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ABSTRACT 

The market for interest rate derivatives has in recent decades grown considerably and the need 

for proper valuation models has increased. Interest rate derivatives are instruments that in 

some way are contingent on interest rates such as bonds and swaps and most financial 

transactions are in some way exposed to interest rate risk.  Interest rate derivatives are 

commonly used to hedge this risk. This study focuses on the Black Derman & Toy model and 

its capability of pricing interest rate derivatives. The purpose was to simulate the model 

numerically using daily Euro-Bunds and options data to identify if the model can generate 

accurate prices. A second purpose was to simplify the theory of building a short rate binomial 

tree, since existing theory explains this step in a complex way. The study concludes that the 

BDT model have difficulties valuing the extrinsic value of options with longer maturities, 

especially out-of-the money options.  

 

Keywords 

Interest rate derivatives, Term structure models, Black Derman & Toy, Option pricing, 

Binomial trees, Term structure of interest rates 

 

  



 
 

Table of Contents 
Interest Rate Derivatives: Pricing of Euro-Bund Options ................................................................................. 1 

Introduction ......................................................................................................................................................................... 1 

1.1 Backround ...................................................................................................................................... 1 

1.2 Problem Discussion ....................................................................................................................... 3 

1.3 Purpose .......................................................................................................................................... 4 

2 Theoretical Framework ............................................................................................................................................... 5 

2.1 Pricing Derivatives ......................................................................................................................... 5 

2.2 Term Structure of interest rates .................................................................................................... 5 

2.3 Term Structure Models ................................................................................................................. 7 

2.4 Black, Derman & Toy ..................................................................................................................... 8 

2.4.1 Hull & White ........................................................................................................................ 10 

2.5 Empirical Studies of term structure models ................................................................................ 11 

2.5.1 Numerical valuation – binomial tree .................................................................................... 12 

2.6 Options Pricing ............................................................................................................................ 13 

2.7 Efficient market theory ............................................................................................................... 15 

2.8 Theoretical Conclusion ................................................................................................................ 15 

3 Methodology .................................................................................................................................................................. 16 

3.1 Quantitative Data ........................................................................................................................ 16 

3.3 Future, Option and Bund data ..................................................................................................... 17 

3.4 building the short rate binomial tree- a simplified approach ..................................................... 18 

3.5 Valuing bonds and options .......................................................................................................... 20 

3.6 Interview ...................................................................................................................................... 21 

3.7 Sensitivity Analysis ...................................................................................................................... 21 

3.8 critical considerations.................................................................................................................. 22 

4. Empirical Results & Analysis ................................................................................................................................. 24 

4.1 Term Structure ............................................................................................................................ 24 

4.2 BDT Model Outputs ..................................................................................................................... 24 

4.3 Interview ...................................................................................................................................... 25 

4.4 ANALYSIS ..................................................................................................................................... 26 

4.5 Sensitivity Analysis ...................................................................................................................... 31 

5. Conclusion ..................................................................................................................................................................... 32 

6. References ..................................................................................................................................................................... 33 

6.1 Internet sources .......................................................................................................................... 34 

6.2 Other sources .............................................................................................................................. 34 



 
 

 



1 
 

INTRODUCTION 

1.1 BACKROUND 

An interest rate spread of 32.61% could be seen in the market on the 13
th

 of January 2012. 

Government bonds, an asset which has been benchmarked as a risk free rate for a long period 

of time, was now more volatile than many stocks. This was the spread between the ten year 

Greece government bond and the ten year German government bond. Greece was a catalyst 

for the sovereign debt crisis that began in 2010 and has not yet recovered. Economists often 

state that six percent is the pain threshold for financing government spending and expenses, 

but Greece had to pay 34.5%. 

Interest rates have never been so talked about as they are today. The bond market and interest 

rate derivatives have not been studied as much as the stock market and its different financial 

instruments. Until rather recent, the subject of bond valuation was considered rather boring. 

During the 1980s and 1990s, interest rates became a lot more volatile, which increased the 

risk of holding bonds but also created higher return opportunities. This made the bond market 

and different interest rate instruments a lot more interesting for investors (Elton et al. 2011). 

Along with this recent interest in interest rates, derivatives have become extremely important 

in the finance world the last 30 years. Derivatives have evolved in recent years and now come 

in many different shapes. They can be attached to executive compensation plans, bond issues, 

to ensure against default and as we all know from the crisis of 2008, derivatives can transfer 

risk in mortgages from the lender to investors and many other things (Hull 2011). Interest rate 

derivatives are instruments that in some way are contingent on interest rates (bonds, swaps, 

futures etc), and such securities are very important since most financial transactions are 

somewhat exposed to interest rate risk. Using interest rate derivatives is a way to manage this 

risk (hedge) or enhance the performance of a portfolio by utilizing the leverage of the 

derivative (Black, Derman & Toy 1990). 

A government bond is a fixed-income security which pays a fixed interest and has a stated 

principal. Governments issue bonds to fund their operations to maintain their economy. While 

governments are able to pay its bills and keep the economy moving this is also a good 

investment for the investor. This type of bond is considered as a risk-free investment because 

a government can always raise taxes or produce more currency to pay back the nominal 

amount at maturity. Some historical events can be examples of government bonds that haven’t 

been risk-free such as the “ruble crisis” in Russia 1998 where government bonds defaulted. 
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Another example are Greek bonds in 2011, which were considered very risky due to several 

different factors (www.reuters.com). 

The emerging interest in the bond market has led to an increasing amount of interest rate 

contingency claims such as bond options, bond futures, caps and collars, swaptions and 

mortgage-backed securities, which has led to a need for a more practical understanding of the 

valuation of these instruments (Hull & White 1990). There are several valuation models to 

value interest rate derivatives. “The Pricing of Options and Corporate Liabilities” by Fischer 

Black and Myron Scholes (1973) has had a huge influence when it comes to valuing 

derivatives. It is the model that practitioners use today to value stock options and it is also the 

foundation of other models pricing other financial instruments (Hull 2011). But just using one 

model to price different derivatives in different situations is not valid in the long run. The 

Black & Scholes model has certain assumptions, and the most significant is that the volatility 

of the stock price is a constant over time (Maes 2004). This is where the model falters to price 

interest rate derivatives. The volatility of the bond price is a decreasing function of time, and 

will be zero at maturity since the investor will get his or her principal back. There are several 

models that have been developed to take this decreasing volatility into account to price 

interest rate derivatives, and some of  them are the Black (1976) model, CIR (1985) model, 

Vasicek (1977) model, Black, Derman & Toy (1990) model and Hull & White (1990) model. 

But using different models in different situations can have many disadvantages. Hull & White 

(1990) describes the difficulty in making the volatility parameters in one model consistent 

with the parameters in another model. These models differ from one another regarding the 

different inputs the models rely on. You can divide the models into two groups, equilibrium 

and non-arbitrage models.  

In this study we will specifically look at the single term structure Black, Derman & Toy 

(1990) model. An evaluation of the model will be done using Euro-Bund futures data and 

options on these futures. A numerical simulation using current term structures and volatilities 

will determine the theoretical price of the options, to see if the model corresponds with real 

market data. The thesis will have a quantitative approach.  

As our hypothesis states, we believe there will be a difference between observed prices on the 

market and the theoretical prices produced by the model. To understand why prices differ, we 

will also have a qualitative approach. We will interview one practitioner who trade and deal 
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with interest rate derivatives on a daily basis, to get more insight in a practitioner’s point of 

view.  

The paper is organized as follows. First of all, a problem discussion will introduce the reader 

to the difficulties with the pricing of interest rate derivatives, followed by our hypothesis and 

purpose of the thesis. In the second section the theoretical framework, which is the basis of 

our study, will be reviewed and discussed to give the reader an understanding of the 

theoretical background of the subject. In the third section we will describe the methodology 

used to answer our hypothesis and purpose. The empirical result will be presented in the 

fourth section, followed by an analysis and finally a conclusion.  

1.2 PROBLEM DISCUSSION 

The financial markets are fast paced and models that value instruments have to be quick and 

precise. Unfortunately, the mathematical tools employed in many of the models tend to be so 

advanced that they obscure the underlying economics (Cox et al. 1979). Therefore, we believe 

that practitioners ignore the fundamentals of the different valuation models/methods used to 

price fixed-income derivatives. Speed and execution quality is more important for investors 

and traders, and the understanding of the valuation is secondary.  

A problem with this approach, only understanding the output and relying on computational 

systems for correct prices, is if there’s a major mispricing in the market of an instrument or if 

a system breaks down. The investor or trader will probably not detect if there are obvious 

price differences from fundamentals, since he or she only relies on the numbers given to 

him/her. This knowledge gap or ignorance has shown to be a major problem in the financial 

markets, proven several times during the latest credit crisis and also during the European 

sovereign debt crisis. One financial instrument where the investors had little knowledge of 

what they were buying or selling was mortgage backed securities. The products bought were 

complex and in many instances investors and different rating agencies had inaccurate 

information of the value of the underlying asset of the derivatives they were investing in (Hull 

2010). 

This approach, where the valuation process isn’t fully understood, there might be differences 

in market prices and theoretical prices of interest rate derivatives derived using the Black, 

Derman & Toy (1990) model. These differences might not only be generated from a 

knowledge gap or ignorance, but also from lack of inputs in the theoretical models. 

Practitioners might value other factors more such as ratings of underlying instruments, 
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macroeconomics, technical analysis and the psychology factor of the market. In this case, the 

problem is not the investors or traders using the models, but the models themselves falter 

since they cannot value variables that have a big influence of the price of the underlying 

instrument. Therefore we will test if theoretical price will differ from the market.  

1.3 PURPOSE 

We aim to study and test the interest rate derivative pricing model Black, Derman & Toy 

(1990). We will simulate the model numerically using daily Euro-Bund Futures and options 

data to identify if the model can generate reasonable prices. Existing theory of the valuation 

process for the BDT model is somewhat inadequate for non advanced users, which is why we 

will try to contribute with a more simplified approach to the tree building valuation process.   

Another purpose of the thesis is to test if theoretical prices will differ from market prices and 

if practitioners rely on the market price’s as valid.  
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2 THEORETICAL FRAMEWORK 

In this section we will explain the theoretical framework that will form the basis to answer our 

research questions. Our theory will also be the basis to the empirical study that will be 

performed. To fully understand the Black, Derman & Toy model, we will start by explaining 

the origin of this model.  

2.1 PRICING DERIVATIVES 

The original derivative pricing work done by Black & Scholes (1973) provides the foundation 

of modern theory of derivatives valuation. The model has had a big impact on the way traders 

price and hedge derivatives (Corrado & Su 1998). In Black & Scholes (1973) the authors 

states that if options are correctly priced in the market, arbitrary opportunities will be absent. 

This is the principle of the theoretical valuation formula for options in the Black & Scholes 

model.  

The reason why the Black & Scholes model is not appropriate to price interest rate derivatives 

is the pull-to-par problem. Since the model assumes constant volatility, an important feature 

of bonds gets overlooked. The volatility of a bond must go to zero when it matures, since the 

face value is known. This is the main reason other models are used when pricing interest rate 

derivatives, which leads us to the term structure of interest rates.(Rebonato 2003, Corrado & 

Su 1998)   

2.2 TERM STRUCTURE OF INTEREST RATES 

The term structure of interest rates is the evolution of spot rates over time. It reflects the 

market’s view on future levels of interest rates and understanding the different types and 

properties of term structures (yield curves) is fundamental for valuing instruments dependable 

on interest rates (Klose & Yuan 2003). Simplified, the interest rate banks offer on investments 

or charge on loans are different depending on the time horizon (term) of the investment/loan. 

The relationship between the investment term and the interest rate is called the term 

structure of interest rates. When plotting this term structure on a graph, a yield curve is 

produced. (Berk & DeMarzo 2007) 

 

 

Figure 2.1 Yield Curve. Source: investopedia.com 
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The instruments used to plot the yield curve are zero coupon bonds that mature at increasing 

time to maturity.  Zero coupon bonds are the simplest type of bond which pays no yearly 

coupons, but are instead issued at a discount. The return the investor receives is the face value 

of the bond on the maturity date. Zero coupon bonds are also called pure discount bonds since 

they are traded at a discount (Maes 2004). The yield of a bond is the interest rate that equals 

the sum of the present values of its generated cash flows. Studying yields is the equivalent of 

bond valuation, which is why yields are the most central factor when valuing interest rate 

securities. One can argue that zero coupon bonds are the wrong instrument to build a term 

structure, since most bonds in practice are issued with coupons by governments and 

corporations. However, coupon bearing bonds can be regarded as portfolios of zero coupon 

bonds, which match the payoffs of the bond. This enables the construction of the yield curve 

using zero coupon bonds with increasing maturity. (Maes 2004) 

The shape of the yield curve can take different forms, depending on the outlook of the short- 

and long term interest rates. The interest rates on the yield curve are set in the market to match 

the current supply of lending with the demand for borrowing at each loan term. The “normal” 

yield curve implies that interest rates are expected to rise and the long-term interest rates tend 

to be higher than the short-term rates while the inverted yield curve indicates that interest 

rates will decline in the future (Berk & DeMarzo 2007). The flat yield curve implies that the 

economy has mixed signals about future interest rates and thus investors act very differently 

in the market. An inverted yield curve shorter rates are higher than long term rates. In this 

case the market expects future interest rates to fall, which is usually an indication for an 

economic slowdown. (Berk & DeMarzo 2007) 

Models of the term structure of interest rates determine the yield curve at each given point in 

time using zero coupon bonds with different maturities. Bond markets are very large and 

liquid, and any mispricing in the market would be exploited by investment banks 

immediately. This implies that bond prices and yields exclude the presence of arbitrage. This 

important no-arbitrage modeling has shown when deciding hedge ratios or valuing 

instruments that modern portfolio theory can be of practical use. This means that term 

structure models are used by practitioners to determine hedge ratios. (Maes 2004)  
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2.3 TERM STRUCTURE MODELS 

This part of the theoretical framework will present interest rate models for valuing interest 

rate derivatives. The models are used to build term structure models, which describe the 

evolution of yield curves over time. The inputs necessary when modeling interest rates are; 

 Term Structure: Constructed by plotting the yields of benchmark fixed income 

securities 

 Volatility of Interest Rates: Volatilities at different maturities 

 Stochastic Process: Future interest rate moves are uncertain, and this is governed by a 

stochastic process.  

 Mean reversion: Interest rates are mean reverting. High rates have the tendency to fall 

to a long-run average, while low interest rates have the tendency to rise to a long -run 

average. 

The models must be fitted to the market term structure to become useful for pricing interest 

rate derivatives. A convenient way to illustrate these models is to use interest rate trees with 

discrete time steps. If the time steps are i.e. annual, the rates on the tree model one-year 

interest rate changes. (Hull 2011) 

Term structure models are more complicated than theoretical models used to price stock or 

currency derivatives. Term structure models have to take movements in an entire yield curve 

into account, thus not only changes in one single variable (Klose & Yuan 2003).  Term 

structure models are categorized into two separate classes: Equilibrium models and No-

arbitrage models. 

 Market Practice of Term Structure Models 

To understand different term structure models, it is important to understand how the pricing 

models are used in practice. Term structure models can be of interest to different market 

participants and some of them are: relative-value (coupon-to-coupon) bond traders, plain-

vanilla option traders and complex-derivatives traders. A relative-value bond trader can use 

models to input a given yield curve and relate the resulting bond price to market prices. 

Failures can indicate there is a trading opportunity in the specific bond. A plain-vanilla option 

trader is more interested in the implied volatility of different derivatives to compare these 

predictions with the market. Both these categories could act on information from the models, 

thus the models have a descriptive and normative function. (Rebonato 2003) 
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The situation is somewhat different for complex-derivative traders (often OTC
1
-markets) 

since they can’t compare the theoretical price with a visible market price. Here the inputs of 

the models are observable in the market and the models create the price for the traded 

instrument. Hence, the understanding of the model used is of importance since the trade relies 

on the accuracy of the model (Rebonato 2003). 

2.4 BLACK, DERMAN & TOY 

Interest rate derivatives can be priced using the Black, Derman & Toy model (1990). The 

model is a one-factor short rate no-arbitrage model and all security prices depend on one 

single factor – the short rate. The model is based on a stochastic differential process, which 

determines the future evolution of all interest rates. The current term structure is an input of 

the model and all rates are assumed to be lognormally distributed. The stochastic process is as 

follow 

                                 

d ln r represents a small change in the short rate (lognormally distributed). This change in the 

short rate is dependent on the drift of the short rate (   at time t, which is usually a positive 

drift implying increasing rates. The model is also mean reverting (         , meaning that 

rates tend to move to its long term average, that is the equilibrium of the short rate. High rates 

tend to move down and low rates tend to move up. The volatility of the short rate follows a 

Wiener process which is a statistical random probability property. Only present values are 

relevant in forecasting future price movements. These stochastic processes can either be 

analytical or numerical for many interest rate models, but the Black, Derman & Toy is 

exclusively numerical. 

The process determines the future evolution of the short rate, thus the ruling yield curve. The 

change in the short rate (dr) will determine the yield curve, thus P(t,T). P(t,T) is the price of a 

zero coupon bond at time t with maturity T, and is as stated before the instrument used to 

determine the yield curve. The Black, Derman & Toy model uses the term structure of the 

market as an input of the model and the stochastic process will determine how rates evolve in 

the future at every time step (dt). The risk neutral valuation procedure means that for every 

time step (   ) the short rate will either move up or down with equal probability, 50 percent. 

                                                             
1 Over the counter which means trades not cleared by an exchange 
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The volatility of the short rate determines the spread of the rate, that is how much up or down 

the rate will move (Hull 2011; Black, Derman & Toy 1990). 

Several assumptions are made for the model to hold. Changes in bond prices are perfectly 

correlated, expected returns on all securities over one period are equal, the short rates are log-

normally distributed and there are no taxes or transaction costs.  

In application, the term structure is described using a numerical binomial tree in the BDT 

model. At the present node, time t, the future evolution of the short-rate is determined by 

taking one time step in the future (dt). To calculate the rate at the first upper and lower node, 

one need to know the yield and volatility of a two year zero-coupon bond. Since the volatility 

of a zero coupon bond is zero at maturity and the yield is known, this is the procedure to value 

something in the future without any arbitrary opportunities and to get a match to the current 

term structure. When the rates at the first nodes are determined, we then determine nodes at 

further time steps. This is done in the binomial tree by looking at a three year zero coupon 

bond. At this stage we have three unknown rates in the future, which complicates the 

valuation process. This is where an iterative process is used to find the prevailing rates at time 

step (dt). The yield and volatility of a three year zero (current term structure) and the 

stochastic differential process are used to get the rates two time steps in the future, but the 

rates has to match the volatility and yield of the term structure. Estimate the lowest and 

middle node and adjust it to get a match with the term structure. The upper most node can 

then be calculated from the middle and lowest node (Black, Derman & Toy 1990). These 

calculations are shown in the methodology section of this thesis.  

An advantage of the BDT model compared to other models is that the short rate is log-

normally distributed, which means that the short rate   cannot become negative. The 

popularity of the model can also be referred to the model’s simplicity and speedy way to 

calibrate prevailing market structures to value interest rate derivatives (Rebonato 2003).  

Disadvantages of the model is that the short rate can be mean fleeing instead of mean 

reverting for certain specifications of the volatility function     , and it has no analytical 

traceability. The reversion rate of the model is only positive if the volatility of the short rate is 

a decreasing function of time, which might enable the tree to “explode” (Hull 2011, Klose & 

Yuan 2003). 
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2.4.1 HULL & WHITE 

The Hull & White model (1990) is another widely used valuation model. The model fits the 

initial term structure of the short rate, and can be used to value interest rate derivatives both 

analytically and numerically. The short rate in the model follows a stochastic pattern  

                                 

Where 

       is the drift rate of the short rate (Hull & White 1990, Hull & White 1996).  

The attraction of the Hull & White model is its analytical tractability. The Hull & White 

model (1990) has not been as widely used as the BDT model, even though it has a better way 

of handling the mean reversion. In HW-model, mean reversion does not depend on the time 

behavior of the short rate volatility like the short rate behaves in the BDT model. One reason 

practitioners might have used other models can be that the possibility of negative rates was an 

undesirable feature of the model (Rebonato 2003).  

 

  



11 
 

2.5 EMPIRICAL STUDIES OF TERM STRUCTURE MODELS 

There have been earlier studies of these different models with different approaches. Huseyin 

Senturk (2008) did a comparative study where he compared observed prices from discounted 

bond options from four different interest rate models, Vasicek, Cox-Ingersoll-Ross, Ho & Lee 

and Black-Derman-Toy. Using the models to estimate option prices he compared them with 

the real observed prices in the market. To estimate option prices he constructed interest rate 

trees from the binomial models based on Ho & Lee and Black-Derman-Toy and using the 

parameters from the Vasicek and Cox-Ingersoll-Ross models. For the observed prices he 

received data from 1-5 years US Treasury Bonds. Huseyin (2008) concluded that Black-

Derman-Toy model fitted the data best and Vasicek the worst. Cox-Ingersoll-Ross model 

performed better than Ho & Lee model. This shows that in his study the normal distributed 

models performed poorly in comparison with the lognormal models. It also shows that 

binomial models fitted better than one factor equilibrium models.  

Radhakrishnan (1998) did an empirical study where he compared the Black Derman Toy 

model and its function to price discount bond and options with the HJM model. He found that, 

when calibrating the Black Derman Toy model to term structure volatilities the model prices 

at-the-money options on discount bonds within on ore two percent of the accurate values for 

shorter maturity options. But, at the same time the model under prices the options with longer 

maturity. He concludes that the under pricing of an at-the-money options with a maturity of 

one year is about 4-5% and up till 23% for five year maturities. The under pricing is bigger 

for out-of-the money options and much less for in-the-money options. (Radhakrishnan 1998) 

Backus, Foresi & Zin (1996) found that the Black Derman Toy model over prices call options 

on long bonds relative to options on short bond. They find that pricing at-the-money options 

on discount bonds comes within a range of one or two per cent of the accurate price for short 

maturity options. On the other hand, they find that the model under prices them for longer 

maturity options. (Backus, Foresi & Zin 1996) 

The authors conclude that attention should be pointed at the fundamentals of the model 

including mean reversion, stochastic volatility etc. They also conclude that even the best 

fundamental models provide only a rough approximation to market prices of fixed income 

derivatives. (Backus, Foresi & Zin 1996) 
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2.5.1 NUMERICAL VALUATION – BINOMIAL TREE 

A technique often used for pricing options is to construct binomial trees. A binomial tree is an 

image of the possible paths an assets price can take during the life of the option. For stock 

options, the underlying assumption is that the stock price follows a random walk. For every 

time step, the asset has a certain probability of moving up and down. The binomial trees is a 

numerical way of valuing derivatives and it is the most common method for valuing 

American options since they cannot be valued analytically (Hull 2011).  

The valuation process of the modeling involves dividing the life of the option into many small 

time intervals of length       The modeling then assumes that the price of the underlying asset 

either moves to         . 

 

Figure 2.2 A Source: Hull (2011).  

The valuation of the option must be risk-neutral. This principle is used to price derivatives 

and states that all investors are risk-neutral. Investors do not increase the expected return they 

require to compensate for increased risk. This is of course not true in the real world, since 

investors want to be compensated for increased risk, but using a risk-neutral assumption will 

still give the correct option price. A risk-neutral world has two features which simplifies the 

pricing of derivatives: 

1. The expected return on an asset is the risk-free rate. 

2. The discount rate used for the expected payoff is the risk free rate (Hull 2011).  

When building a tree for interest rates, a discrete-time stochastic process for the short rate is 

constructed.  If the time step is   , the different rates on the tree are the continuously 

compounded   -period rates.  

The way interest rate trees differ from stock price trees is in the way the discounting is done. 
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In a stock price tree, the discount rate is usually constant over time, the risk-free rate. In an 

interest rate tree, the discount rate varies at each node. (Hull 2011) 

2.6 OPTIONS PRICING 

The standard way to approach the valuation of options is based on the intrinsic and 

extrinsic/time value of options. An American style option that can be exercised at any given 

time until maturity will always have a minimum intrinsic value if the option is in the money. 

Let’s say an asset is trading at $105 dollars and you are holding a call option maturing in 2 

months with a strike price of $100. The minimum intrinsic value of this option is then $5 

dollars since you can exercise the option and buy the asset for $100 and then sell it for $105 in 

the market. If the strike price had been higher than the spot price in the market, $105, the 

option would have no intrinsic value. Any extra value the option might have except for the 

intrinsic value is known as the time value or extrinsic value. This time value is related to the 

possibility of the asset price moving in a favorable direction, resulting in an increase value of 

the option (Gemmill 1993). The probability of out of the money options moving in the money 

is always greater than zero, thus an option should always be worth more than its current 

exercise value and never zero. One factor a part from time to maturity that affects this 

extrinsic value is the volatility. The greater the volatility of the underlying asset, the higher 

the probability of favorable moves for an out-of-the money option. (www.oxfordfutures.com) 

Options that are deep in the money will have large intrinsic values and the size of the time 

values will depend on time to maturity. The longer the time to expiration, the larger the time 

value will be. Options that are deep out of the money will have no intrinsic value and only 

time value. The concept of time value is of great importance to value options. The longer an 

option has till maturity, the greater the probability of the asset price moving favorably. Hence, 

the time value of options reflects the maturity and future possible asset price moves, and 

longer maturities is favorable for option prices. (Gemmill 1993) 

There are more factors affecting the price of an option. Existing theory generally bring up six 

factors that affect the option prices and these are 

1. The current asset price 

2.  The strike price of the option 

3. Time to expiration (time value) 

4. The volatility of the underlying asset 

5. The risk-free interest rate 
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6. The dividend expected to be paid (Hull 2011).  

The affects of current asset prices, strike prices and time to expiration has been described in 

the section of intrinsic value and time value. The most difficult factor to analyze is the 

volatility of the underlying asset. The volatility is measured in different ways. Historical 

volatility is observable in the market and can be calculated from historical prices of the 

underlying asset. Implied volatility is the measure “the market” uses and implied volatility is 

widely considered to be superior to historical volatility (Canina & Filewski 1993; Hull 2011). 

As volatility increases, the probability of large price moves increase. This might not be a good 

scenario for the holder of the underlying asset, but for the option investor the increase in 

volatility is generally a good thing. The probability of an out of the money option to move in 

the money becomes higher when volatility increases, but the downside of the price movement 

is still limited to the premium paid for the option. (Hull 2011) 

The risk-free interest rate affects option prices in two different ways. The first one is that 

increasing interest rates will increase the expected return from more risky assets like stocks. 

The alternative cost of holding a risky asset will be larger, and therefore investors require a 

higher return. This risk factor is somewhat different for interest rate derivatives. Underlying 

bond prices decrease when interest rates increase. The reason for this is that rates in the 

market are higher than the bond you’re holding, and for you to sell this bond in the market the 

buyer will have to be compensated with a lower price to match the market’s yield. The other 

factor is that the present value of the discounted future cash flows will be lower with higher 

discount rates. (Hull 2011) 

For stock options, the dividend will have the effect of price decrease due to the no-arbitrary 

condition. On the day the stock trade exclusive the dividend, the price will decrease by the 

dividend amount. This is negative for call option holders, but positive for put option investors 

(Hull 2011). The dividend is not a factor for interest rate options, since the coupons are 

already discounted in today’s price.  
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2.7 EFFICIENT MARKET THEORY 

One of the most famous market theories is the efficient market theory by Fama (1970). In this 

theory he asserts that the financial markets are efficient, that is all prices in the market are 

“informationally correct”. This means that an investor can’t achieve abnormal returns in 

excess of the average market return on a risk-adjusted basis given the information at the time 

of investment. He describes three different states of market efficiency, weak, semi-strong and 

strong.  The weak form in the theory describes a market where the traded asset prices reflect 

all past publicly available information. When the prices of the traded assets reflect both the 

historical information and the information given at the time of investment, a semi-strong state 

is achieved. When strong market efficiency is seen in the market, all prices of traded assets 

reflect all historical information, all information today plus all insider information regarding 

the traded assets. (Fama 1970) 

2.8 THEORETICAL CONCLUSION 

The presented theory is of significance in our thesis. The reason why we present the different 

models prior to the Black Derman Toy model is to get an understanding of the different term 

structure models used by both academics and practitioners. It’s also important to bring forth 

different approaches the different models utilize trying to derive an equation for pricing 

interest rate derivatives. This is explained in the text in a perspicuous simplified way.  

When it comes to the theory of the Black Derman Toy model we explain more in detail how 

the model is built and how it constructs a binomial tree. This is done by compiling existing 

theory and showing the most important steps in the model. Further explanation of the model 

and the different steps to construct the model will be shown in the methodology section.  

The option pricing episode is important to present for our analysis where we will try to 

analyze our calculated option prices and compare them to the observed market prices. 
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3 METHODOLOGY 

In this section we will describe our methodological approach to answer our hypothesis and 

purpose of this master thesis. We will also clarify our method for collecting data and 

simulation of the pricing method used. The last section in this chapter will cover critical 

considerations regarding the collection of data, methods used and other important variables.  

3.1 QUANTITATIVE DATA  

The collection of necessary data to evaluate the theoretical model has been collected from 

Deutsche Bundesbank, Bloomberg ©, and Eurex.  

3.2TERMSTRUCTURE 

The initial term structure of interest rates is according to theory (Black, Derman & Toy 1990, 

Hull & White 1990) built using the yields of zero coupon bonds. To make our data reflect the 

market’s term structure in the best way possible, we have collected term structure data from 

Deutsche Bundesbank. The term structure of interest rates in the bond market shows the 

relation between the interest rates and maturities of zero coupon bonds without a default risk. 

In the Bundesbank Capital Market Statistics (2012:2) this data is computed from observed 

yields to maturity of coupon bonds outstanding. We have gathered daily term structure data 

for maturities 6 months to 2 years form Bundesbank (Spreadsheet1; Bundesbank.de). The 

yield volatilities have been calculated in MS Office Excel with the standard deviation 

function. A 21-day volatility (1 trading month) has been used to match market data in the best 

way possible. Observed market volatilities were quoted using 21-day volatilities.(Bloomberg).  

In our thesis we study maturities much shorter than 6 months, but we have made certain 

assumptions and interpolated rates and volatilities in Excel to get reasonable short term 

structure data (see spreadsheet1). The assumptions for maturities < than 6 months are: 

 

 

 

 

 

 

Yield 

1. The yield is constructed to follow a normal yield curve 

2. The relation between 6 months/1 year is assumed to hold for 3 months and 1 month. 

3. The 1 week yield is assumed to be 75% of the 1 month yield  

4. The 1 day yield is assumed to be 80% of the 1 week yield 

5. If the relation 6months/1 year is less than 0.85, five percentage points are added to better 

match a normal curve. 

Volatility 

1. Short term rates are more volatile than long term rates 

2. The relation 6 months/1 year hold for shorter maturities. 

3. If relation 6m/1 year is < than 1 (less volatile even though shorter maturity), we will assume 

1,05 relation to match a normal yield curve.    See spreadsheet1 
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3.3 FUTURE, OPTION AND BUND DATA 

In our thesis we have collected data on Euro-Bund Futures, which are traded on the Eurex 

exchange (www.eurexchange.com). The reason we have chosen government bond futures is 

because data is easy to access and data on options on the futures are also easy to find. 

Government bond futures are also very liquid and frequently used to hedge and trade the 

interest rate markets (www.eurexchange.com). Government bond futures, in our thesis Euro-

Bund Futures, are contracts consistent of a basked of different deliverable bonds underlying 

the future (Hull 2011).  The Euro-Bund future closes to maturity (March and June) have 

following deliverable bonds; 

Coupon Rate 

(%) 

Maturity 

Date 

Conversion 

Factor 

2,5 2021-01-04 0.770614 

3,25 2021-07-04 0.811884 

2,25 2021-09-04 0.739839 

2 2022-01-04 0.714926 

Source: eurexchange.com 

If investor A is short a government bond future and investor B is long the futur, investor A 

must deliver one of these bonds to investor B. When a particular bond is delivered, a factor 

known as the conversion factor defines the price received for the bond to the short position, 

investor A (Hull 2011). The conversion factor will convert the price of the future to the 

delivered bond according to the following formula: 

(Most recent settlement price x Conversion factor) + Accrued interest (Hull 2011).  

To collect data on the futures and options we have used a Bloomberg terminal. Observed 

market data on the futures were exported to MS Office Excel from January 2 to March 30
th

 

(see spreadsheet2-3), which we found was sufficient data. Call and put option data was 

collected during the same period for different strike prices. Options with strike prices far out 

of the money and very illiquid options were ignored to limit the amount of data collected. To 

convert Euro-Bund future prices and option strike prices we have collected data on the 

German government bonds underlying the future contract. This data was collected from 

Deutsche Bundesbank (spreadsheet 4; www.bundesbank.de). 
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3.4 BUILDING THE SHORT RATE BINOMIAL TREE- A SIMPLIFIED APPROACH 

The purpose of this section is to contribute to existing theory by explaining the Black Derman 

& Toy model in a more comprehensive way to make the tree building process easier to 

understand.   

The Black Derman Toy model uses a binomial lattice to build a tree of short rates. The one 

factor that the model depends on is the short rate (r). The model has to be calibrated to fit the 

ruling market term structure of interest rates (the yield curves and volatility curves). This is 

easily done in the first step, Ru and Rd. The difficulty is valuing more distant steps, where 

existing theories explain this as the usage of an iterative process to match the resulted short 

rates with the current market term structure of interest rates (Black, Derman & Toy 1990). 

The initial short rate is known and can be derived to the one year zero coupon bond, if one 

year short rates are used.  

1. 

The first step is to determine short rates one period in the future. The short rates must match 

the term structure of interest rates. Interest rates move either up or down from a current rate 

by a probability of 50 per cent. To attain these rates, start the process by valuing a two year 

zero coupon bond. The price of a two year zero, one year from now is always the nominal 

amount ($100), no matter what short rate prevails. 

 

Discounting Puu, Pud and Puu with the short rates at the corresponding nodes will result in a 

price of $94.2. If these rates Ru (6.83 %) and Rd (5.15 %) correspond with prices of a two 

year zero, the rates fit the current term structure of interest rates. Another assumption of the 

model is that it assumes log normal-distributed short rates. The ratio of upper and lower 

interest rates defines the implied volatility: 

  
          

 
     (1) 
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2. 

In order to model rates further in time, we have to add more nodes to the tree. From Ru we 

can either go to Ruu or Rud, and from Rd we can either go to Rdu and Rdd. At this time (t=2) 

we guess the rate at the top or bottom node using an iterative process. This is where it gets a 

bit more complicated. These estimated rates and implied volatilities must match the current 

market term structure. In the example above we had an implied volatility of approximately 14 

per cent. This should match the volatility and the yield of a two year zero, otherwise the rate 

Ru and Rd don’t match the term structure. The reason we use zero coupon bonds at the end 

node is because their volatilities equals zero at maturity and prices are known.  

Now we estimate Ruu, Rud and Rdd at T=2 by using a three year zero coupon bond at the 

final nodes. The estimation only needs to be done iteratively at the top-most or bottom-most 

node at the current time step (in this case t=2), since we can find all other nodes in this same 

time step from this node. We want this time step to match the three year zero’s yield and 

volatility. The following formula can then be used to value the node above after the bottom 

most-node is iteratively adjusted to match the zero:  

                                                                            (2) 

To test this we can use our example in step 1 where Rd was 5.15 and the implied volatility 

approximately 14 per cent. 5.15          = 6.83. Since rates are log normally distributed, the 

space between the nodes is derived using this formula and that is the reason why we only need 

to guess the bottom or top nodes. Formula (1) should be equal to  

                      which is the squared root of the yield volatility at time t.  

When the bottom node is iteratively adjusted, equation (2) and (1) will solve the rest. How to 

estimate the rate and sigma at the bottom node can be done by trial and error or by using the 

solver function in excel. If the rates are too high, reduce the rates to make them match the 

three year zero’s price and vice versa. 

3. 

One important factor is that the spread of the nodes is dependent on the yield and the volatility 

of the three year zero. The rates chosen at the bottom/top node has to match this zero coupon 

bond. Discount the different rates calculated at the current time step to the first node in the 

tree. This process has to be repeated until the calculated spot-rate equals the term structure’s 

spot rate. Once this is solved, we retain these short rates and can continue to the next node to 
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match the tree with the tenor of the instrument being valued. The result might look like the 

trees constructed below.  

 

Using equation (1) to find the implied volatility at t=2 to test equation (2).  

  
              

 
          

We then see if the bottom node at t=2 will equal to 5.92.  

4.59              2 

Reproducing this test at further nodes will show that the rates correspond with the yield and 

volatilities of a four year zero coupon bond.  

3.5 VALUING BONDS AND OPTIONS 

The resulting short rate binomial tree can be used to derive bond prices and value fixed 

income derivatives. In our thesis we have built a model in Microsoft Excel using a guide by 

(Farid 2006) to construct the BDT model.  

 A short rate tree is constructed to value a Euro-Bund back from maturity to the valuation date 

2012-03-30. The current market term structure is an input of the model and then algorithms 

are built up for prices, rates and yields to solve median rates and volatilities using the solver 

function (see spreadsheet BdtmodelbyD&G_1year).  

 

The next step in the valuation process is to use the rate tree constructed to discount bond 

prices. This calculation is performed with the following formula (Farid 2006); 

                                                           

where A and B are the price_up and price_down from the valuation node and short rate (D) is 

the short rate from the binomial rate tree that corresponds with the    at the valuation node.  
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The market data collected on options and bonds are from the 30
st
 of January to the 30

th
 of 

March, which means that the data from the model has to be discounted accordingly. To do 

this, we have used the median price at t = 1, to get a value at 2013-03-30 

(104,29+108,55)/2)=106.43. This price will then be discounted 14 months (30
th

 of January), 

13 months (1
st
 of March), and 12 months (30

th
 of March) to receive values corresponding with 

our collected market data on the options. The term structure is changed to fit the 14 months 

period and a new short rate binomial tree is constructed (see spreadsheet 

BDTmodelbyD&G_Months). 

 

The next step is to price options on bonds derived from the steps above in the BDT model. 

The prices of put and call options are calculated at the given date of our collected market data, 

which is the 30
th

 of January, 1
st
 of March and 30

th
 of March. The bond prices derived at these 

dates are then used to value the options (see spreadsheet BDTmodelbyD&G_Months). The 

conversion factor for the strike prices of the options and futures is given as 0.7655 and is used 

to convert the future and option prices to correspond with the underlying bond. We have then 

discounted the option prices from the maturity of the option back to the valuation date. To 

price the options we have then used the following formulas at the valuation dates mentioned 

above; 

Call options                                   

Put options                                  (Farid 2006). 

3.6 INTERVIEW 

We have also had a short phone interview with an options trader to identify what practitioners 

value the most when it comes to trading and pricing options, which hopefully will help us 

analyze the result from a practitioner’s point of view. The trader worked at an anonymous 

investment bank in Stockholm, Sweden and his title was FICC Trader which means he was 

part of the fixed income, currencies and commodities desk and mainly traded fixed income 

instruments.  The phone interview was held on the 15
th

 of May 2012. The result will be 

presented in the empirical result section.  

3.7 SENSITIVITY ANALYSIS 

We will also perform a sensitivity analysis of the model’s way of reacting to increasing the 

amount of time steps during a given period. This analysis was done on the monthly tree where 

one time step equaled 1 month. To see if we would get a different result from increasing the 
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amount of time steps we increased these by 50 per cent.  Now the length of the intervals was 

0.6667 per step and the amount of steps increased from 14 to 21.  

3.8 CRITICAL CONSIDERATIONS 

One issue constructing the Black Derman Toy model has been the use of historical volatility 

vs. implied volatility. Traders in the market need to know how price returns will fluctuate in 

the future, but this volatility is unknown. When pricing derivatives, most of the input data are 

easy to obtain: strike prices, yield curves, bond prices, future prices etc. The volatility 

parameter is different, since historical volatilities are not precise when predicting future yield 

and price movements. Implied volatility is widely considered to be superior to historical 

volatility since it is the market’s forecast of future volatilities. Implied volatility can be 

calculated from current option prices in the market by solving the pricing model for the 

volatility that sets the prices of the model and the market equal. Since a lot of traders are 

watching the market permanently, this source for predicting future moves is considered 

reliable. Traders often times look at the volatility of actively traded options and use this 

volatility to price less actively traded options, since this volatility is the market’s consensus of 

the actual volatility (Canina & Figlewski 1993).  In our model we use the 21-day historical 

volatility, constructed from a daily yield change of the term structure data collected from 

Deutsche Bundesbank. This volatility will probably differ from the market’s implied volatility 

structure and in turn make the prices of options derived differ slightly.  

 

As explained in the term structure section of the methodology chapter, we were only able to 

collect market yield data for maturities of 6 months and longer from Deutsche Bundesbank. 

This data is constructed to fit zero coupon bonds expiring at different maturities to construct a 

yield curve (Bundesbank Capital Market Statistics 2012:2). Since our term structure involves 

rates less than 6 months, we have estimated shorter rates by interpolating rates and made the 

term structure fit a “normal” yield curve.  This interpolation is done for both the yield curve 

and the volatility curve to fit a “normal” market condition. Due to the highly volatile markets 

at the point of our observed data
2
, our result may differ from the markets since we estimated 

short term yields and volatilities out of a “normal” perspective. This problem should not be 

that significant though since the term structure was interpolated from the ruling conditions. 

 

                                                             
2 Our data was collected during a highly volatile bond market due to the euro crisis. 
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Another critical aspect of this thesis is that we have used one of the underlying deliverable 

bonds of the Euro-Bund future, and stuck with this specific bond. The correct theoretical 

approach according to Hull (2011) is to use the cheapest to deliver bond, which is something 

we have ignored. The bond we chose could be, or could not be the cheapest to deliver bond in 

the basket of deliverable bonds.  

 

The last critical consideration is the amount of observations. More observations would 

probably lead to a more significant result, but the amount of time limited our data collection. 
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4. EMPIRICAL RESULTS & ANALYSIS 

In this section we will present our results of the term structure and the constructed Black 

Derman & Toy model. The yield curves, volatility curves and the presentation of the model’s 

outputs are presented in appendices A, B and C. The final result, that is the difference of the 

market price and the model’s result will be presented in graphs in the analysis.    

4.1 TERM STRUCTURE  

As figures in Appendix A shows, the term structure follows a normal yield curve where 

shorter term rates are lower than longer term rates. The volatility curves shows that the 

volatility is higher for shorter maturities than longer maturities. This follow the concept of 

decreasing volatilities since the bond prices are known at maturity and the assumption in the 

BDT model that the volatility is a decreasing function of time (Black Derman & Toy 1990; 

Hull 2011). Figure F in appendix A has some extreme values, since the 1-year volatility is 

higher than the 6-months volatility. This jump in volatility could be a sign of earlier 

mentioned market turmoil. These extreme values have not affected our results significantly 

since our valuation dates are during the first three months of this term structure. Therefore the 

term structure can be considered to be valid for analyzing the result of the model.  

4.2 BDT MODEL OUTPUTS 

Since the underlying bond of the future contract matures in 9 years (2021-04-01), a short rate 

binomial tree has been constructed to match the term of the Euro-Bund. See Appendix B, 

Figure A for the result. The derived short rate binomial tree has then been used to discount the 

values of the Euro-Bund from maturity back 9 years to 2012-03-30. The resulting prices are 

shown in Appendix B, Figure B.  

Our quantitative data is collected during the first quarter of 2012 and to match the bond prices 

with our data we calculated the average one year bond price (104.29+108.55/2=106.43). This 

price was used as a reference to value the bond back 14 months. The monthly rates were 

interpolated as described in the methodology section. See Appendix B, Figure C, D, E, F and 

G for the resulting short rate tree and bond price valuations at different valuation dates.  Our 

derived bond prices for the different valuation dates are a close match to the markets’ bond 

prices (App B, Figure D), which indicates that the input of the model fits the ruling market 

term structure. In Appendix C, figure A and B our calculation of option prices are presented.  
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 4.3 INTERVIEW 

The FICC trader stressed the fact that he was a trader and not a quantitative analyst. He stated 

that the mathematical functions and statistical processes of the models is nothing he will be 

able to discuss in the interview without researching the model prior to the interview, which he 

didn’t have time to do.    

The question we first asked was if he knew about the Black, Derman & Toy model, and this 

he did but only on a general basis. The most commonly used model in his area of trading was 

the Black (1976) model. Our next question was how investment banks use theoretical models? 

At larger investment banks, there are separate units that have different areas of expertise. 

Quantitative analysts are the ones who build different risk management models and pricing 

models to make sure the bank’s traders make decisions that are in line with the bank’s policies 

and regulations he stated. When it comes to the pricing of interest rate derivatives, the cleared 

market is so large and liquid that opportunities of arbitrage (the miss pricing of an instrument) 

will be instantaneously utilized by a market participant. This in turn means that an analyst 

can’t calculate i.e. option prices from a model and make excessive gains since the market is 

considered to be efficient. The prices that are observed in the market are reliable since there 

are so many “players” in the market looking at the same numbers as you are. The traders rely 

on these numbers to be accurate and act accordingly. As a trader at an investment bank our 

respondent didn’t trade in a speculative purpose. His task was to hedge the bank and client’s 

exposure to interest rate risks.  

When asked about the trading of complex derivatives such as structure derivatives on an over 

the counter market, the interviewee explained that theoretical models were used to price 

derivatives. These markets are very large and liquid, but there are no reference prices (market 

prices) to compare the theoretical price with. He then made a concluding remark that in 

complex derivative trading, it is the quantitative analysts that build these models for pricing, 

and traders rely on the prices generated from the models. A trader’s main task is to execute 

trades for clients as fast and as efficient as possible, usually as a hedge.  
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4.4 ANALYSIS 

The model inputs of yield curves and volatility curves can be considered to hold since our 

derived bond prices were close to the market prices shown in Appendix B, figure D. The BDT 

model depends on only one variable, and that is the evolution of the short rate. It is essential 

that the term structure match the real world to compare prices, otherwise the model would 

misprice the valued instrument (Maes 2004). This is essential for further analysis of our 

derived results.  

The analysis of our option data will be done per valuation date and we will look at both call 

and put options with different strike prices at this date. We will also describe weather the 

options are in-the-money (ITM), at-the-money (ATM) or out-of-the-money (OTM). Call 

options with strike prices of 135 and 138 are ITM, closely ATM with strike price 140 and 

OTM with strike 142. Put options are ITM with strike price 142, ATM with strike price 140 

and OTM with strike prices 138 and 135.  

In figure 4.1, the valuation has been done on a call option that matures the 30
th

 of March, 

which is in two months time. The BDT model under prices all call options (OTM, ATM, 

ITM) for all strike prices at this valuation date. For this valuation date, the model is the most 

accurate when it comes to pricing out of the money options. The model produces a price of 

zero for these options, while the market has a small value (0.23) for the 142 strike call option.  

Figure 4.1: Call prices March Option 2012-01-30 
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In figure 4.2, we see that the put option shows the same pattern as the call option for this 

valuation date. The BDT model under prices all options for all strike prices. Once again, the 

closest value is found for the OTM option with strike 138. The model calculated the price of 

the OTM option as zero while the market price was (0.45).  

Figure 4.2: Put prices March Option 2012-01-30 

 

Figure 4.3 shows the prices of call options maturing in June at the given valuation date, 2012-

03-01. This option matures in 4 months, which means we now study an option with a longer 

time to maturity. At this valuation date we also have one more strike price, 135. Deep in the 

money options (strike 135) are over priced by the BDT model and ITM options are marginally 

over priced. The BDT model once again  under prices options that are out of the money.  

Figure 4.3: Call prices June Option 2012-03-01 
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Figure 4.4 shows how the BDT model over prices all options for all strike prices except for 

the option deep out of the money, which is an almost perfect match to the market price (0.86 

vs. 0.83). 

Figure 4.4: Put prices June Option 2012-03-01 

 

In figure 4.5 the model is quite accurate at all strike prices, but it still over prices ITM options 

and under prices OTM/ATM options.  

Figure 4.5: Call prices June Option 2012-03-30 
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The put options in figure 4.6 are over priced for all strike prices, but is the most accurate for 

OTM options once again.  

Figure 4.6: Put prices June Option 2012-03-30 
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much greater for OTM options than ITM options. This is also in conflict with our study where 

we found results where OTM options are more accurately priced than ITM options. A reason 

for this contradiction could be the ruling term structure of interest rates. During our study, 

interest rates were very volatile and the probability of favorable moves for OTM options is 

higher in a volatile market. Since our volatility curves match the current term structure, the 

model might be more accurate when it comes to valuing OTM options. One example is the 

135 put option at 2012-03-01 in figure 4.4 where the theoretical price is an almost perfect 

match compared to the market price. Throughout all valuation dates, OTM options were most 

accurately priced.   

The pricing of June options resulted in two repeating patterns. ITM call options were over 

priced and OTM call options were under priced. This is congruent with Radhakrishnan 

(1998), who stated that the under pricing was larger for OTM options than ITM options. 

Backus, Foresi & Zin (1996) found that the BDT model under prices options with longer 

maturities. This is contradictory to our study, where put options for longer maturities are 

systematically overpriced. Regarding the call options, the over/under pricing might be related 

to the model’s inefficiency of accounting for the time value of options. The value of OTM 

options depends on the time value and probability of favorable moves for the underlying asset 

(Gemmill 1993).  If the BDT model has a tendency to under price OTM options, it should 

then over price deep ITM options more than ATM options if the time value defect is valid. 

This is the case for our BDT prices.   

We believe that the theoretical prices derived from the BDT model in the academic world will 

show different results at different times, since the model relies on the input of the ruling term 

structure. In a very high volatile market, the result will in our meaning show different patterns 

for prices than in a less volatile market. The interviewed trader pointed out that the market 

prices are valid, since there are so many traders in the market watching these prices that an 

arbitrary opportunity would be utilized immediately. The market can account for a lot more 

factors than theoretical models can, for example the psychology of investors, macroeconomics 

and other risk factors. The respondent indicates in a modest way that market prices are 

efficient since these prices imbed the information of so many practitioners. The efficient 

market theory by Fama (19070) brings up certain degrees of market efficiencies, weak- semi 

strong and strong. The efficient market theory is to some extent confirmed by the interviewee 

since traders rely on the accuracy of market prices. The most important area for theoretical 

models is in our meaning the complex-derivatives trading market, where there are no readily 
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visible market prices for the structured products traded. In non exchange traded derivatives 

like these, traders rely on the models to create a “market” price for these products with given 

inputs from the market (Rebonato 2003).  

4.5 SENSITIVITY ANALYSIS 

Figure 4.7, Sensitivity Analysis for March Options 

 

As can be shown in the above figure, increasing the time steps by 50 per cent in our BDT 

model resulted in higher call prices and lower put prices. ITM call options are now more 

accurate and ITM put options are less accurate. The spread of the observations with 21 time 

steps versus 14 time steps was 0.09. We consider this spread to be too insignificant to make a 

conclusion. In order for a sensitivity analysis to be affective, one would need more 

observations to make a conclusion. 
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5. CONCLUSION 

This study has concluded that the Black Derman & Toy model have difficulties to price out-

of-the money options for longer maturities. The reason for this is the model’s inefficiency to 

price the extrinsic value of options. The extrinsic value of options is affected by the time to 

maturity of options and the implied volatility. The volatility input in this study is constructed 

using historical volatility and this might affect the output of the model negatively. Though, 

earlier empirical studies by Radhakrishnan (1998) and Backus, Foresi & Zin (1996) conclude 

that the BDT model is less accurate for longer maturity valuations than shorter maturities. We 

believe the reason for this is the extrinsic value factor.  

In the problem discussion, the fact that theoretical prices may differ from market prices was 

brought up. In our study we can confirm that this is the case for our data. One reason for these 

price differences is that participants in the market can take in more information and better 

evaluate the correct prices for tradable assets. Theoretical models have difficulties in taking in 

important market factors such as psychology, macroeconomics and other risk factors. This 

was in line whit the interviewed trader who explained that market prices are most often valid 

since an arbitrage opportunity would be exploited instantaneously. Backus, Foresi & Zin 

(1996) concluded the following; “even the best fundamental models provide only a rough 

approximation to market prices of fixed income derivatives”.   

Complex-derivatives such as structured products usually don’t have readily visible market 

prices to compare with the result of the model. In this field we believe that theoretical models 

are more important since counterparties rely on the models accuracy at producing a fair price 

given the different inputs. 

Our constructed BDT model systematically under priced OTM call options and over priced 

put options ITM and OTM. More observations which verifies this pattern would make it more 

significant and a concluding remark could be made. 

Finally, we believe we have contributed to existing theory by simplifying the tree building 

process of the Black Derman & Toy model.  

. 
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Appendix A: Yield and Volatility Curves 

Figure A: Yield Curve 2012-01-30 

 

 

Figure B: Volatility Curve 2012-01-30 
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Figure C: Yield Curve 2012-03-01 

 

 

Figure D: Volatility Curve 2012-03-01 
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Figure E: Yield Curve 2012-03-30 

 

 

Figure F: Volatility Curve 2012-03-30 
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Appendix B: BDT Model – Short rates and Bond Price results 

Figure A: 9 year Short rate binomial tree 

 

Figure B: Discounted Euro-Bund 2,50 CPN bond prices 
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Figure C: 14 months short rate binomial tree 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure D: Pricing bonds  
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Figure E: Discounted Bond prices to 2012-01-30 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure F: Discounted Bond prices to 2012-03-01 
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Figure G: Discounted Bond prices to 2012-03-30 
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Appendix C: BDT Option data results 

Figure A: Option pricing March Options, change strike in the red cell 

 

Figure B: Option pricing June Options 

 


