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Crumbs of knowledge – assessing 
preservice teachers’ written probability 

reasoning

ANNA TELEDAHL, ANDREAS BERGWALL  
AND ANDREAS ECKERT 

Assessment is a complex endeavour, especially in relation to the multi-faceted know-
ledge required of teachers. In this paper, we investigate two approaches to assess-
ment, analytic and holistic, in the case of pre-service teachers’ probability reason-
ing. Sixteen written student solutions to two exam problems involving conditional 
probability are analysed. The results show that the analytical approach tends to 
give a more favourable profile of student knowledge, while essential shortcomings 
and misconceptions become more explicit with the holistic approach. Results also  
indicate that how ”crumbs of knowledge” are weighed highly influences student  
knowledge profiles for both approaches. A discussion on how pre-service teachers’ 
mathematical knowledge is assessed should take different assessment approaches 
into consideration. 

Assessment in education has always been a complex endeavour. Assessing, 
interpreting, grading, or evaluating students’ work can be done using diffe-
rent approaches, but regardless of which approach to assessment you use, there 
are always concerns regarding issues of validity and reliability (Sadler, 2009; 

with a global judgment (Sadler, 2009). Analytic approaches have been favoured 
for identifying and providing teachers and students with detailed information 
useful for formative feedback (Wisniewski et al., 2020). Holistic approaches are 
put forward to ensure diversity and relation to the authenticity of tasks while 
retaining reliability (Walton & Martin, 2023). In assessment in teacher educa-
tion, there is a need for detailed information to be used for formative purposes 
but also to guarantee a satisfactory level of achievement. There is also an interest 
in more authentic assessments strongly related to teachers’ practice. Analytic 
and holistic approaches to assessment are common in teacher education, as 
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they are employed in different courses for different purposes. When assessing 
pre-service teacher’s content knowledge, such as mathematics, the practice is 
similar to the traditional assessment approach in school mathematics (Suur-
tamm et al., 2016). This practice is analytical and presupposes a decomposi-
tion of the subject matter and operationalisation of different levels of mastery 

The point of departure for this study is the assumption that different assess-
ment approaches create grading dilemmas (Sadler, 2013). It can be argued that 
these dilemmas are particularly pressing in teacher education, not only because 
the types of knowledge required from pre-service teachers differ from that of 
other mathematics students but also because the pre-service teachers will pick 
up elements from the assessment practice that they are subjected to regardless 
of what they are taught in other situations. The dilemmas present in teacher 
education concern issues such as validity and reliability, as has been shown by 

pre-service mathematics teachers display in two different scoring models. The 
working hypothesis in this study is that analytic approaches to grading students’ 

-
ment of a student’s mathematics knowledge, skills, and abilities (Segers et al., 
1999). However, we have yet to identify how they potentially differ and whether 
the difference matters. This study explores these questions by employing and 
comparing an analytic and holistic approach to assessing preservice teachers’ 
mathematics exam tasks. We aim to add to the body of knowledge on assess-

the mathematical topic of conditional probability as our case; the research ques-
tion for the paper thus is: What is the difference between the knowledge pro-

 

Background 
Assessment is as old as education and has several purposes (Newton, 2007). 
When used to determine students’ level of achievement or competence in relation 
to norms, criteria, or standards, it is often termed summative. Formative assess-
ment provides students and teachers with detailed information on their learning  
progression and how and what they can improve (Wisniewski et al., 2020). 

The history of assessing students' achievement is long and includes large-
scale assessment, which traditionally presumes a psychometric perspective, 
as well as classroom assessment, which views assessment as a social practice. 
(Suurtamm et al., 2016). The psychometric perspective in large-scale assess-
ment has traditionally dealt with assessment as a question of measurement’s 
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reliability, which can lead to formats that favour single right-answer questions. 
Such testing practices reduce school subjects like mathematics to manageable, 

poorly with modern ideas of mathematics learning (Suurtamm et al., 2016; 
Wiliam, 2010). Other dilemmas with assessment in mathematics concern the 
way assessment is graded. Holistic approaches look at students’ work as a whole 
and arrive directly at a judgment. In contrast, analytic approaches make sepa-
rate judgments on the different parts of a student’s work, measured against cri-
teria (Sadler, 2009). Analytic assessment relies on rating scales or rubrics that 
operationalise criteria and provide arithmetic models for calculating a grade. 
When different aspects of knowledge are disassembled and articulated as cri-
teria in the form of rubrics, schemes, grids, or matrices, this type of assess-
ment is often labelled criterion-based (Sadler, 2009). Holistic scoring schemes 
”associate each grade level with a reasonably full verbal description, which is 

Sadler argues that analytic grading approaches are the most common in recent 
years, especially in higher education, but he suggests that they give rise to what 
he calls ”anomalies.” An example of an anomaly is when teachers discover that 
their intuitive impressions of student work are at odds with the outcome of an 

diocre can come off as very good according to the separate analytic scoring. A 
second anomaly is when teachers perceive that the criteria are incomplete and 

they believe they can identify or think is missing in a student’s work. 
Assessing preservice teachers requires a grading teacher to attend to validity 

than for other mathematics students (Fauskanger, 2015). Preservice teachers 
are expected to attain a combination of different types of knowledge, of which 
subject matter knowledge is only one (Loewenberg Ball et al., 2008). Even if 
the assessment should focus exclusively on the subject matter, there are diffe-
rent types of subject matter knowledge, for example, knowledge of facts and 
procedures and knowledge of concepts and connections (Tchoshanov, 2011), 
which puts a particular demand on the assessment. Another issue is that know- 
ledge constructs vary between mathematics topics (Copur-Gencturk et al., 
2022; Wiliam, 2010). Probability is an example of a mathematical topic that 
differs from others in that it is not purely deterministic. Chance makes people 
intuitively lean towards subjective reasoning that does not necessarily align 
with mathematics (Kahneman et al., 1982). Studies show, for example, how 
students disregard sample size (Kahneman et al., 1982), underlying probability 
distributions (Kahneman et al., 1982; Lecoutre, 1992), and dependent/indepen- 
dent events (Kahneman et al., 1982). These tendencies are not limited to young  
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learners. Studies also show that in-service and preservice teachers often adhere 
to the same faulty subjective probability reasoning as students (e.g. Batanero 
& Diaz, 2012). 

For the case of assessing preservice teachers’ probabilistic reasoning, we 
build on Jones et al. (1999), in which probabilistic thinking refers to ”thinking 
in response to any probability situation” (p. 488). A probability situation is any 
activity or experiment where the outcome cannot be predetermined precisely. 
Further, probabilistic thinking is characterised in relation to four content areas: 

and conditional 
. Students’ probabilistic thinking is assumed to develop over time in 

 (Level 1), 
transitional (Level 2),  (Level 3), and  (Level 
4). Jones et al. (1999) characterise them as what can be observed when students 
reason about probability situations. For that reason, we refer to them as levels 
of probabilistic reasoning. The details are presented in table 1. As our data 
do not include situations where students compare different sample spaces, we 
have omitted the part of the framework that relates to probability comparisons. 

 Level 1 Level 2 Level 3 Level 4 
Sample 
space 

Lists an incomplete 
set of outcomes for 
a one-stage experi-
ment. 

Lists a complete set 
of outcomes for a 
one-stage experiment. 
Sometimes lists a 
complete set of out-
comes for a two-stage 
experiment using 
limited and unsyste-
matic strategies. 

Consistently lists the 
outcomes of a two-
stage experiment using 
a partially generative 
strategy. 

Adopts and applies 
a generative strate-
gy that enables a 
complete listing of 
the outcomes for 
two- and three-stage 
cases. 

Probabi-
lity of an 
event 

Predicts most/least 
likely events based 
on subjective judg-
ments. Recognizes 
certain and impos-
sible events. 

Predicts most/least 
likely events based 
on quantitative judg-
ments but may revert 
to subjective judg-
ments. 

Predicts most/least 
likely events based on 
quantitative judge-
ments, including situa-
tions involving non-con-
tiguous outcomes. Uses 
numbers informally to 
compare probabilities. 
Distinguishes certain, 
impossible, and pos-

choice quantitatively 

Predicts most/least 
likely events for 
single-stage experi-
ments. Assigns a 
numerical probabi-
lity to an event (either 
an actual probability 
or a form of odds). 

Condi-
tional 
probabi-
lity 

Following one trial 
of a one-stage experi-
ment does not give a 
complete list of out-
comes, even though 
a complete list was 

trial. Recognizes 
when certain and 
impossible events 
arise in non-replace-
ment situations. 

Recognizes that the 
probabilities of some 
events change in a 
non-replacement 
situation; however, 
recognition is incom-
plete and is usually 
restricted to pre-
viously occurring 
events. 

Can determine changing 
probability measures in 
a non-replacement si-
tuation. Recognizes that 
the probabilities of all 
events change in a non-
replacement situation. 

Assigns numeri-
cal probabilities in 
replacement and non-
replacement situa-
tions. Distinguishes 
dependent and inde-
pendent events. 

Table 1. Framework for probabilistic reasoning based on Jones et al. (1999)
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The framework was initially designed to assess young learners. However, we 
use it in this paper as a baseline or minimum requirement to assess preservice 
subject matter knowledge.

Method 
Data sample 
Our data consists of preservice teachers’ solutions to two tasks from written 
exams on a mathematics education course for pre-service middle school teachers.

Task I: On Christmas Eve, Santa Claus arrives with three gifts each for Otto and 
Vira in his sack. He puts the sack down, bends down, and randomly picks up two 
gifts. What is the probability that one is for Otto and one is for Vira? 

Task II: Otto and Vira are going to buy lottery tickets. There are 100 tickets, but 
only 10 of them are winning tickets. ”The probability of getting a winning ticket 
is only 10 %,” says Vira. ”Yes, but if we buy two, it becomes twice as big, 20 %,” 
says Otto. ”And if we buy ten tickets, it becomes ten times as big,” says Vira. ”Then 
we know we’ll win!” Are Otto and Vira right? Explain your thinking carefully! 

The tasks are mathematically similar in that they concern two-stage non-
replacement situations. They can be solved using a standard strategy: A com-
plete list of outcomes can be generated and represented using a tree diagram. 
Probabilities of the relevant two-stage outcomes can then be determined by 
multiplying the probabilities along the corresponding branches of the tree and 
then adding them to give the probabilities of the events described in the tasks. 

-
cal probability. Due to its symmetry, it has a simple solution that does not require 

such symmetry in task II. However, task II does not ask for a probability but for 
evaluating statements, some representing common misconceptions. It is worth 
noting that had there been only ten lottery tickets and only one winning ticket, 
Otto’s and Vira’s reasoning in task II would have been correct. 

Task I was part of a regular exam during a mathematics course in teacher 
education, in which 46 students participated. Task II was part of the correspond-

could attend. 24 students attended the second exam. Both exams were anony-
mous. Solutions produced by all students who participated in both exams were 
sought out and paired together by a study administrator. In total, this yielded 
16 student solutions (for both tasks).
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Method of analysis 

a wide range of ways to approach the tasks, solve them, and communicate the 
solutions, as well as varying levels of probability reasoning. We compared 

-
duced short descriptions of each solution, including similarities and differences 
between task I and II. We assessed the students’ levels of probability reasoning 
using analytic and holistic approaches. In the analytic analysis, we looked for 
individual smaller units of knowledge from the Framework for probabilistic 
reasoning based on Jones et al. (1999), where connections between the units 
were not considered. An example of such a unit is ”The student can determine 
changing probability measures in a non-replacement situation.”. The holis-

to create a more comprehensive description of what the student ”knows”. An 
example of this is ”the student shows a good understanding of sample spaces in 
one and two-stage events” where there is a clear connection between one and 

each student. From the analytic perspective, we sought evidence of the highest 
levels of probabilistic reasoning exhibited. For instance, if (part of) a student’s 
solution indicated probabilistic reasoning on level 3 in a particular content area, 
the student’s reasoning was considered to be on that level even if other parts of 
the solutions only indicated lower levels of reasoning. For the holistic perspec-
tive, we searched for evidence indicating that a certain level had been reached 

students’ probabilistic reasoning.

Results 
Our analysis shows that adhering to different assessment perspectives on stu-

data does not enable us to evaluate which is more accurate. However, it discusses 
how different perspectives affect our understanding of students’ mathematical 
knowledge in teacher training. 

Figure 1 shows a reproduction of two students’ written solutions, chosen to 
illustrate similarities and differences between an analytic and a holistic assess-
ment. On the left, Student A produced a tree diagram with clear connections to 
the gift context in task I with colour coding and a bag drawing. All the facts, 
conditions, and assigned probabilities included in the answers are correct. The 
reasoning in task II, lower left corner, stops short of what is asked for in the 
task, but everything written is correct. Student B, on the right, also uses a tree 
diagram in task I but lacks explanations, and the assigned probabilities are 
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incorrect for some events in the lower branches. Student B’s reasoning in task 
II, lower right corner, starts correctly but soon focuses on the event of drawing 
one particular lottery ticket rather than a winning ticket. Student B ends the 
reasoning with an analogy to task II, with conditions similar to task I, but sug-
gests a replacement situation rather than the non-replacement situation that 
task II is originally about. 

We summarise our assessment of Student A’s written answers in table 2. The 
student scores top marks within each category in the analytical assessment. 

completely. We conclude that this student can reason appropriately on a condi-
tional probability task as assessed from an analytical perspective based on the 
chosen framework. The student receives a positive assessment from a holistic 

of a complete answer in task II. Less tangible clues, such as clear drawings and 
the absence of information, elevate and demote the holistic assessment. Since 
the answer from task II lacks the elegant tree diagram representation and cal-
culation of the conditional probabilities, the holistic assessment indicates that 
the student’s reasoning ability is limited to familiar tasks. If task II represents 
an unfamiliar probability situation for the student, they refrain from speculat-
ing or stepping into unknown territory. Everything written is correct, possibly 
indicating a recognition of the unfamiliarity and an inclination to stick to what 
is known. As with most holistic assessments, ours requires interpretations of 
what the student knows and is able to do, and as with every assessment, there 
is no telling if the student does not know or fails to understand something just 
because their written answers do not show this. 

Figure 1.
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We summarise our assessment of Student B’s written answers in table 3. The 
student scores top marks within the Probability of an event but only a 2 in 
Sample space and Conditional probability. Student B succeeds with assigning 

-
ning of both written answers. It is possible to look at the number of branches 
in the tree diagram and interpret it as representing the complete sample space. 
However, the lack of labels and clarity in the presentation and the incorrect  
probabilities mean that such an interpretation goes far beyond what is shown in 
the answer. This leads to a low mark in the Sample space. The fact that half of 
the probabilities for stage two are incorrect results in a low mark in Conditional 
probability. The holistic assessment of sample space in tasks I and II is that the 
student has strategies for listing complete sample spaces and can apply them 
in some context. Multiple instances lead to this conclusion since the student 
must understand the complete sample space for the presented reasoning. The 
main issue lies with the conditional probability reasoning; it is unclear whether 
Student B recognises the difference between replacement and non-replacement 
situations and how all probabilities are affected in non-replacement tasks.

In the case of Student A, the analytic assessment led to a favourable 
 

  Analytical ass. Holistic assessment 
Sample 
space 

Reasoning that includes a com-
plete sample space of a two-stage 
event but only in task I. The 
lottery context of task II did 
not elicit the same reasoning. 
However, it stopped at recognis-
ing that it was about dependent 
events and presented the sample 
space of the one-stage event. The 
written answer includes a clear 
connection between the repre-
sentation of the sample space, the 
tree diagram in task I and a list in 
task II, and the context. 

4 – Can present a tree 
diagram with all pos-
sible outcomes for 
task I. 

The written answer indicates a 
good understanding of sample 
spaces in one and two-stage 
events. 

Prob. of 
an event 

Reasoning includes assigning 
numerical probabilities for one-
stage and two-stage events. The 
reasoning distinguishes between 
certain and possible events. 

4 – Can correctly assign 
numerical probabilities 
for one-stage events in 
task I and II. 

The written answer indicates a 
good understanding of task I, 
which is numerical probabilities 
for one- and two-stage events. 
However, by stopping at distin-
guishing between different events 
in task II instead of calculat-
ing numerical probabilities, the 
student fails to display a compre-
hensive understanding of the dif-
ference between the two tasks. 

Cond. 
prob. 

Assigns numerical probabilities 
in non-replacement situations in 
task I but not task II. The student 
stops at recognising that the 
probabilities of all events change 
in a non-replacement situation 
in task II. 

4 – Can assign numeri-
cal probabilities in non-
replacement situations 
in task I. 

The difference in handling non-
replacement situations in task I 
and II indicates that students can 
only reason successfully when the 
context and conditions are fami-
liar. However, everything stated is 
correct and no misunderstandings 
are put forward.

Table 2.
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unwillingness to venture into unknown territory with speculations. The ina-
bility to recognise task II as a non-replacement situation, the same as in task 
I, is only picked up in the holistic approach. Regarding Student B, the ana-

incorrect. This may lead to a split conclusion that can be interpreted as both too 
positive (there are only crumbs of knowledge found in incorrect calculations) 
and too negative (there is, in fact, evidence of some understanding), depending 
on your perspective. The two contrasting approaches yield different knowledge 

Discussion 
-

ment approaches do not align. It may be worth pointing out that although this 

with the rest. We can argue that two of Sadler’s (2009) anomalies are relevant 

  Analytical assessment Holistic assessment 
Sample 
space 

Reasoning that includes a sample 
space of a two-stage event but 
only in task I. The student uses 
a tree diagram with incoherent 
labels and fails to use the correct 
branches in the following calcula-
tions. The chosen representation 
in the written answer has minimal 
explicit connections to the context 
of task I. The lottery context of 
task II did not elicit the tree-dia-
gram strategy. 

2 – Can list a complete 
set of outcomes for a 
one-stage experiment 
and use a limited and 
unsystematic strategy (a 
faulty tree diagram) to 
list a set of outcomes for 
a two-stage experiment 
in task I. 

The written answer indicates an 
okay understanding of sample 
spaces in one and two-stage 
events, at least in some contexts. 
However, the presentation lacks 
precision and clarity. 

Prob. of 
an event 

Reasoning that includes assigning 
numerical probabilities for one-
stage events in both tasks. The 
reasoning distinguishes between 
certain and possible events. The 
reasoning in task II includes 
several instances of assigning 
numerical probabilities for one-
stage events but not always the 
ones connected to the task. 

4 – Can correctly assign 
numerical probabilities 
for one-stage events in 
task I and II. 

The written answer indicates 
an understanding of numeri-
cal probabilities for one-stage 
events in task I and II. However, 
the expanded reasoning in task 
II indicates that the student 
is struggling to differentiate 

ticket and a winning ticket. 

Condi-
tional 
prob. 

Assigns numerical probabilities 
correctly in replacement situa-
tions in task II even though that 
was not the task. The reasoning 
includes that probabilities of some 
events change in a non-replace-
ment situation but fails to recog-
nise how all events’ probabilities 
change in task I and II. 

2 – Can recognise that 
the probabilities of some 
events change in a non-
replacement situation in 
task I; however, recogni-
tion is incomplete and 
is restricted to events 
that have previously 
occurred 

The example used in the reason-
ing for task II is a replacement 
situation, and the task is about 
a non-replacement situation. 
However, correctly handling the 
replacement situation indicates 
that the student exhibits at least 
some understanding of condi-
tional probability. 

Table 3.
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to our cases. We see some crumbs of knowledge displayed by Student B that 
are not picked up by the analytic assessment. In contrast, we can argue that the 

too positive since the student fails to recognise the mathematical similarities 
between task I and II. 

The ability to disregard context, recognise mathematical similarities between 
situations, and recognise how their interpretations align with is essential for 
teachers (Loewenberg Ball et al., 2008). It is important to note that neither of our 
two assessment approaches attended to what the students failed to do, although 
this was at least acknowledged in the holistic approach. This represents a typical 
dilemma in assessment where we can only infer understanding from what is 
done, not misunderstanding or lack of understanding from what is not done. As 
mentioned above this is especially salient in the case of student A. However, 
because this student does not speculate but stops while they are ahead, their 

The practice of recognising what we have referred to as crumbs of know-
ledge, i.e. inferring knowledge from one correct example while ignoring several 
examples of lack of success with tasks concerning the same mathematical idea, 
is common. This represents a challenge in all assessments but becomes criti-
cal in teacher education, where it can be argued that the students must display 
a thorough understanding of topics such as probability (Tchoshanov, 2011). 
It is challenging for teacher educators to weigh the importance of different 
crumbs of knowledge found in the solutions to produce a highly valid and reli-

one displayed by Student B is a high risk with analytic approaches as well as 
holistic approaches, where crumbs of knowledge are allowed to compensate for 
other shortcomings. Assessment based on crumbs and ”what is done” seems 
to increase the risk of missing common preservice teachers’ misconceptions 

analytic and holistic approaches can compensate for this risk. However, discuss-
ing how to weigh crumbs of knowledge may also be essential in securing high 
reliability and validity. Considering this limited example, we call for further 
studies to provide more details about assessment anomalies in teacher education 
and how they might affect preservice teachers’ future (assessment) practices. 
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