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Abstract. In this paper we study the relationship between nominal interest rate and in-

flation in Sweden. Using Dickey–Fuller’s unit root test we find that both series follow a unit

root non–stationary process. Testing for cointegration by using Engle–Granger’s procedure,

corrected for attenuation bias and autocorrelated error terms, and Johansen’s procedure

we find one cointegrating vector for each test, namely
[
1 −1.86

]T
and

[
1 −1.72

]T
respectively. Both estimates support a long run relationship between the series but neither

of the cointegrating vectors support the Fisher hypothesis of a one–to–one relationship

between the series. If taxes on nominal interest rates are accounted for the gap between the

value of the hypothesized long run relationship and our estimates lessens but we are still

forced to reject the Fisher hypothesis.
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1 Introduction

The Fisher equation, introduced in 1930 and named after economist Irving Fisher, is one

of the most basic equilibrium relationships in macro economics. It simply states that changes

in inflation should in the long run be fully reflected in changes in nominal interest rates, with

the consequence that only the real interest rate affects the real economy. This implies that

rational economic agents should require the expected inflation rate plus some fixed real

interest rate as compensation for a loan. Studies concerning inflation rates are essential to

economic theory and is of great importance to society as a whole. Following the Swedish

financial crisis in the early nineties much attention has been paid to the Swedish national

bank’s obligation to sustain price stability. Lagervall [2008] discussed the importance of

the real interest rate and how it affects people’s economic decisions in consumption, saving,

production and investment. He concludes without using any statistical tests that the real

interest rate has varied quite extensively in Sweden. In this paper we take a more statistically

strict approach to the subject and try to quantify the long run relationship between nominal

interest rate and inflation.

Investigations concerning Fisher’s theory have been plentiful in the literature using US

data, often with results in favor of the hypothesis. Fisher’s theory has been studied to a

lesser extent in other OECD countries. Mishkin [1985] investigates Fisher’s theory in seven

OECD countries and finds no support for the hypothesis. This paper studies Fisher’s theory

solely using Swedish data.

This paper is organized as follows. Section 2 introduces Fisher’s hypothesis and section

3 presents the methodology used to test the theory in practice. Section 4 presents the con-

sidered data and the tests utilized in this paper, and section 5 test the estimates robustness.

Finally section 6 concludes the results and discuss its reliability.
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2 The Fisher equation

The Fisher equation in its simplest form states that the nominal interest rate, it, is the

sum of the real interest rate, rt, and the expected inflation ,πet , that is,

it = rt + πet . (1)

Assume that inflationary expectations are unbiased as

πt = πet + et, (2)

where πt is the realized inflation and et is assumed to be a white noise iid(0, σ2) process.

Fisher’s theory simply states that in the long run only inflation affects the nominal interest

rate and the real interest rate is constant. However, in the short run the real interest rate is

affected by various monetary changes causing rt to fluctuate around a theorized fixed mean.

Combining equations (1) and (2) yields a test of Fisher’s theory by estimating a regression

of the form

it = r0 + βπt + εt, (3)

where εt is a composite error term of regression residuals and et. Eq. (3) is often referred

to as a regression for the long run Fisher effect. In the economic theory the null hypothesis

to be tested, called the Fisher effect, is that a unit change in inflation corresponds to a unit

change in nominal interest rate which equals β = 1, and r0 estimates the mean of the real

interest rate.

The short run Fisher effect can be described in a similar way. Under the assumption of

Fisher’s theory one can write ∂it
∂πt

= ∂(r0+πt)
∂πt

= 1 which implies the Fisher effect, ∆it = ∆πt,

of an immediate one–to–one movement between nominal interest rate and inflation rate.

As shown by Crowder and Wohar [1999] it is important to note that nominal interest
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rates often are subject to a marginal tax rate, τt. Economic agents require compensation

for loss due to taxes for the same reason that they require compensation for decline in

purchasing power of money over the term of a loan. Adjusting for taxes, the observable

after–tax nominal interest rate in equation (3) becomes it(1 − τt), correcting for this term

the Fisher equation becomes

it =
1

1− τt
r0 +

β

1− τt
πt +

1

1− τt
εt. (4)

As described in eq. (4) correcting for taxes implies that the coefficient for the explanatory

variable πt should equal 1/(1 − τt) if Fisher’s hypothesis holds true. Assuming a constant

tax rate of 30%, an estimate of the coefficient β in the initial regression of equation (3) is

expected to vary around 1.43, the uncertainty comes from changing tax rates during the

sample time period and from the effect of laws concerning tax deductions.
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3 Testing the Fisher effect

To test the Fisher effect we can simply estimate β by an OLS regression of equation (3).

However, as shown by Granger and Newbold [1974], testing β in equation (3) using conven-

tional regression methods is not valid if one of the regression variables are non–stationary.

In the case where either it or πt are non–stationary we risk spurious regression, often char-

acterized by fairly high R2 value, highly correlated residuals and a significant value for β. If

the regression is spurious then our estimates cannot be trusted and our analysis is discon-

tinued. However, if it and πt are both described by unit root processes of the same order the

Fisher hypothesis can be tested by examining if these two variables form a stationary linear

combination, that is, if they share a common trend. If such a trend can be found it would

support the hypothesis of a long run relationship between the time series. This concept is

called cointegration and is defined in section 4.3. The short run Fisher effects can be tested

by incorporating both long run and short run effects in an error correction model.
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Figure 1: Time plots of 3-month Treasury bills and 12-month inflation change as monthly
data between January 1982 to January 2012.

4 Empirical data

4.1 The data

Both series measuring nominal interest rate and inflation rate are collected as monthly

data between January 1982 and January 2012 for a total of 361 observations for each series.

As a measure for nominal interest rate 3–month Treasury bills are used. Inflation rate is

calculated as 12–month percentage change in Consumer Price Index (CPI) with 1980 as base

year. All data are acquired from Statistics Sweden (SCB).

Three important features of the data are noticed by investigating the plot in figure 1.

First, the financial crises in Sweden between 1990–1994 with the following shift from fixed

exchange rate to floating exchange rate is apparent in the graph in the form of structural

breaks in the mean. Second, none of the series seems to be mean reverting indicating non–

stationary. Third, the series for 3–month Treasury bills exhibit larger fluctuation in the time

period before the financial crisis than after indicating error term ARCH/GARCH effects. In

general, to test for a long term Fisher effect, the time series needs to cover a time period of

several decades but this also forces us to account for structural breaks, often due to shifts in

monetary policies and crises, in the data.

Equation (2) states that inflationary expectations are unbiased which is a rather strong
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Figure 2: Inflation and expected inflation time series measured quarterly from the second
quarter of 1987 to the fourth quarter of 2011.

assumption but necessary to test the Fisher effect. In Sweden, expected inflation is measured

quarterly by Konjunkturinstitutet (KI), figure 2 presents the realized inflation and the ex-

pected inflation from the second quarter of 1987 to the fourth quarter of 2011. By examining

the figure one can see that inflationary expectations often fail to account for sudden changes

in the series, one can also see this by examining standard deviations for the series which

for inflation and expected inflation are 2.83 and 1.64 respectively. This paper will not use

expected inflation in the proceeding analysis because of the limited amount of data available

and uncertainty about how it is measured.

4.2 Test for stochastic trends

We begin this section by outlining the properties of time series. In time series observations

are ordered according to a time variable, t, and future values are functions of past values. A

simple example is an AR(1) model where the future value depends on its direct past, as in,

yt = φ0 + φ1yt−1 + εt, (5)
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where εt is iid with mean zero and variance σ2. A time series is weakly stationary if for all

(t, k) ∈N+,

E(yt) = µ <∞ (6)

V (yt) = E(yt − µ)2 = γ0 <∞ (7)

Cov(yt, yt−k) = E(yt − µ)(yt−k − µ) = γk = γ−k. (8)

That is, the mean and variance of the series {yt} are constant and finite, and the autoco-

variance depends only on the distance between two observations. The expected value of yt

in equation (5) is

E(yt) = φ0 + E(φ1yt−1) + 0⇔ µ = E(yt) =
φ0

1− φ1

. (9)

And the variance is

V (yt) = 0 + φ2
1V (yt−1) + V (εt)⇔ V (yt) =

σ2

1− φ2
1

. (10)

From the above calculations we see that if φ1 = 1 the moments of {yt} are undefined. This

is called a unit root and a time series containing a unit root is non–stationary. One of the

most common unit root process is a random walk,

yt = yt−1 + εt. (11)

The series in equation (11) has infinite variance and is therefore not mean reverting. Granger

and Newbold [1974] showed that a regression with non–stationary variables is spurious and

can display misleading results, such a regression is often characterized by fairly high R2 value,

highly correlated residuals and significant parameters. We can illustrate this phenomenon

with the following example.
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Example 1 We can replicate one of the results found by Granger and Newbold [1974] by

generating two independent random walks with Gaussian white noise error terms and regress

one upon the other. Suppose that yt = yt−1+υt and xt = xt−1+ωt where (υt, ωt) ∼ NID(0, 1).

We generate a sample of the same size as we have data for in the empirical study of the series

nominal interest rate and inflation, that is T = 361. An OLS regression of yt upon xt gives

the result in equation (12).

yt = 12.10
(0.18)

− 0.37
(0.02)

xt, (12)

with R2 = 0.45. This result would indicate that xt explains yt fairly well, but as the er-

ror terms for each series are independently generated and the results in equation (12) are

superiors and should not be taken seriously.

Also, Phillips [1986] presented a analytical discussion to the simulation results by Granger

and Newbold [1974]. To avoid this trap we need to test if the time series for nominal interest

rate and inflation rate are non–stationary.

4.2.1 Unit root tests

To illustrate the problematic of testing for unit roots in time series we begin with the

simplest situation possible. Define the following series,

yt = φyt−1 + εt, (13)

where εt ∼ N(0, σ2) and y0 = 0. In appendix B we derive the approximate asymptotic

distribution of the OLS regression parameters. In this case, for E(yt) = φE(yt−1)⇒ E(yt) =

0, we have 1
T
XTX = 1

T

∑T
t y

2
t−1

P−→ V (yt), where V (yt) is defined in equation (10). We have
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from result 20

√
T (φ̂− φ)

D−→ N

(
0, σ2

(
σ2

1− φ2

)−1
)

= N(0, 1− φ2), (14)

and for a large sample size it approximately holds that

φ̂ ∼ N

(
φ,

1

T
(1− φ2)

)
. (15)

To test for a unit root we state the null and alternative hypotheses as H0 : φ = 1 and HA :

φ < 1. Clearly, under the null hypothesis of φ = 1, the approximation in equation (15) does

not hold when the rate of convergence is
√
T . In the subsequent discussion we will show that

the coefficient instead converges to a non–standard distribution at a rate of T , we say that

φ̂ is super–consistent. From equation (91) in appendix B where X =

[
yt−1 yt−2 · · · y0

]T
for the random walk in equation (13) we have under the null hypothesis of φ = 1,

φ̂ =

∑T
t=1 yt−1yt∑T
t=1 y

2
t−1

=

∑T
t=1 yt−1(yt−1 + εt)∑T

t=1 y
2
t−1

= 1 +

∑T
t=1 yt−1εt∑T
t=1 y

2
t−1

. (16)

So,

T (φ̂− 1) =
1

σ2T

∑T
t=1 yt−1εt

1
σ2T 2

∑T
t=1 y

2
t−1

. (17)

To enable a test for unit roots we need to define a limiting distribution for equation (17).

Consider the numerator of equation (17), for a random walk we have

y2 = (yt−1 + εt)
2 = y2

t−1 + 2yt−1εt + ε2
t ⇔ yt−1εt =

1

2
(y2
t − y2

t−1 − ε2
t ). (18)

So,

T∑
t=1

yt−1εt =
1

2
(y2
T − y2

0)− 1

2

t∑
t=1

ε2
t , (19)
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and for y0 = 0 we have

(
1

σ2T

) T∑
t=1

yt−1εt =

(
1

2

)(
yT

σ
√
T

)2

−
(

1

2σ2

)(
1

T

) T∑
t=1

ε2
t . (20)

Consider the first term of equation (20). Through recursive substitution we can rewrite a

random walk, for y0 = 0, as

yt = yt−1 + εt = yt−2 + εt−1 + εt = · · · = εt + εt−1 + · · ·+ ε1. (21)

Recall that (∀t ∈ 1, 2, . . . , T : εt ∼ N(0, σ2)) so yt ∼ N(0, σ2t) which implies
(

yT
σ
√
T

)
∼

N(0, 1). The square of a standard normal distributed variable is Chi–squared distributed

with one degree of freedom, we have

(
yT

σ
√
T

)2

∼ χ2
1. (22)

For the second term of equation (20) we have

(
1

T

) T∑
t=1

ε2
t

P−→ σ2. (23)

Let X ∼ χ2
1 then for equation (20) we have

(
1

σ2T

) T∑
t=1

yt−1εt
D−→ 1

2
X − 1

2
=

1

2
(X − 1). (24)

The denominator of equation (17) does not follow any standard distribution. To further

analyze the denominator we need to introduce Brownian motions which is beyond the scope

of this paper, the asymptotic distribution of T (φ̂− φ) was first described by Phillips [1987]

as a result of a simulated approximation of the distribution carried out by Dickey and Fuller

[1979]. To test if an AR(1) model contains a unit root we can use an OLS regression and

compare the t–test t = (φ̂− 1)/std(φ̂) against the simulated critical values found in Dickey
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and Fuller [1979].

To generalize the concept of a unit root to the AR(p) model we first study the AR(2),

yt = φ0 + φ1yt−1 + φ2yt−2 + εt, model. The expected value is

E(yt) = φ0 + φ1E(yt−1) + φ2E(yt−2) + 0⇔ µ =
φ0

1− φ1 − φ2

. (25)

For the variance we rewrite the model, using φ0 = µ(1− φ1 − φ2), as

yt − µ = φ1(yt−1 − µ) + φ2(yt−2 − µ) + εt. (26)

Multiply equation (26) with (yt−k − µ) and taking expectations gives

E((yt − µ)(yt−k − µ)) = φ1E((yt−1 − µ)(yt−k − µ))

+ φ2E((yt−2 − µ)(yt−k − µ)) + E(εt(yt−k − µ)), (27)

Which is equivalent to γk = φ1γk−1 + φ2γk−2 + E(εt(yt−k − µ)). For k = 0, 1, 2 we have

respectively

γ0 = φ1γ1 + φ2γ2 + σ2 (28)

γ1 = φ1γ0 + φ2γ1 ⇔ γ1 =
φ1

1− φ2

γ0 (29)

γ2 = φ1γ1 + φ2γ0 ⇔ γ2 =
(φ2

1 + φ2 − φ2
2)

1− φ2

γ0. (30)

By inserting equation (29) and (30) in equation (28) we have after some algebra,

V (yt) = γ0 =
(1− φ2)σ2

(1 + φ2)((1− φ2)2 − φ2
1)
. (31)

The mean and variance of the AR(1) model was undefined for φ = 1, from equation (25) and

(31) we notice that the mean and variance are undefined for φ1 +φ2 = 1. Generally it can be
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shown that an AR(p) model is non–stationary for the conditions 1− φ1 − φ2 − · · · − φp = 0

and |φi| < 1 which is equivalent of if all the solutions, xi, to the equation 1− φ1x− φ2x
2 −

· · · − φpxp = 0 lies outside the unit circle (as we can have complex solutions). Polynomial

equations up to order four can be solved analytically, for higher orders numerical solutions

are generally required.

To test for a unit root in an AR model of higher order we can to derive the Augmented

Dickey–Fuller (ADF) test as proposed by Said and Dickey [1984]. We begin by introducing

the following two definitions.

Definition 2 For a time series {yt} define the lag operator, L, for any time t as,

Lyt = ytL = yt−1. (32)

If the lag operator is applied to a vector then all elements in said vector are transformed

according to equation (32).

Definition 3 Define a lag polynomial, φ(L) as,

φ(L) = 1− φ1L− φ2L
2 − · · · − φpLp. (33)

For the random walk in equation (11), yt = yt−1 + εt, we can take the first difference,

as in, yt − yt−1 = yt−1 − yt−1 + εt ⇔ ∆yt = εt to transform the non–stationary series into

a stationary one. We can develop on this thought to explain the ADF test. It follows from

definition 3 that an AR(p) model can be written as

φ(L)yt = εt. (34)

Let ϕi = −(φi+1 + φi+2 + · · ·+ φp) for i = 1, 2, . . . , p− 1 and ρ = φ1 + φ2 + · · ·+ φp. We can
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write

(1− ρL)− (ϕ1L+ ϕ2L
2 + · · ·+ ϕp−1L

p−1)(1− L)

= 1− ρL− ϕ1L− ϕ2L
2 − · · · − ϕp−1L

p−1 + ϕ1L
2 + ϕ2L

3 + · · ·+ ϕp−1L
p

= 1− (ρ+ ϕ1)L− (ϕ2 − ϕ1)L2 − · · · − (ϕp−1 − ϕp−2)Lp−1 − (−ϕp−1)Lp

= 1− φ1L− φ2L
2 − · · · − φpLp = φ(L). (35)

So an AR(p) model can be written as ((1−ρL)−(ϕ1L+ϕ2L
2 + · · ·+ϕp−1L

p−1)(1−L))yt = εt

which is equivalent to yt = ρyt−1 + ϕ1∆yt−1 + ϕ2∆yt−2 + · · ·+ ϕp−1∆yt−(p−1) + εt = ρyt−1 +∑p−1
i=1 ϕi∆yt−i + εt. This is called the augmented Dickey–Fuller test model which in a more

convenient form is ∆yt = πyt−1 +
∑p−1

i=1 ϕi∆yt−i + εt where π = ρ− 1. Note that all variables

in the model are differentiated stationary except yt−1, so in order to test if the whole model

is non–stationary we only need to test if ρ < 1 or equivalent if π = 0. Also note that a

constant, α, can freely be added to the model.

To individually test the null hypothesis of a unit root in the nominal interest rate and

inflation series a regression of the Augmented Dickey–Fuller (ADF) test model is presented

in equation (36).

∆yt = µ+ γyt−1 +
k∑
i=1

δi∆yt−i + ηt (36)

The null hypothesis of a unit root and the alternative hypothesis are stated as

H0 : γ = 0 HA : γ < 0.

As previously shown, under the null hypotheses of a unit root the parameter γ does not

follow the standard distribution derived in appendix B. The test statistic for the ADF test

is tDF = γ̂/std(γ̂) and the critical values are simulated and can be found in Stock and

Watson [2003]. The number of lags included in the regression is determined by a procedure
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suggested by Campbell and Perron [1991] in which a series is estimated by an AR(k) model

for k decided a priori, k is then reduced until the last included lag is significant on a 5%

level. This paper considers k = 10, sequentially removing insignificant lags from the ADF

regression results in one lag to include in the test for both series. Autocorrelation functions

and partial autocorrelation functions is also used to determine the lag length of the ADF–

test.

Another uncertainty with the ADF test appears if the time series errors are conditionally

heteroscedastic. The problem was studied by Kim and Schmidt [1993] who examined the

DF test in time series with GARCH effects present. Their result was that the DF test is

biased towards rejection in the presence of GARCH errors, although the problem was not

deemed as very serious.

4.2.2 Results of the unit root tests

Table 1: ADF test for nominal interest rate, it, and inflation, πt, with intercept in regression.
The 5% critical value is −2.86 and the 10% critical value is −2.57. Reject in the left tail.

No. of lags ADF test statistic for it ADF test statistic for πt
1 -1.54 -2.49
9 -1.78 –
12 – -2.33

Figure 3 presents the partial autocorrelation functions of the two series. There are sea-

sonal patterns in both series: the nominal interest rate series has a significant lag every nine

months and the inflation rate series has a significant lag every twelve months. Using this

reslut we test for a unit root in both series with the ADF–test, the results are presented in

table 1. For all tests the null hypothesis of a unit root cannot be rejected on a 10 % level;

we conclude that both series are non–stationary unit root series.

Figure 4, where the growth rates (first difference) of the nominal interest rate and the

inflation rate time series are plotted, suggests that both series have residual ARCH/GARCH

effects as clusters of high and low volatility are present. The ARCH effects might be an

18
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(a) Partial autocorrelation function of the nominal interest rate series.
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(b) Partial autocorrelation function of the inflation rate series.

Figure 3: The nominal interest rate series has significant 9–month seasonal lags and the
inflation rate series has significant 12–month seasonal lags.
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(b) Time series plot of the first difference of inflation.

Figure 4: Time series growth rate, clusters of high and low volatility indicates ARCH effects,
the time series for nominal interest rate clearly have residual ARCH effects.

contributing factor to the result of rejecting the null hypotheses for inflation. We accept

that both series are unit root processes.

4.3 Cointegration and error correction models

As both the sample nominal interest rate and the inflation series display unit root be-

havior we can examine if these two variables form a stationary linear combination. One way

to test if such a linear combination exists is to construct a new variable zt := it − βπt, if zt

is stationary for some β then the series are cointegrated. We can formulate this concept in

the following definition.
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Definition 4 Let yt =

[
it πt

]T
and β =

[
β1 −β2

]T
. If, for any β, the series z := yTβ =

β1it − β2πt is stationary then the time series it and πt are cointegrated with cointegrating

vector β.

It can be shown that if some β, as defined in definition 4, exists then for any scalar,

a, the product aβ is also a cointegrating vector, so β is not unique. To uniquely define a

cointegrating vector we can force the first element of β to equal one, as in β =

[
1 −β

]T
.

4.3.1 Engle–Granger’s procedure

The most straightforward method to test for cointegration is to estimate β in the model

in equation (3) with an OLS regression and then test if the series zt := it− βπt is stationary

with an ADF test. This is called the Engle–Granger Augmented Dickey–Fuller (EG–ADF)

test suggested by Engle and Granger [1987]. The test is presented in eq. (37).

∆zt = µ+ γzt−1 +
k∑
i=1

δi∆zt−i + ut (37)

The null hypothesis of a unit root and the alternative hypothesis are stated as

H0 : γ = 0 HA : γ < 0.

The test statistic is tDF = γ̂/std(γ̂) and since β is estimated the critical values differ from

the ones used in ordinary DF tests, the EG–ADF critical values can be found in Stock and

Watson [2003].

To improve the OLS estimate we will recognize two problems with the regression, the first

being measurement error and the second being autocorrelated error terms. In our regression

the explanatory variable πt is subject to measurement error as shown in equation (2), which

causes the regression to be inconsistent and the estimates of α and β are biased towards

zero. This kind of bias is referred to as attenuation bias and its implications are shown in
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the derivations below. As described in section 2 we want to investigate the model

it = α + βπet + εt, (38)

where πet is a latent variable we want to observe. Since data for πet is scarce we are forced to

use the variable πt instead where πt = πet + et, and et is the measurement error. Substituting

for πet in equation (38) we have

it = α + β(πt − et) + εt = α + βπt + ηt, (39)

where ηt = εt − βet. The OLS estimate of β is

β̂ =

∑T ′

t=1(πt − π̄)it∑T ′

t=1(πt − π̄)πt

=

∑T ′

t=1(πt − π̄)(α + βπt + ηt)∑T ′

t=1(πt − π̄)πt

= 0 + β +

∑T ′

t=1(πt − π̄)ηt∑T ′

t=1(πt − π̄)πt

= β +

∑T ′

t=1(πt − π̄)(ηt − η̄)∑T ′

t=1(πt − π̄)2
. (40)

The consistency of the estimate in equation (40) can be investigated by looking at the

probability limit of β.

plim β̂ = β +
plim 1

n

∑T ′

t=1(πt − π̄)(ηt − η̄)

plim 1
n

∑T ′

t=1(πt − π̄)2

= β +
Cov(πt, ηt)

V (πt)

= β +
Cov(πet + et, εt − βet)

V (πt)

= β +
Cov(πet , εt)− β Cov(πet , et) + Cov(et, εt)− β Cov(et, et)

V (π)

= β − β σ
2
e

σ2
π

(41)
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In the last step we assume that πet and et are independent. This parameter is inconsistent

with the term 1− σ2
e

σ2
π

and, by construction, σ2
π ≥ σ2

e so the estimate of β is biased towards zero.

An approximately unbiased point estimator of the bias is 1− s2e
s2π

. In section 4.1 a sample of

T ′ = 99 observations where presented for nominal interest rate and expected inflation rate.

We can use this smaller sample to estimate the attenuation bias in the regression of equation

3 as β′ = β × (1− s2e
s2π

)−1. Introducing new estimators to an OLS regression complicates the

variance estimation of the parameters. Deriving a variance estimator for β′ would require

a Taylor expansion, avoiding to further complicate the estimation we regard 1 − s2e
s2π

as a

constant in the estimation of equation 3.

If the OLS regression of equation (3) have autocorrelated error terms the assumption of

constant residual variance, V (εi) = σ2, does not hold. One remedy, suggested by Newey and

West [1987], is an heteroskedastic– and autocorrelation consistent estimate of the variance

of β̂. We derive the N–W variance estimator for equation 3 below. From appendix B we

have

β̂ =

∑T
t=1(πt − π̄)it∑T
t=1(πt − π̄)πt

= β +

∑T
t=1(πt − π̄)εt∑T
t=1(πt − π̄)2

. (42)

Let ct = πt−π̄∑T
t (πt−π̄)2

be a constant, then the variance of equation (42) is

V (β̂) = 0 + V

(
T∑
t=1

ctεt

)

=
T∑
t=1

V (ctεt) +
T∑ T∑
t 6=t′

Cov(ctεt, ct′εt′). (43)

Under normal circumstances of homoscedasticity (σ2
1 = · · · = σ2

T = σ2) and no autocorre-

lation (∀t 6= t′ : σtt′ = 0) the variance in equation (43) reduces to a simple expression. If

these assumptions does not hold we need to estimate the whole expression in equation (43)

in order to estimate the variance. Let V (ε2
t ) = σ2

t and Cov(εtεt′) = σtt′ , the error terms are
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symmetric, that is σtt′ = σt′t, so equation (43) can be rewritten as

V (β̂) =
T∑
t

c2
tσ

2
t + 2

T−1∑
t=1

T∑
t′=t+1

ctct′σtt′ . (44)

The N–W estimate of (44) is

V̂ (β̂) =
T∑
t

c2
t ε̂

2
t + 2

T−1∑
t=1

T∑
t′=t+1

wt′−tctct′ ε̂tε̂t′ , (45)

where ε̂t are the estimated residuals from an OLS regression and, for any k ∈N+,

wk =


1− k

B
if k < B

0 if k ≥ B

. (46)

The weights wk decides how many lags of residual correlation we should include in the

estimate. For our sample size we include 3611/5 ≈ 4 lags (B=5), so the first lag will affect

the estimate with a factor of 1 − 1
5

= 4
5
, the second lag 3

5
, the third lag 2

5
, the fourth lag

1
5

and all thereafter does not contribute to the estimate. If we set all wk to zero then the

variance estimator corresponds to the usual OLS variance estimator, so the N–W estimate

is by construction equal to or larger then the OLS counterpart. Note also that the variance

estimator in equation (45) is a special form of the variance estimator of a GMM estimate of

the equation E(πtεt) = 0 with weighting matrix W = ε̂ε̂T .

In the case were cointegration can be shown Engle and Granger [1987] proved the exis-

tence of an Error Correction Model (ECM) which link short run effects and long run effects

of cointegrated variables. We derive a simple error correction model below , starting from
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equation (3).

it = α + βπt + εt ⇔ it − it−1 = α + βπt − it−1 + βπt−1 − βπt−1 + εt

⇔ ∆it = α− (it−1 − βπt−1) + β∆πt + εt

⇔ ∆it = α− zt−1 + β∆πt + εt (47)

For estimating equation (47) we can use the model ∆it = α− ρzt−1 + γ∆πt + ν. The growth

rate of it is explained by zt−1 and the growth rate of xt. If, for some t, the variable zt−1 is

non–zero then the two time series it and πt are out of their equilibrium. If −ρ is a negative

value then the effect of a non–zero zt−1 will diminish as t increases (if zt−1 > 0 then −ρzt−1

will decrease the growth rate of it and vice versa for zt−1 < 0). In the case where −ρ is a

positive value, changes from equilibrium will not diminish as t increases and the equation

has no long–run effect. An estimated coefficient of −ρ suggests a ρ · 100% movement back

towards equilibrium after one time period. The coefficients γ capture the immediate effect

that a change in πt has on it. A significant γ coefficient would indicate a short run Fisher

effect.

4.3.2 Johansen’s procedure

For Johansen’s procedure the derivations becomes more involved compared to the last

section and we need to take a step back and begin at the unit root tests. When testing for

unit roots in section 4.2.1 we examined the series φ(L)1it = u1t and φ(L)2πt = u2t separately,

where uit, for i = 1, 2, are iid N(0, σ2
i ) error terms. These series can be combined into Vector

Autoregressive Model (VAR), we begin with a simple VAR(1) model with one lag, as in,

it = µ1 + φ11it−1 + φ12πt−1 + u1t

πt = µ2 + φ21it−1 + φ22πt−1 + u2t, (48)
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which is equivalent to

 it
πt

 =

µ1

µ2

+

φ11 φ12

φ21 φ22


 it−1

πt−1

+

u1t

u2t

 , (49)

or in short form,

yt = µt + Φyt−1 + ut, (50)

where ut ∼ N(0,Ω) and Ω =

σ2
1 0

0 σ2
2

. If the coefficients φ11 and φ22 are significantly

different from zero then, as before, the history of the series predicts its future. If, for

example, φ12 is significantly different from zero then the history of πt helps to explain it and

vice versa for φ21. We call these type of regression, where several time series are modeled

jointly, dynamic regression. We can use dynamic regression to find cointegration between

two series.

As in the univariate case, we need to restrict Φ to ensure stationarity. In the univariate

case we required that 1 − φ1 6= 0 similarly we now require that I −Φ is invertible, that is,

I −Φ is of full rank.

As in the univariate case the model can be extended with p lags, denoted VAR(p), as in,

yt = µt +

p∑
i=1

Φiyt−i + ut, (51)

where Φi =

φ(1)(2i−1) φ(1)(2i)

φ(2)(2i−1) φ(2)(2i)

 and yt−i =

 it−i
πt−i

. Equation (51) is rewritten below to a

differentiated form, as we did in the univariate case in equation (35). Let Γi = −(Φi+1 +
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Φi+2 + · · ·+ Φp) and Ψ = Φ1 + Φ2 + · · ·+ Φp. We have

(1−ΨL)− (Γ1L+ Γ2L
2 + · · ·+ Γp−1L

p−1)(1− L)

= 1−ΨL− Γ1L− Γ2L
2 − · · · − Γp−1L

p−1 + Γ1L
2 + Γ2L

3 + · · ·+ Γp−1L
p

= 1− (Ψ + Γ1)L− (Γ2 − Γ1)L2 − · · · − (Γp−1 − Γp−2)Lp−1 − (−Γp−1)Lp

= 1−Φ1L−Φ2L
2 − · · · −ΦpL

p. (52)

So, equation (51) is equivalent to

((1−ΨL)− (Γ1L+ Γ2L
2 + · · ·+ Γp−1L

p−1)(1− L))yt = µt + ut, (53)

which in shorter form, for (1− L)yt = ∆yt, is

yt = µt + Ψyt−1 +

p−1∑
i=1

Γi∆yt−i + ut. (54)

Finally we rewrite equation (54) in a more convenient form, let Π = Ψ− I, we have

∆yt = µt + Πyt−1 +

p−1∑
i=1

Γi∆yt−i + ut. (55)

We denote the model in equation (55) as an Vector Error Correction Model (VECM), in this

model we pay close attention to the coefficient Π as it determines the cointegrating vectors.

Similar to the univariate case where we required for stationarity that 1− φ1 − · · · − φp 6= 0

we now require that Π = −(I − Φ1 − · · · − Φp) is of full rank, that is the eigenvalues

λ1, λ2 corresponding to the characteristic equation det(λI −Π) = 0 are both non–zero. We

investigate the rank of Π which in our case is a 2 by 2 matrix and we have the possible

outcomes:

1. Rank(Π) = 0. This implies Π = 0 and yt is not cointegrated.
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2. Rank(Π) = 2. This implies that the underlying VAR model in equation (51) is sta-

tionary and cointegration is not needed.

3. Rank(Π) = 1. This implies that the vectors of Π are linearly dependent and it can be

shown (Granger’s representation theorem) that one can decompose Π as

Π =

α1

α2

[1 −β2

]
= αβT , (56)

where β is a cointegrating vector. This is the outcome that we focus on.

We estimate the model in equation (55) by a Maximum Likelihood (ML) estimate. This

procedure was first introduced by Johansen [1988], a well presented explanation of the pro-

cedure can be found in Hamilton [1994]. In this paper we will outline the procedure. First

rewrite equation (55) as

ut = ∆yt − µt −Πyt−1 −
p−1∑
i=1

Γi∆yt−i, (57)

where, as stated before, ut ∼ N(0,Ω). The multivariate log–Likelihood Function (L ) is

ln L = ln
T∏

t=p+1

(
1

(2π)|Ω|1/2
exp

(
−u

T
t Ω−1ut

2

))

= −(T − p) ln(2π)− T − p
2

ln |Ω| − 1

2

T∑
t=p+1

(
uTt Ω−1ut

)
, (58)

conditional on m cointegrating vectors. To fully estimate the model we need to maximize the

likelihood function conditioned on all regression parameters, L (Ω,µ,Π,Γ1, . . . ,Γp−1), but

our primary interest is to estimate the MLE conditioned only on the number of cointegrating

vector(s), m. The reader who is interested in estimating the model subject to all parameters

is referred to the aforementioned texts. We reduce the problem to maximizing L under

the constraint of m cointegrating vector(s) which implies the complication that Π is non–
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invertible for m < 2. To find the maximum we use canonical correlations between two models

combined in a Seemingly Unrelated Regression (SUR) model. The models considered are

the following two VAR(p− 1) models:

yt−1 = θ + ∆Φ1yt−1 + · · ·+ Φp−1∆yt−p+1 + ηt

∆yt = ρ+ Ψ1∆yt−1 + · · ·+ Ψp−1∆yt−p+1 + ξt. (59)

Which, if we write them out in element form, are

it−1 = θ1 + φ11∆it−1 + φ12∆πt−1 + · · ·+ φ(1)(2(p−1)−1)∆it−p+1 + φ(1)(2(p−1))∆πt−p+1 + η1t

πt−1 = θ2 + φ21∆it−1 + φ22∆πt−1 + · · ·+ φ(2)(2(p−1)−1)∆it−p+1 + φ(2)(2(p−1))∆πt−p+1 + η2t

∆it = ρ1 + ψ11∆it−1 + ψ12∆πt−1 + · · ·+ ψ(1)(2(p−1)−1)∆it−p+1 + ψ(1)(2(p−1))∆πt−p+1 + ξ1t

∆πt = ρ2 + ψ21∆it−1 + ψ22∆πt−1 + · · ·+ ψ(2)(2(p−1)−1)∆it−p+1 + ψ(2)(2(p−1))∆πt−p+1 + ξ2t.

(60)

Perform OLS regression on each of the models in equation system (60) to receive the residuals

η̂t and ξ̂t. Next, denote the joint variance–covariance matrix of the two models in (59) as

Ξ =

Σηη Σηξ

Σξη Σξξ

 . (61)

The sample variance–covariance matrices are

Ξ̂ =

 1
T−p

∑T
t=1 η̂η̂

T 1
T−p

∑T
t=1 η̂ξ̂

T

1
T−p

∑T
t=1 ξ̂η̂

T 1
T−p

∑T
t=1 ξ̂ξ̂

T

 . (62)

The canonical correlations between the two models are maximized by the eigenvalues, λ̂1, λ̂2,

of the eigenvalue equation Σ̂
−1

ηηΣ̂ηξΣ̂
−1

ξξ Σ̂ξη. Order the eigenvalues as λ̂1 > λ̂2, it can be
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shown that the likelihood estimate in equation (58) is maximized by

ln L ∗(m|it, πt) = −(T − p) ln(2π)− (T − p)− T − p
2

ln |Σ̂ξξ|−
T − p

2

m∑
i=1

ln(1− λ̂i), (63)

for the data set (it, πt). The corresponding eigenvectors, êi, to the eigenvalues are each

an unnormalized cointegrating vector. In the case m = 1 we can write Π = αβT where

β̂ = ê =

[
ê1 −ê2

]T
. For a bivariate VECM(p − 1) the normalized cointegrating vector is

simply computed as β̂ =

[
1 −ê2/ê1

]T
.

We can test if the rank of Π̂ is equal to or larger than some value m by a Likelihood Ratio

(LR) test. Let θ ∈ Θ be any parameter for some one–dimensional parameter space Θ. Define

a subset of the parameter space as Θ0 and it’s complement as Θa such that Θ = Θ0 ∪ Θa.

Let L (θ0|x) be the likelihood function maximized with constraint θ ∈ Θ0 and let L (θ|x)

be the likelihood function maximized without constraint for some data set x. Define the LR

test as

ξ =
L (θ0|x)

L (θ|x)
, (64)

and define the LR test statistic as

ξLR = −2 ln

(
L (θ0|x)

L (θ|x)

)
= −2 (ln L (θ0|x)− ln L (θ|x)) . (65)

The the null and alternative hypotheses are stated as

H0 : θ0 ∈ Θ0 HA : θa ∈ Θa.

We can think of the model under the null hypothesis as a restricted version of the unrestricted

model in the alternative hypothesis. For testing the rank of Π̂, Johansen [1988] suggested the

Likelihood Ratio (LR) trace cointegration test with the null hypothesis of m cointegrating
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vector(s) and the alternative hypothesis of at least m+ 1 cointegrating vectors are stated as

H0 : rank(Π) = m HA : rank(Π) > m.

In the LR test we compare the likelihood of the restriction rank(Π) = m against the likeli-

hood of rank(Π) = 2 (full rank), the test is for the MLE in equation (63)

LRtr(m|it, πt) = −2(ln L ∗(m|it, πt)− ln L ∗(m = 2|it, πt))

= −2

(
−T − p

2

m∑
i=1

ln(1− λ̂i)−

(
−T − p

2

2∑
i=1

ln(1− λ̂i)

))

= −(T − p)
2∑

i=m+1

ln(1− λ̂i). (66)

The asymptotic distribution of the test statistic LRtr(m) follow a non–standard distribution

(a multivariate generalization of the distribution outlined in section 4.2.1) and different

critical values applies depending on the choice of deterministic function µt. The critical

values can be found in Johansen et al. [1995]. The test is performed in two steps, starting

from m = 0 and continued until the null hypothesis is not rejected on a 5% level.

Several different deterministic functions µt have been proposed in the literature. In this

paper we evaluate two different approaches:

1. µt = 0. The model has no constant term and the VEC model becomes

∆yt = αβTyt−1 +

p−1∑
i=1

Γi∆yt−i + ut. (67)

2. µt = µ0. In this case we have the VEC model

∆yt = µ0 +αβTyt−1 +

p−1∑
i=1

Γi∆yt−i + ut, (68)

where µ0 is a vector of non–zero constants.
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It is important to note that the ML estimate of the VECM differs depending on choice of

deterministic function. Johansen [1994] proved that given a fixed number of cointegraing

vectors m = m0, case 1 is just a restricted version of case 2 (if we force µt = 0 in case 2

we have case 1) and so we can chose between the specifications with an LR test. The null

hypothesis of case 1 and the alternative hypothesis of case 2 are stated as

H0 : µt = 0 HA : µt = µ0.

Denote the ML estimates of the models under the null and alternative hypothesis as

L 1(m0) = −(T − p) ln(2π)− (T − p)− T − p
2

ln |Σ̂ξξ|1 −
T − p

2

m∑
i=1

ln(1− λ̂1
i ), (69)

and

L ∗(m0) = −(T − p) ln(2π)− (T − p)− T − p
2

ln |Σ̂ξξ|∗ −
T − p

2

m∑
i=1

ln(1− λ̂∗i ), (70)

respectively. The LR test is, for some m = m0,

ξ(m0|it, πt) =
L 1(m0)

L ∗(m0)
=

L 1(m0)/L 1(m = 0)

L ∗(m0)/L ∗(m = 0)
×L 1(m = 0)

L ∗(m = 0)
=

L 1(m0)/L 1(m = 0)

L ∗(m0)/L ∗(m = 0)
. (71)

We multiply the equation with the factor L 1(m=0)
L ∗(m=0)

to lose the terms |Σ̂ξξ|1 and |Σ̂ξξ|∗ who

differ between the estimates. The factor L 1(m=0)
L ∗(m=0)

= 1 since if m = 0 then Π = 0 and the
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estimates are equivalent. So the LR test statistic is

ξLR(m0|it, πt) = −2 ln

(
L 1(m0)/L 1(m = 0)

L ∗(m0)/L ∗(m = 0)

)
= −2

(
ln L 1(m0)− ln L 1(m = 0)− (ln L ∗(m0)−L ∗(m = 0))

)
= −2

(
−T − p

2

m0∑
i=1

ln(1− λ̂1
i )−

(
−T − p

2

m0∑
i=1

ln(1− λ̂∗i )

))

= (T − p)
m0∑
i=1

ln

(
1− λ̂1

i

1− λ̂∗i

)
. (72)

ξLR is asymptotically χ2
m0

distributed with the index m0 denoting the degrees of freedom.

4.3.3 Results of the cointegration estimators

An OLS regression of the long run Fisher effect in eq. (3) yields

it = 2.78
(0.20)

+ 1.13
(0.04)

πt, (73)

with R2 = 0.67 as a measure of regression goodness–of–fit. Residual autocorrelation and

partial autocorrelation functions are presented in figure 5. There are clearly significant

autocorrelations in the regression.

To mitigate the effect of autocorrelation in the OLS estimation presented in equation

(73) the Newey and West [1987] standard error estimate is presented in equation (74), for

B = 5.

stdNW (β̂) = 0.07 (74)

This is a small increase from the OLS standard error estimate of 0.04 and does not change

the analysis.

To estimate the attenuation bias a subsample of T = 99 observations where we have

access to data for expected inflation is used. For sample variances s2
e = 3.14 and s2

π = 8.00

33



−
5

0
5

10
15

R
es

id
ua

ls

1980m1 1990m1 2000m1 2010m1
Time

Residuals time series plot

(a) Estimated residuals.

−
0.

50
0.

00
0.

50
1.

00
A

ut
oc

or
re

la
tio

ns
 o

f r
es

id
ua

ls

0 10 20 30 40
Lag

Bartlett’s formula for MA(q) 95% confidence bands

(b) ACF of residuals.

−
0.

50
0.

00
0.

50
1.

00
P

ar
tia

l a
ut

oc
or

re
la

tio
ns

 o
f r

es
id

ua
ls

0 10 20 30 40
Lag

95% Confidence bands [se = 1/sqrt(n)]

(c) PACF of residuals.

Figure 5: Residual series of the linear regression in eq. (73).
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for et = πt − πet and inflation respectively, the attenuation bias is 1 − s2e
s2π

= 1 − 3.14
8.00

=

0.61. Correcting β̂ for this term gives β̂′ = 1.13 × 0.61−1 = 1.86. Although, as previously

emphasized, the measurement of expected inflation is rather uncertain and the point estimate

of β̂′ should be interpreted with caution.

The two estimates β̂ = 1.13 and β̂′ = 1.86 are both candidates for cointegration vectors.

Using Engle–Granger’s procedure we construct the two series zt := it − 1.13πt and z′t :=

it − 1.86πt, and estimate the model in (37) for both series to test for stationarity. A lag

length of p = 8 is considered for both series. On a 5% level we reject the null hypothesis of

a unit root for tZ < −3.41. Performing the tests the results are tz = −3.35 and tz′ = −3.91,

the hypothesis of a unit root in the series zt can almost be rejected and the hypothesis of a

unit root in the series z′t is rejected. The linear combination β̂
′

=

[
1 −1.86

]T
is accepted

as a cointegrating vector.

Continuing with dynamic regression, the ECM model in equation (47) is estimated in eq.

(75), the intercept were removed due to insignificance.

∆it = −0.03
(0.01)

ẑ′t−1 + 0.12
(0.06)

∆πt (75)

Equation (75) suggests a significant slow movement (3% per month) to equilibrium after a

shock and a weak short run relationship.

For Johansen’s procedure, the series nominal interest rate and inflation rate are simul-

taneously described by an bivariate VAR(8) model. We calculate the four OLS regressions

without constant terms in equation (60) and save the residuals as η̂t =

η̂1t

η̂2t

 and ξ̂t =

ξ̂1t

ξ̂2t

.
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We have

Ξ̂ =

 1
T−p

∑T
t=1 η̂η̂

T 1
T−p

∑T
t=1 η̂ξ̂

T

1
T−p

∑T
t=1 ξ̂η̂

T 1
T−p

∑T
t=1 ξ̂ξ̂

T

 =



62.46 34.05

34.05 21.21


−0.50 −0.16

−0.12 −0.25

−0.50 −0.12

−0.16 −0.25


0.40 0.03

0.03 0.29




. (76)

We calculate the eigenvalues of the eigenvalue equation Σ̂
−1

ηηΣ̂ηξΣ̂
−1

ξξ Σ̂ξη by a computer

algorithm, we can call it eigen(), we have

eigen


62.46 34.05

34.05 21.21


−1 −0.50 −0.16

−0.12 −0.25


0.40 0.03

0.03 0.29


−1 −0.50 −0.12

−0.16 −0.25


 , (77)

the results are λ̂1 = 0.06135 and λ̂2 = 0.00912, the corresponding eigenvectors are ê1 =[
0.50333 −0.86410

]T
and ê2 =

[
−0.50997 −0.86019

]T
.

In the same way we calculate the four OLS regressions with constant terms in equation

(60) and save the residuals as η̂t =

η̂1t

η̂2t

 and ξ̂t =

ξ̂1t

ξ̂2t

. We have

Ξ̂ =

 1
T−p

∑T
t=1 η̂η̂

T 1
T−p

∑T
t=1 η̂ξ̂

T

1
T−p

∑T
t=1 ξ̂η̂

T 1
T−p

∑T
t=1 ξ̂ξ̂

T

 =



18.27 11.19

11.19 9.38


−0.22 −0.12

0.02 −0.22

−0.22 0.02

−0.12 −0.22


0.40 0.03

0.03 0.29




. (78)

We calculate the eigenvalues of the eigenvalue equation Σ̂
−1

ηηΣ̂ηξΣ̂
−1

ξξ Σ̂ξη as

eigen


18.27 11.19

11.19 9.38


−1 −0.22 −0.12

0.02 −0.22


0.40 0.03

0.03 0.29


−1 −0.22 0.02

−0.12 −0.22


 , (79)
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the results are λ̂1 = 0.06205 and λ̂2 = 0.00823 the corresponding eigenvectors are ê1 =[
0.54008 −0.84162

]T
and ê2 =

[
−0.97156 −0.23680

]T
.

We calculate the trace statistic with null hypothesis of m cointegrating vector(s) and

alternative hypothesis of more then m cointegrating vector(s) for case 1 as

LRtr(m = 0|it, πt) = −(361− 8)(ln(1− 0.06135) + ln(1− 0.00912)) = 25.58 (80)

and

LRtr(m = 1|it, πt) = −(361− 8) ln(1− 0.00912) = 3.23. (81)

And for case 2 as

LRtr(m = 0|it, πt) = −(361− 8)(ln(1− 0.06205) + ln(1− 0.00823)) = 25.53 (82)

and

LRtr(m = 1|it, πt) = −(361− 8) ln(1− 0.00823) = 2.92. (83)

The null hypothesis of one cointegrating vector in the VECM cannot be rejected on a 5% level

for both specifications of deterministic function. Table 2 summarizes our calculations; the

table presents for case 1 and case 2: the estimated eigenvalues, Johansen’s LR cointegration

test and the simulated critical values.

For testing the specification of deterministic function we calculate the test in equation

(84) for one cointegrating vector (m0 = 1) as in,

ξLR(m0 = 1|it, πt) = (361− 8) ln

(
1− 0.06135

1− 0.06205

)
= 0.26. (84)

The LR test statistic is less than the 5% critical value of 3.84, the null hypothesis of µt = 0
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Table 2: Two cases of Johansen’s LR test for cointegration for nominal interest rate and
inflation rate described by an bivariate VAR(8) model.

Case 1: constant set to zero Case 2: constant estimated

Rank (m) λ̂1
m LRtr(m) 5% critical value λ̂∗m LRtr(m) 5% critical value

0 – 25.58 12.53 – 25.53 15.41
1 0.06135 3.23 3.84 0.06205 2.92 3.76
2 0.00912 – – 0.00823 – –

cannot be rejected, that is, we cannot reject case 1.

Accepting the presence of one cointegrating vector and the deterministic function spec-

ified as a zero mean we calculate the estimated cointegrating vector of the VECM(7) as

β̂ =

[
1 −0.86/0.50

]T
=

[
1 −1.72

]T
, with a standard error of 0.13. The estimated co-

efficient of 1.72 with standard error 0.13 for the inflation rate is significantly larger than

both one and the tax corrected expected value of 1.43. Figure 6 presents the residuals for

the VECM equations. There are no significant autocorrelations in the residuals for nominal

interest rate in figure 6a, the series for inflation rate in figure 6b have one significant auto-

correlation at the twelfth lag. Minor ARCH effects are present in both series. The model

adequately fits the data and the estimate of β̂ =

[
1 −1.72

]T
is accepted as a cointegrating

vector.
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(a) Residuals for the nominal interest rate equation in the estimated VECM.
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(b) Residuals for the inflation rate equation in the estimated VECM.

Figure 6: Residuals of the estimated VECM.
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5 Test of the estimates robustness

To test the robustness of our estimates we can artificially increase the error caused by

using a proxy measurement for expected inflation. We have access to data for both inflation

and expected inflation for a sample size of 99 observations. Rewrite equation (2) as

et = πt − πet . (85)

Calculating these differences gives the series êt for t = 1, ..., 99. Fitting êt to a normal

distribution gives the following mean and variance êt ∼ N(0.29, 3.14) although distributional

graphs such as a QQ–plot and a histogram indicates that êt fits a normal distribution poorly.

Bypassing this warning and keeping the assumption of the error terms being distributed with

mean zero we generate the series ωt ∼ N(0, 3.14). Adding ωt to the inflation series gives

π′t = πet + et + ωt, (86)

where π′t now describes the inflation series with approximately doubled error terms, that

is, the inflation series now fluctuates more. How does this affect our estimates? Without

presenting the results, Johansen’s procedure is virtually unaffected while Engle–Grangers’s

procedure changes a lot. This result reassures that the point estimate β = 1.72 is a reliable

estimate.
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6 Conclusions

Using Dickey–Fuller’s unit root test this study finds support for that both nominal in-

terest rate and inflation rate are integrated processes of order one. Proceeding with Engle–

Granger’s procedure and Johansen’s procedure for cointegration we find a cointegrating

relationship between the time series in both cases. The OLS estimate in Engle–Granger’s

procedure is corrected for attenuation bias and for autocorrelated error terms by a N–W

estimation. The cointegrating vectors are

[
1 −1.86

]T
and

[
1 −1.72

]T
respectively. The

95 % confidence intervals for both estimates overlaps each others point estimate, so Engle–

Granger’s procedure and Johansen’s procedure agrees. However, both neither of the confi-

dence intervals covers the expected estimate of 1.43. In conclusion we found strong evidence

of both a long run and a short run relationship between the series nominal interest rate and

inflation rate but our data does not support that this relationship is the one described by

Fisher’s theory.
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A Appendices

A.1 Introduction

When writing this section it has been my ambition to mathematically define the most

common concepts used in the empirical section of this paper. As it turns out, most of the

statistical tools used are exceptions from these common rules. Every exception will not be

covered, but these appendices should introduce the reader to a basic understanding of how

our estimates are derived and why they cannot be applied in every case. The analysis is

mostly based on the three references Hogg et al. [2005], Verbeek [2008] and Heij et al. [2004],

and in case where proofs of some of the more advanced theorems have been omitted the

reader can refer to these sources.

Remark 5 A not on notation. We denote a matrix by a bold capital letter and a vector

by a bold lowercase letter. A capital letter denotes a random variable and the realized value

from a random variable is denoted by a lowercase letter. So a vector of random variables is

denoted by a bold capital letter and should not be confused with a matrix and vice versa.
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B Linear regression

B.1 Deriving a linear regression model and the OLS estimator

This paper often refers to a linear model estimated by an OLS regression. We will

therefore outline the basic properties of this regression, a reader already familiar with these

concepts can skip directly to the next sub section.

Assume that we have a sequence of a dependent variables {yi} and K sequences of inde-

pendent variables {xi1}, ... ,{xik} where i is the ith observation for a total of N observations

and k is the kth variable. We introduce the following notation:

X =


1 x12 · · · x1K

...
...

. . .
...

1 xN2 · · · xNK

 and y =


y1

...

yN

 .
In the matrix X = [xik]N×K the ith row refers to observation i and the kth column refers

to the explanatory variable k. The first column refers to the intercept. A linear regression

model can now be described by

y = Xβ + ε, (87)

where β ∈ RK is a vector of constants to be chosen by our estimation method and ε ∈ RN

is a random vector of iid regression residuals. The vectors are stated as

β =


β1

...

βK

 and ε =


ε1

...

εN

 .
The model becomes:

y1

...

yN

 = β1


1
...

1

+ β2


x12

...

xN2

+ · · ·+ βK


x1K

...

xNK

+


ε1

...

εN

 .
Rewrite equation (87) as

ε = y −Xβ. (88)

The OLS approach for estimating equation (87) is to chose β in a fashion that minimizes
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the square of the residuals in equation (88), that is to minimize

εTε = (y −Xβ)T (y −Xβ) = yTy − 2yTXβ + βTXTXβ. (89)

Differentiating equation (89) with respect to β and setting the result to zero gives

∂(yTy − 2yTXβ + βTXTXβ)

∂β
= −2(XTy −XTXβ) = 0. (90)

We now need to introduce the following definition.

Definition 6 If all columns of a symmetric matrix X ∈ M(n × n) are linear independent

then X is invertible. Such a matrix is called nonsingular.

The statement in definition 6 is equivalent to the requirement of no multicollinearity in

an regression. From here on we assume that the matrix product A := XTX = [aij]K×K

is nonsingular. Solving equation (90) with respect to the parameters β gives the following

estimate

β̂ = (XTX)−1XTy. (91)

Since we are differencing a quadratic expression we are guaranteed to find a minimum.

We are often using a model with a single regressor in this paper and it will be beneficial

to describe this situation more carefully in an example.

Example 7

B.2 Properties of the OLS estimator

To assert that the OLS regression is a good approximation of the unknown parameters

β two assumptions concerning the data are stated as

E(ε|X) = E(ε) = 0 (92)

and

V (ε|X) = V (ε) = σ2I. (93)

Both assumptions (92) and (93) require that the explanatory variables are exogenous. Fur-

ther, assumption (92) states that the expected mean of the error terms are zero and assump-

tion (93) states that the error terms are uncorrelated and homoskedastic.
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Given the two assumptions (92) and (93) we can derive the mean and the variance of the

OLS estimator.

Result 8 The estimator β̂ in equation (91) is unbiased for the parameter β.

Proof This proof follows from condition (92).

E(β̂) = E((XTX)−1XTy) = E(β + (XTX)−1XTε)

= β + E((XTX)−1XT )E(ε) = β

�

Result 9 The variance–covariance matrix of β̂ is V (β̂) = σ2(XTX)−1.

Proof This proof follows from condition (93).

V (β̂) = V ((XTX)−1XTε) = (XTX)−1XTV (ε)X(XTX)−1

= (XTX)−1XTσ2IX(XTX)−1 = σ2(XTX)−1

�

The population variance of the error term, σ2, often needs to be estimated. A good

candidate is to use the sample residuals as an estimate.

Result 10 An unbiased estimator for the variance of the error terms εi, denoted σ2, is

s2 = ε̂ε̂T

N−K .

Proof Expand ε̂ = y −Xβ̂ = y −X(XTX)−1XTy = (I −X(XTX)−1XT )y. Note

that y = Xβ + ε, so ε̂ = · · · = (I −X(XTX)−1XT )ε. Define M = I −X(XTX)−1XT

and note that M is symmetric (MT = M) and idempotent (M 2 = M). Set E(ε̂ε̂T ) =

E(MεεTM) = ME(εεT )M = σ2M 2 = σ2M . We now use the property that trace (tr)

operator and the expectation operator can be interchanged. tr(E(ε̂ε̂T )) = σ2tr(M ) =

σ2(trIN − tr(X(XTX)−1XT )) = σ2(N − trIK) = σ2(N − K). So ε̂ε̂T

N−K is an unbiased

estimator for σ2. �

We can now derive an unbiased estimator for the variance of β.
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Result 11 An unbiased estimator for the variance–covariance matrix in result 9 is V̂ (β̂) =

s2(XTX)−1.

Proof E(V̂ (β̂)) = E(s2(XTX)−1) = E(s2)E((XTX)−1) = σ2(XTX)−1 = V (β̂). �

B.3 Properties of a random variable

We are often interested in inference concerning the estimated values β̂. In this section

we will present the mathematical tools needed to derive the distribution of the estimated

parameters β̂. The following corollary will be used in the proof of theorem 13.

Corollary 12 Suppose X ∈ Rm is a random vector that has a Nm(µ,Σ) distribution and

let a ∈ Rm. Then E
(
exp(aTX)

)
= exp

(
aTµ+ (1/2)aTΣa

)
.

Proof Given that the Xi:s are iid we have E
(
exp(aTX)

)
= E(a1X1)×· · ·×E(amXm). The

mgf of Xi ∼ N(µ, σ2) is MX(a) = E(exp(aX)) = exp(aµ + a2σ2/2). So E
(
exp(aTX)

)
=

exp(aµ+ a2σ2/2)× · · · × exp(aµ+ a2σ2/2) = exp
(
aTµ+ (1/2)aTΣa

)
. �

Theorem 13 Let A ∈ M(m × n), b ∈ Rm and let X ∈ Rn be a random vector that has

distribution X ∼ Nn(µ,Σ). Then Y := AX+b is distributed as Y ∼ Nm(Aµ+b,AΣAT ).

We will prove this theorem in two ways. First, by using transformations between pdfs

and second, by using moment generating functions (mgfs).

Proof Define the function h(x) as h(x) = Ax + b. The inverse is h−1(x) = A−1(x − b).
The pdf of a multivariate normal distribution is

fX(x) =
1

(2π)n/2|Σ|1/2
exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
. (94)

The linear transformation becomes

fY (y) = fX(h−1(y))|J |. (95)

The Jacobian is

|J | =

∣∣∣∣∂h−1

∂y

∣∣∣∣ =

∣∣∣∣∂(A−1(y − b))
∂y

∣∣∣∣ =
∣∣A−1

∣∣
=

√
1

|A|2
=

√
|Σ|

|A||Σ||AT |
=

|Σ|1/2

|AΣAT |1/2
. (96)
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We get

fY (y) =
1

(2π)n/2|Σ|1/2
|Σ|1/2

|AΣAT |1/2
exp

(
−1

2
(A−1(u− b)− µ)TΣ−1(A−1(u− b)− µ)

)
=

1

(2π)n/2|AΣAT |1/2
exp

(
−1

2
(A−1(u− b)−A−1Aµ)TΣ−1(A−1(u− b)−A−1Aµ)

)
=

1

(2π)n/2|AΣAT |1/2
exp

(
−1

2
((u− (Aµ+ b))T (A−1)TΣ−1A−1(u− (Aµ+ b))

)
=

1

(2π)n/2|AΣAT |1/2
exp

(
−1

2
((u− (Aµ+ b))T (AΣAT )−1(u− (Aµ+ b))

)
. (97)

Which is a Nm(Aµ+ b,AΣAT ) distribution. �

The second proof is presented below.

Proof We will use result 12 and the fact that a mgf uniquely identifies a distribution. The

mgf of Y is

MY (t) = E
(
exp(tTY )

)
= E

(
exp(tT (AX + b))

)
= exp(tTb)E

(
exp((AT t)TX)

)
= exp(tTb) exp

(
(AT t)Tµ+ (1/2)(AT t)TΣ(AT t)

)
= exp

(
tT (Aµ+ b) + (1/2)tTAΣAT t

)
, (98)

which is the mgf of a Nm(Aµ+ b,AΣAT ) distribution. �

We introduce the following definition.

Definition 14 Let Σ ∈ M(n × n). If, for all a ∈ Rn, it holds that aTΣa ≥ 0 then Σ is

called a positive semi–definite matrix.

Definition 14 implies the following result.

Result 15 All variance–covariance matrices are positive semi–definite.

Proof Let X ∈ Rn be a random vector and let a ∈ Rn be any vector of constants. Then

Y := aTX is a random vector and

0 ≤ V (Y ) = V (aTX) = aTCov(X)a. (99)
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So Σ := Cov(X) is positive semi–definite. �

B.4 The distribution of β̂ in a small sample

We will introduce another assumption that the error terms in equation (87) has a

NID(0, σ2) distribution, as in,

ε ∼ N(0, σ2I). (100)

Result 16 Given assumptions (92), (93) and (100); β̂ in the OLS estimate of equation (91)

is β̂ ∼ N(β, σ2(XTX)−1)) distributed.

Proof The OLS estimate in equation (91) is β̂ = (XTX)−1XTy = β + (XTX)−1XTε,

where ε ∼ N(0, σ2I). According to theorem 13 we get

β̂ ∼ N((XTX)−1XT0 + β, (XTX)−1XTσ2IX(XTX)−1)

= N(β, σ2(XTX)−1).

(101)

�

We conclude this section with the following result.

Result 17 Every element in β̂ in result 16 is distributed as β̂k ∼ N(βk, σ
2ckk) where ckk is

the (k, k) element in (XTX)−1.

B.5 The asymptotic distribution of β̂

Without the need to introduce assumption 100 of normally distributed error terms the

asymptotic distribution of β̂ can be approximated in large samples. The result is based on

theorems 18 and 19, the proofs for these theorems are beyond this paper.

Theorem 18 (Multivariate Central Limit Theorem) Let {Xn} ∈ Rm be a sequence

of iid random vectors with mean vector µ and a positive definite covariance matrix Σ. Define

Y n :=
1√
n

n∑
i=1

(X i − µ). (102)
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Then Y n converges in distribution to a Nm(µ,Σ) distribution, abbreviated Y n
D−→ Nm(µ,Σ).

Theorem 19 (Multivariate Slutsky’s Theorem) Let (X,Xn) ∈ M(m × k) be random

matrices, An ∈ Rm and Bn ∈ Rk be random vectors and a ∈ Rm and b ∈ Rk be vectors of

constants. If Xn
D−→X, An

P−→ a and Bn
P−→ b then (An +XnBn)

D−→ (a+Xb).

The following result will not be proved in its entity, but merely outlined as additional

assumptions must be made that have not been discussed here. The interested reader is

refereed to Hogg et al. [2005].

Result 20 Suppose β in equation (87) is estimated by an OLS regression as in equation

(91), where the error terms are iid distributed with mean vector µ = 0 and covariance

matrix Σ = σ2I. Then β̂ is asymptotically approximated by

β̂ ∼ N(β, σ2(XTX)−1). (103)

Proof Outline of the proof. Rewrite equation (91) as

√
n(β̂ − β) =

(
1

n
XTX

)−1
1√
n
XTε. (104)

Assume that 1
n
XTX converges in probability to a positive semi–definite matrix Σ. Calcu-

late E( 1√
n
XTε) = 1√

n
XTE(ε) = 0 and V ( 1√

n
XTε) = 1

n
XTV (ε)X = σ2 1

n
XTX = σ2Σ.

According to theorem 18 we have 1√
n
XTε

D−→ N(0, σ2Σ). Through theorem 19 we get
√
n(β̂ − β)

D−→ N(0, σ2Σ−1ΣΣ−1) = N(0, σ2Σ−1) and approximately, for large n, β̂ ∼
N(β, σ2 1

n
Σ−1) = N(β, σ2(XTX)−1). �

Result 20 states that asymptotically β̂ has a normal distribution without the assumption

of normally distributed error terms.

49



References

J.Y. Campbell and P. Perron. Pitfalls and opportunities: what macroeconomists should

know about unit roots. NBER Macroeconomics, 6:141–220, 1991.

W.J. Crowder and M.E. Wohar. Are tax effects important in the long-run fisher relationship?

evidence from the municipal bond market. The Journal of Finance, 54(1):307–317, 1999.

D.A. Dickey and W.A. Fuller. Distribution of the estimators for autoregressive time series

with a unit root. Journal of the American statistical association, pages 427–431, 1979.

R.F. Engle and C.W.J. Granger. Co-integration and error correction: representation, esti-

mation, and testing. Econometrica: journal of the Econometric Society, pages 251–276,

1987.

C.W.J. Granger and P. Newbold. Spurious regressions in econometrics. Journal of econo-

metrics, 2(2):111–120, 1974.

J.D. Hamilton. Time series analysis, volume 2. Cambridge Univ Press, 1994.

C. Heij, P. De Boer, P.H. Franses, T. Kloek, H.K. Van Dijk, et al. Econometric methods

with applications in business and economics. OUP Oxford, 2004.

RV Hogg, JW McKean, and AT Craig. Introduction to Mathematical Statistics. Prentice

Hall, 2005.

S. Johansen. Statistical analysis of cointegration vectors. Journal of economic dynamics and

control, 12(2-3):231–254, 1988.

S. Johansen. The role of the constant and linear terms in cointegration analysis of nonsta-

tionary variables. Econometric Reviews, 13(2):205–229, 1994.

S. Johansen, C.W.J. Granger, and GE Mizon. Likelihood-based inference in cointegrated

vector autoregressive models, volume 9. Cambridge Univ Press, 1995.

K. Kim and P. Schmidt. Unit root tests with conditional heteroskedasticity. Journal of

Econometrics, 59(3):287–300, 1993.
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