upon. When the projection is 
directed at a (interactive) whiteboard it also allows the teacher to exploit the possibility to allow 
students to indicate and manipulate digitally and analogous what is projected in a collaborative effort 
to negotiate meaning and develop students’ reasoning (e.g. Taylor, Harlow, & Forret, 2010). 

Task design combines elements of the DC with ways of exploiting that configuration in line with the 
teachers intended learning goal. A task design for research interventions relies on implicit or explicit 
design principles that are intended to produce favorable classroom situations. Van den Akker (2013) 
suggests the following elements of a design principle: 

• If you want to design intervention X [for purpose/function Y in context Z]
• Then you are best advised to give that intervention the characteristics C1, C2, ..., Cm

[Substantive emphasis]
• And to do that via procedures P1, P2,...,Pn [methodological emphasis]
• Because of theoretical arguments T1, T2,...,Tp
• And empirical arguments E1, E2,...,Eq

(Van den Akker, 2013, p. 67) 

Figure 1: The pattern
task 
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It could be viewed as an expansion/formalization of the ‘didactical’ questions what?, how? and why? 
to form a design principle. The what? is connected to the characteristics of the intervention, a purpose 
of a design. The how? is connected to the procedures in the intervention, how a teacher should act, 
how a task is meant to be used, and so on. The why? is motivated by both theoretical arguments based 
on prospective analysis of prior research and teaching/learning theories, and empirical arguments 
where the design principles are fine-tuned by prior teaching experiences and experiences from the 
ongoing intervention (Van den Akker, 2013). Design principles are heuristic principles that cannot 
guarantee success, but they are intended to select and apply the most appropriate knowledge for 
specific task designs.  

The previous research and theory resulted in two hypotheses connected to a potential lesson design: 

•  Didactical configurations with technology can be exploited to make students’ mathematical 
reasoning more accessible for other students to probe and develop during math-talk 

•  Didactical configurations with technology can be exploited to turn students’ attention to 
different aspects of a mathematical content and reasoning 

Method 
The project this paper reports on follows a design research approach as it aims to develop a research-
based intervention, and construct re-usable design principles in an iterative manner (Bakker, 2018). 
A prototype of a lesson plan makes up a hypothetical learning trajectory (HLT) grounded in research 
(Simon, 1995), and is tested and refined several times. The HLT consists of the learning goal, the 
activity and the intended development of the students. During this iterative process, we generate data 
by video recording from three different angles, back of the class, front of the class and group work. 
Each lesson is tried and refined twice before moving on to the next lesson.   

The research team consists of two elementary mathematics teachers, working with year 7 and 8, and 
two researchers, the authors of this paper. The project is a cooperative enterprise where we perform 
prospective analysis of the tasks, develops the task design, analyze the material and make changes 
together. Each design decision is motivated through theoretical and empirical arguments. The 
recorded material is used for reflective analysis between each lesson where we discuss what, how and 
why in different situations during each lesson and retrospective analysis of the whole lesson series 
after completion. Situations are evaluated regarding how digital technology enriches teacher-student 
and student-student interaction, especially in relation to opportunities for math talk and opportunities 
for students to seize initiative in the discussions. Parts of the reflective analysis is presented in the 
results below to reveal empirical arguments for the design principles. 

Design 

Lesson 1, in its initial form, aimed to develop the students’ proficiency to reason in line with different 
types of algebraic reasoning with visual structures. Specially to challenge naïve additive reasoning 
and suggest a more advanced strategy, i.e. multiplication of units, by asking them to reason about 
different ways of identifying visual structure units in the visual pattern. The students were given 

Thematic Working Group 22

Proceedings of CERME11 4212



 

 

questions and tasks individually and in pairs through Socrative1. Figure 1 shows one of the tasks with 
color coded visual structure units, where the students were asked to identify an algebraic expression 
that fitted the coloring. The students were presented with the task through Socrative and given the 
following alternatives: a) 2n+2+2 b) n+(n+1)+n c) n+1+n+n d) 4n+1+1 e) none of the above. The 
answers were made available to both teacher and students, which was intended to make the students’ 
reasoning available and create an opportunity for whole class discussion where they could question 
each other’s’ reasoning.  

Lesson 2, in its initial form, aimed to develop the students’ proficiency to recognize visual templates 
and characteristics of patterns. In particular to recognize characteristics that make some patterns more 
difficult to generalize algebraically than others. The students were asked to create their own patterns 
in pairs and publish them on an online platform called Padlet2. Next step for the students was to try 
to write algebraic expressions for each other’s patterns. The lesson ended with a whole class 
discussion on which patterns were difficult to write expressions for, which were easy, and why? 
Padlet was intended to make each pattern accessible to each student, and easily swappable in group 
work as well as in the whole class discussion. 

Lesson 3, in its initial form, aimed to develop the students’ problem-solving proficiency and flexible 
reasoning. Particularly to transform patterns and use visual structure reasoning as a tool to generate 
algebraic expressions of more complex patterns that are not 
representations of standard arithmetic sequences. Figure 2 shows 
the initial 4 figures of the Hexagonal pattern that the students were 
asked to generalize. The students worked in pairs with tasks 
distributed through Socrative, and the main task was in a geogebra 
applet. The applet enabled the students to try ideas by moving and 
grouping the dots in each figure effortlessly, and negotiate different strategies 
with each other’s. Our goal was that the students would recognize a possible 
visual template from a quadratic pattern (n2) in the previous lesson by creating 
rectangles with n dots on one side and 2n-1 dots on the other (figure 3). The 
whole class discussion was intended to focus on different visual structures and resulting algebraic 
expressions by visualizing the pattern transformation in the applet on the projector.  

Results 
This section presents the results of the prospective analysis, and a retrospective analysis of selected 
episodes. We propose three design principles, that we present empirical and theoretical arguments for 
throughout the result section. The first principle is a development of our first hypothesis, going into 
the design process, and the second and third principles are a development of our second hypothesis:  

                                                 
1 Socrative is an online response system where teachers post questions that show up on students’ devices and allows them 
to post answers. Answers becomes instantly available for the teacher, and for the students too if the teacher wishes. 
2 Padlet is an online virtual pinboard that allows students to publish pictures and other types of contributions. 
Contributions becomes instantly available for the whole class on each device. 

Figure 2: The Hexagonal pattern 

Figure 3: The 
Hexagonal pattern 
rearranged  
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1. Exploit the possibility to project mathematical reasoning on students’ devices or on the white-
board (WB) with the classroom projector.  

2. Exploit the possibility to indicate and/or manipulate objects projected on the WB 
collaboratively 

3. Exploit the possibility to switch between individual/small group work and whole class 
discussion by focusing the students’ attention to their own devices and the WB respectively. 

Each episode presented below is from the first iteration of each lesson. The situations motivated 
changes in the task design and provides empirical arguments to refine the design principles. The first 
transcript is from Lesson 1, where the students have been engaged with task 4 “If I say ‘tell me how 
many dots are in figure n’, what do you think I mean?” with the alternatives a) That you’ve mistyped 
b) That the last figure is called n c) That you mean a figure, anyone in the sequence d) That n means 
a number, any number e) Don’t know. All, but one, chose either c) or d) or both.  

Teacher: Two of the alternatives works. That you mean a figure, anyone in the sequence, that 
it could have been figure number 9 or number 1000 or number 2000000 and so on. 
[...] We move on. 

The teacher immediately starts to summarize the results since almost everyone chose the correct 
alternatives. Our interpretation was that the task did not reveal much about the students’ 
interpretations of n, or allowed them to make indications to develop their reasoning together with the 
class, prompting the teacher’s action. We interpret the shortcomings as related to characteristics and 
procedures of the first two design principles. When the question is open, the students need to be able 
to answer more freely than with multiple choice. In relation to the second design principle, we revised 
the task on a procedural level, adding teacher prompts and offered whiteboard markers that encourage 
students to make their reasoning available both with their written answer and by approaching the 
board to indicate and explain in the picture. The result was a discussion where students got the 
opportunity to explore each other’s interpretations, since they became more explicit. 

Next example is from Lesson 2, where the students have written algebraic expressions to each other’s 
patterns while working in pairs. Figure 4-6 shows the teacher going back and forward between two 
examples with different students accounting for their reasoning. The teacher encourages the students 
to apply the same visual structure reasoning in both cases. Notice how figure 2 and 3 both have some 
sort of visual structures indicated by color-coding or circles. The figures are in chronological order. 

         
Figure 4: A student presented an algebraic 
expression for the square pattern task without 

   

Figure 5: Two students presenting their 
generalization by using visual structuresa 
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Figure 4 shows the board right after a student has presented 
her solution, written on the left (n2). Figure 5 shows how two 
students present their solution, with the aid of visual 
structures drawn in the pattern faintly with a yellow and a red 
marker. The teacher then exploits the possibility to flip back 
to the previous pattern and asks the students to use a similar 
strategy to expand on their reasoning in the quadratic pattern. 
The students focus on their own devices, and discuss in pairs 
before another round of whole class discussion. Students 
identified visual structures of n in multiple places in each figure. The negotiation results in the 
indication in square number 5, where a student has identified n both vertically and horizontally. It 
lead to the idea of multiplying base by height. The quadratic pattern was deemed harder than the other 
ones. By exploiting design principle number 3, to be able to switch students’ focus between different 
tasks, small group and whole class, the teacher managed to create circumstances where the students 
could develop each other ideas and negotiate a solution that more than one student fully understood.   

The third example is from Lesson 3, where the students were asked to write an expression for the 
hexagonal pattern shown in figure 2. The students transformed the pattern into rectangles shown in 
Figure 7 and 8. Two students present their visual structure reasoning by indicating on the board. 
Especially notice how the expressions in figure 8 corresponds with their visual structures respectively. 

Prior to figure 7, students negotiated the best transformation of the hexagonal pattern. A student 
adjusted the pattern as the discussion progressed, making his interpretation of the discussion available 
on the board. They agreed on the rectangle, compatible with the base by height reasoning from the 
square pattern, and continued working on in pairs. This shift back and forth between whole class and 
group work provided opportunities for students to prepare to assume responsibility for creating the 
mathematical content in the math-talk learning community. Figure 8 shows two different types of 
visual structure reasoning. Looking at figure 7, the student explained the “-1” by manipulating the 
figure further, drawing in a fourth row that is then subtracted. She made her reasoning available to 
interpret, question and expand upon. In figure 8 we connect the resulting expression above with her 
visual structures and the base multiplied by height reasoning from the previous lesson. Similarly, we 
connect the second student’s visual structure with his algebraic expression. However, he split his 
figure in two, identifying the square as n n and the small rectangle as n(n-1) by circling them.  

To summarize, our first design principle is to exploit the possibility to project elements of 
mathematical reasoning directly on students’ devices or with the classroom projector. The theoretical 

Figure 6: Several students have identified 
visual structures in the square pattern task

Figure 7: A student’s use of visual structures to 
justify its reasoning 

Figure 8: Students connect visual structures to 
their formulation of an algebraic expression 
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argument is that as the teacher’s and student’s actions becomes available and interpreted by the class, 
it adds to the negotiation of mathematical properties and processes connected to the pattern task. The 
two main empirical arguments connected to this principle are 1) Tasks that does not allow room for 
individual expression of mathematical reasoning, tends to result in situations where the teacher 
assumes responsibility for the explanations. 2) When students were able to project their reasoning as 
a math-talk progressed, as in the discussion leading up to the transformation in figure 7, they reach 
consensus while assuming responsibility for the process. 

Our second design principle is to exploit the possibility to indicate and/or manipulate objects 
projected on the board collaboratively. The theoretical argument is that the teacher and students can 
exploit the technology to further explore, justify and explain their reasoning, for example their visual 
structure reasoning, when incorrect or half-way ready solutions are introduced as collaborative 
endeavors. The empirical argument is that switching seamlessly between the analogue and digital 
allowed students to expand on each other’s ideas, as seen in figures 4-6. By indicating directly on the 
board, the students used the projection and the indications together to justify their reasoning in the 
moment. Student work seen in Figure 7 adds to the argument, the student manipulates the pattern 
further by adding dots to justify elements of the algebraic expression in the ongoing math talk. 

Our third design principle is to exploit the possibility to switch between individual/small group work 
and whole class discussion by focusing the students’ attention to their own devices and the projection 
respectively. The theoretical argument is that students need time to formulate their arguments to 
become able to take more responsibility for the questioning and the source of the mathematical ideas 
in the math-talk learning community. The two main empirical arguments connected to this principle 
are 1) Switching between small group work and whole class discussion, as seen in the prior work to 
figure 4-6, students were able to prepare their mathematical reasoning with identical pictures on their 
own devise as later used in the whole class discussion. Enabling them to present advanced 
mathematical reasoning based on numerical patterns and visual structures of patterns as part of a 
whole class discussion. 2) By switching focus between the whole class and small groups, as seen in 
the work leading up to figures 7 and 8, encouraged individual work expanding on the whole class 
discussions and resulting in multiple solutions to an advanced algebraic generalization task. 

Discussion 
The aim of this paper has been to propose task design principles for developing digitally enriched 
math-talk learning communities, and add to the research discourse on technology supported whole 
class discussions (Mercer et al., 2017). We propose three design principles, developed on the basis of 
empirical and theoretical arguments (Van den Akker, 2013). The principles were shown to support 
math-talk where students collectively were active in negotiating meanings of mathematical objects, 
rather than waiting for a teacher to provide explanations, corresponding to higher level of math-talk 
(Hufferd-Ackles et al., 2004). Pierce and Ball (2009) argues that teachers need to be able to relate 
technology rich lessons to their usual practice. By formulating characteristics of the three principles 
in a way that they utilize didactical configurations found in many classrooms today, such as 
projectors, and exploiting the possibility to combine projection with traditional practices, such as 
writing on the board, we simplify the implementation of a technology enriched mathematics lessons. 

Thematic Working Group 22

Proceedings of CERME11 4216



Van den Akker (2013) suggests we view these design principles as heuristics. Design principles 
should not be seen as a guarantee for success (Van den Akker, 2013), but likely producing 
opportunities for, in this case, rich math-talk. But that is not all they do, experiences from using 
curriculum materials creates learning opportunities for teachers (Davis & Krajcik, 2005). An actual 
lesson, created by tasks based on the design principles, is an opportunity to develop ones’ capacity to 
orchestrate lessons that foster math-talk learning communities. Curricular resources are tools to 
enable teacher learning and to influence teaching practices (Cobb & Jackson, 2012; Davis & Krajcik, 
2005). We propose that our design principles could be used in teacher training and collegial learning 
to discuss how to enrich mathematics lessons with digital technology on a general level. Creating 
concrete tasks and task design principles is perhaps a step towards a modern mathematics education 
that takes advantage of what digital technology has to offer to enrich mathematics teaching.   
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