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Abstract 

 

Previous research that used calibration to deal with nonresponse problems mostly applied 

Simple Random Sampling. This paper further detects the performances of the calibration 

estimators under different sampling designs for different (expected) sample sizes by means of 

Monte Carlo simulation. The simulation is carefully carried out from the population levels to 

the response set levels. The results show different behaviors of the expansion estimator and 

the regression estimator under various sampling designs and sample sizes.  

 

Key words: Calibration, Simulation, Monte Carlo, Nonresponse, Simple Random Sampling 

(SI), Stratified Simple Random Sampling (STSI), Poisson design, point estimator, relative 

bias. 
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1. Introduction 

Non-response exists in different kinds of surveys. It refers to the fact that values are missing 

for certain sampling measurements and results from different situations such as questionnaire 

missing, sensitivity concerns, inaccessible respondents, and so on. For an observation in the 

sample, if values of all the variables are missing, the non-response is regarded as unit 

non-response. Otherwise, if the at least one but not all values are missing for this observation, 

it is item non-response. Despite of the types of non-response, it has various extents and 

effects depending on specific surveys. This feature can be true even for repeated surveys over 

time. 

In the presence of non-response, standard estimation methods do not necessarily provide 

unbiased estimators (Särndal, Swensson, & Wretman, 2003). What’s more, the uncertain 

effect makes it difficult to measure biases and variances. Non-response bias denotes the bias 

caused by non-response and it might greatly damage the quality of a survey and 

corresponding deductions. Moreover, an incomplete dataset is not appropriate for direct 

computations. Thus, non-response needs to be dealt with and scholars have put their efforts 

into different approaches to estimate under non-response. 

Surveys with non-response can be improved in various ways, in which four common ones are 

introduced as follows. Firstly, re-sampling within the non-respondents aids the estimation by 

providing better understanding of the non-response set. Secondly, modeling the non-response 

mechanism has similar effect as well. Thirdly, different imputations can be applied to 

complete the dataset and enables modern computations. Also, appropriate selection of 

imputation methods might improve the estimations. Lastly, calibration methods represent a 

series of ad hoc techniques of using other relevant information to adjust the original 

respondents’ weights and making up for the non-respondents. Theoretically, all the revised 

respondents’ weights should be larger than the original ones. 

A representative work piece of calibration methods to adjust for non-response is the book of 

Särndal & Lundström (2005). This book provides a comprehensive introduction of different 
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calibration estimators and their variances. However, as an ad hoc method of adjusting for 

non-response, its simulations are only available in simple random sampling designs in this 

book.  

Simple random sampling is just a small fraction of the sampling frames. The aim of this 

paper is to detect the behaviors of some of the calibration estimators introduced by Särndal & 

Lundström (2005) in more broad situations which, in this case, represent the SI (simple 

random sampling, without replacement), the STSI (stratified simple random sampling), the 

PO (Poisson sampling), and the STPO (stratified Poisson sampling). Thus, this paper 

provides an extended detection of the ad hoc calibration estimators. 
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2. Background 

(1) Kocis, Zarnoch, and English (2004) 

The paper of Kocis, Zarnoch, and English (2004) attempts to detect the non-response biases 

caused by different road sign wordings in the USDA Forest Service National Visitor Use 

Monitoring (NVUM) program. This program uses on-site visitor interviewer data collection 

as the major data collection method in which different signs for instructing the volunteer 

visitors to stop at the survey sites might influence the sampling results. They suspected that 

the wordings tended to have certain connections with the visitors who were willing to stop. In 

other words, the sign differences might result in nonresponse sets with different 

characteristics. In order to prove the effect of sign wordings, the workers added different 

types of signs in the surveys. The results show the existence of 36% difference of the estimate 

of the first sign with respect to the new signs.  

(2) Dixon and Tucker (2007) 

Dixon and Tucker (2007) paper uses quantile regression technique to analyze in the presence 

of non-response. The data they used are from the “CES sample from quarter 2 of 2003” with 

sample size 441,961. In the theory part they expressed the mean of the response set as a 

function of the mean of the non-response set and the population mean. By doing this they 

showed that while the non-response rates might affect the estimates, how well the estimates 

represent the true values depends on the sample unites. In order to be more specific, the 

estimation quality depends on the samples as well as the response sets. The results show that 

large companies can affect the biases cause by non-response more. Thus, the inclusion of 

large companies is of great importance. In the meanwhile, the paradox exists that large 

companies tend to response less. In the end, they concluded that the employment patterns 

differ among industries. 
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(3) Särndal and Lundström (2005) 

The 2005 book of Särndal and Lundström focuses on estimation under nonresponse by means 

of calibration estimator. They firstly introduced different sources of errors in a survey, and 

then, general principles to aid estimation which includes the importance of auxiliary 

information. The introduction of how to use auxiliary information is divided into the 

estimation under ideal conditions and the estimation in the presence of non-response. After 

that, they also provided criteria to select proper auxiliary information, measuring the 

non-response bias, as well as the variance estimation for calibration estimators. Two chapters 

about imputation and corresponding variance estimation appear as other methods of dealing 

with non-response. One remarkable statement of theirs is about how the confidence interval 

can be off center if the bias is not carefully controlled. This book is profound in the 

development of methods that deals with non-response. However, it is based on ad hoc 

methods and the simulations available in the book are all based on simple random sampling 

without replacement which is rare in reality. Thus, more simulation will help detect the 

quality of the calibration estimators. 

(4) Särndal, Swensson, and Wretman (2003) 

The 2003 book of Särndal, Swensson, and Wretman is famous with respect to survey 

sampling and is commonly referred to as the “yellow book”. The “yellow book” contains 

broad knowledge about survey sampling and is divided into four parts. The first part 

discusses the status of survey sampling, some important sampling designs such as SI (simple 

random sampling), BE (Bernoulli sampling), PO (Poisson sampling), systematic sampling, 

and stratified sampling, as well as different estimation methods under these sampling designs. 

The second part is about the estimation with the aid of auxiliary variables, such as the ratio 

estimators and the regression estimators. The third part further discusses a complicated 

sampling design – two-phase sampling, domain estimation and variances of the estimators, 

how to find the optimal sampling designs, and so on. A thorough discussion about errors in 

surveys is available in the last part in which non-response is also under consideration. This 

book is very comprehensive and of great importance. It gives general forms and principles on 
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how sampling is designed and conducted, how to choose proper estimation methods and how 

to deal with potential problems in the survey sampling. It also enables the reader to learn 

different perspectives of understanding sampling techniques and corresponding estimation 

methods. 

(5) Rizzo (2008) 

In the book of Rizzo (2008), abundant instructions and discussions about using the software 

R to manage statistical computation are available. The first two chapters are backgrounds of 

R software and basic statistical principles for beginners. R project refers to a programming 

system mainly for statistical purposes. These series of software are freely accessible online 

along with different packages and manuals, and they enable various statistical computation, 

graphing techniques, debuggers, as well as the flexibility for users to edit their own packages. 

In this book, Monte Carlo methods are mainly from chapters five, six, and nine. These 

methods denote a number of techniques of doing statistical analyses by simulations and 

compromise a decent part of modern applied statistics. The other chapters introduce various 

programming tools such as the generation of random numbers, estimating probability 

densities, displaying multivariate data, and so on. This book is very useful overall. However, 

it is a pity that R is so powerful a project and it is developing so often that a single book 

cannot really take on every detailed aspect. 

(6) Haughton (1997) 

Haughton’s (1997) paper is an example of using simulation to monitor how programs 

perform differently in the estimation of finite mixture distributions. This paper focuses on 

five packages, namely, BINOMIX, C.A.MAN, MIX, BMDP, and STATA. In order to 

compare the differences in performances, the author organized different groups of 

comparisons based on the features of those projects. For example, since the programs other 

than STATA and BMDP cannot perform latent class regression with parameters, mixtures of 

distribution are estimated for them. By conducting the simulation carefully and comparing 

the results among the five programs, the author made some useful remarks such as C.A.MAN 
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estimates robustly for different initial values and flexible estimation options while MIX 

produces graphs which not only have good resolutions but also are convenient to process. 

The fact that this paper combines the simulation results and certain theoretical background 

together to make further conclusions is tremendous. 

(7) Jiang and Huang (2009) 

Jiang and Huang’s (2009) paper aims to detect the accuracy of the flat histogram version of 

pruned and enriched Rosenbluth method (FLATPERM) in estimating densities for classical 

states of polymers on a lattice. The FLATPERM is regarded as an efficient estimation method 

for these kinds of chemical states. The accuracy of FLATPERM can be manifested by 

comparisons between the Monte Carlo simulation and the solutions of the corresponding 

densities. The authors firstly demonstrated the distributions theoretically. Then, by defining 

and using an end-to-end distance, they managed to calculate the distance between two 

distributions. The resulting percentage of that the relative errors with regards to the true 

results for distances smaller than 294 is less than 0.25%, which gives rise to the fact that the 

simulation approximates the exact solution very well. This paper is an example of using 

comparison between the results of a certain method to the real values to show its 

performances.  

(8) Gilbert (1999) 

Gilbert’s (1999) paper refers to simulations as “a new way of doing social science”. In this 

paper, he firstly discusses the revolution in social science brought by computers. He 

expressed the difficulty in social process theorization and the lack of tools in understanding 

the processes, which results in the handicap of understanding social processes in common 

currency. One example for these problems is “What if?”. What if certain changes are made to 

the society? Simulation can be carried on to approximate different scenarios and is “valuable” 

for relevant practices. As another advantage of computer modeling, it can help formalize 

theories. By reviewing four papers which emerged in the rapid development of applying 

computational simulation in social science, the author came to some very profound 
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conclusions. Among these conclusions, one is that simulations imply a “third way” of 

theorizing the world. Another conclusion is that simulation enables one to understand the 

macro-level problems by micro-level experiments. Lastly, the author confidently predicted a 

further developing trend in computational science, both within the social science scope or 

outside. 

(9) Other studies 

Besides the previous studies, there are tremendous numbers of other literatures which use 

simulations as tools to analyze or detect theories, models, or phenomena. John (1973) regards 

simulation as “a more effective tool” if scientifically applied. In John’s paper, he outlined the 

basic documental format of simulation papers. Law (2011) used probability densities to 

model the origins of systematic randomness in the practices of simulation. Pelican and Vernic 

(2013) simulated the MLE (maximum likelihood estimator) for the multivariate Sarmanov 

distribution for two scenarios – one by means of random samples and the other using 

dependent univariate random variables. Chopin (2011) simulated a Gaussian vector in 

truncated Gaussian distributions. Proctor (2012) applied Monte Carlo simulation to test the 

likelihood of different inputs as well as possible results from the inputs. By inputting millions 

of times Proctor approximated the complete range for possible outputs. Yue et al. (2003) used 

the grid generation method to simulate how Chinese population is distributed. Their MSPD 

(model for simulating population distribution) considers elements that influence the 

population from various aspects, such as elevation, city size, spatial distributions, and so on. 
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3. Methodology 

(1) Sampling Designs 

A sampling design p(·) is a function by which the sample s is selected with probability p(s).  

p(s) = 𝑃𝑟(𝑆 = 𝑠) 

The design has to make sure that each element in the population is chosen with probability 

which is equal or larger than zero.  

p(s) ≥ 0, 𝑎𝑙𝑙 𝑠 ∈ ω 

Where ω is the set of samples. Moreover, the sum of all possible design probability of each 

sample is one. 

∑p(s)

𝑠∈𝜔

= 1 

Under the sampling design, 𝜋𝑘 is the probability that the kth element is included in the 

sample and is called the inclusion probability of element k. 𝜋𝑘𝑙 , similarly, is the inclusion 

probability of the kth element and the lth element. 

𝜋𝑘 = 𝑃𝑟(𝑙 ∈ 𝑠) = ∑p(s)

𝑠∋𝑘

 

𝜋𝑘𝑙 =

{
 
 

 
 𝑃𝑟(𝑘&𝑙 ∈ 𝑠) = ∑ p(s)

𝑠∋𝑘&𝑙

          𝑖𝑓 𝑘 ≠ 𝑙

𝑃𝑟(𝑘 ∈ 𝑠) =∑p(s)

𝑠∋𝑘

                 𝑖𝑓 𝑘 = 𝑙
 

Thus, one has 

𝜋𝑘𝑙 = 𝜋𝑙𝑘  
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and 

𝜋𝑘𝑙 = 𝜋𝑘   𝑖𝑓   𝑘 = 𝑙 

Assume that the population is of size N in which n elements are sampled and N ≥ n. 

Under the simple random sampling design without replacement
1
 (SI), each element in the 

population is selected into the sample with the same probability. Thus, the sampling design is 

p(s) = {

1

(𝑁
𝑛
)
          𝑖𝑓 𝑠 𝑖𝑠 𝑜𝑓 𝑠𝑖𝑧𝑒 𝑛

0                         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

The inclusion probabilities are 

𝜋𝑘 = 𝑓 =
𝑛

𝑁
 

𝜋𝑘𝑙 =
𝑛(𝑛 − 1)

𝑁(𝑁 − 1)
 

Unlike SI design under which each element has equal probability of being chose, the Poisson 

sampling (PO) might assign different inclusion probabilities to different elements. For all the 

elements 1,… , N in the population, the corresponding inclusion probabilities are 𝜋1, … , 𝜋𝑁 

where each 𝜋𝑘, 𝑘 = 1,… , 𝑁 can be different from the others. Thus, the kth element is chosen 

with probability 𝜋𝑘 and abandoned with probability 1 − 𝜋𝑘. The sampling design becomes 

p(s) =∏𝜋𝑘
𝑘∈𝑠

∏ (1 − 𝜋𝑘)

𝑘∈𝑈−𝑠

 

Another difference between PO design and SI design is that the sample size is fixed in SI 

design but random in PO design. However, the expected sample size can be fixed in PO 

design. 

                                                             

1 Every “SI design” this paper uses in the latter part denotes SI design without replacement. 
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𝐸𝑃𝑂(𝑛𝑠) =∑𝜋𝑘
𝑈

 

In the latter simulation, the sample sizes of both PO design and STPO design represent the 

expected sample sizes. 

In the stratified sampling, the population is divided in to H strata with subpopulation size 

𝑈ℎ , h = 1,… ,H for the hth stratum. Draw a sample 𝑠ℎ from stratum h with sample design 

pℎ(𝑠ℎ), ℎ = 1, … ,𝐻. Thus, 

U = 𝑈1  ∪ …∪ 𝑈𝐻 

s = 𝑠1, … , 𝑠𝐻  

N =∑𝑁ℎ

𝐻

ℎ=1

  and n = ∑𝑛ℎ

𝐻

ℎ=1

 

If the selection of samples is independent among strata, the sampling design is 

p(𝑠) = p1(𝑠1)p2(𝑠2)⋯p𝐻(𝑠𝐻) 

Therefore, the STSI (stratified simple random sampling) design is applying SI design to each 

stratum separately and the STPO (stratified Poisson sampling) design is applying PO design 

to each stratum separately.  

How to stratify the population? Särndal, Swensson, and Wretman (2003, p. 101) introduced 

the concept of stratification variable which denotes the “characteristic or the characteristics 

used for subdividing the population into strata”. As it will be introduced later, the data set this 

paper uses contain a variable which separates the population into groups, or one can say strata. 

The strata in later simulation will use this variable as a natural stratification variable. 
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(2) Calibration estimators 

A common goal of estimation in the presence of non-response is to estimate the population 

total of a variable one is interested in. This variable is called study variable. Other variable 

which give information about the study variable are auxiliary variables.  

Let r = (𝑥1, 𝑦1, … , 𝑥𝑚 , 𝑦𝑚) be the response set where m is the number of response units, 

𝐱 = (𝑥1, … , 𝑥𝑚)
′ the auxiliary vector and 𝐲 = (𝑦1, … , 𝑦𝑚)

′ the study variable. 𝑑𝑘  is the 

design weight for the kth unit and 𝑑𝑘 =
1

𝜋𝑘
 (𝑘 = 1, … ,𝑁).  

In the aid of the choices of proper auxiliary information, if possible, better estimators can be 

obtained. Generally, the auxiliary information appears in three types in the following. The 

estimator population total X (generally called the information input) has different forms in 

different information cases. 

1) InfoU: population vector total and every vector value in the response set are known. 

Let 𝑥𝑘
∗ , 𝑘 = (1,… ,𝑁) be the variable with InfoU information. Then, X is 

𝐗 = 𝑿∗ =∑𝑥𝑘
∗

𝑈

 

2) InfoS: only vector values in the sample set are known. Let 𝑥𝑘
o  (𝑘 = 1,… , 𝑛) be the 

variable with InfoS information. 

𝐗 = �̂�𝑜 =∑𝑑𝑘𝑥𝑘
o

𝑆

 

 

3) InfoUS: both types of information, InfoU and InfoS, are included. 

𝐗 = (
𝑿∗

�̂�𝑜
) =

(

 
 
∑𝑥𝑘

∗

𝑈

∑𝑑𝑘𝑥𝑘
o

𝑆 )
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The KYBOK data set contains only one auxiliary variable 𝐱 which is of InfoU type. Thus, 

the following introduction will focus on cases with one auxiliary variable. And the point 

estimators are estimators of the common statistic, the population total (denoted by 𝒀𝑊) of a 

study variable y. 

Särndal & Lundström (2005) introduced different calibration estimators for 𝒀𝑊 which all 

adopt the same general form as follows. 

�̂�𝑊 =∑𝑤𝑘𝑦𝑘
𝑟

 

Where 𝑤𝑘  is the weight for observation k (k = 1,… ,m) and can be computed as 

𝑤𝑘 = 𝑑𝛼𝑘𝑣𝑘 ,   𝑣𝑘 = 1 + 𝝀𝒓
′ 𝒛𝑘 

𝝀𝑘
′ = (𝑿 −∑𝑑𝛼𝑘𝒙𝑘

𝑟

)

′

(∑𝑑𝛼𝑘𝒛𝑘𝒙𝑘
′

𝑟

)

−1

 

The function form of X is as previous depending on the information type. 

The expansion estimator is referred to use the simplest auxiliary vector which is constant for 

all k (Särndal & Lundström, 2005). The simplest example is when 𝑥𝑘
∗ = 1 for all k. Then the 

calibration estimator, which is called the expansion estimator, takes the following function 

form. 

�̂�𝑊 = �̂�𝐸𝑋𝑃 = 𝑁�̅�𝑟:𝑑 = 𝑁
∑ 𝑑𝑘𝑦𝑘𝑟

∑ 𝑑𝑘𝑟
 

The regression estimator is obtained by assuming the auxiliary vector to be InfoU level with 

the following form  

𝐱 = (𝒙1, … 𝒙𝑛) 

𝒙𝑘 = (1, 𝑥𝑘)
′   𝑘 = 1, … ,𝑁 
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Then, the information input X becomes 

𝐗 =∑𝒙𝑘
𝑈

= (𝑁,∑𝑥𝑘
𝑈

 )

′

 

For InfoU cases, N, the population size is known. By means of the auxiliary information and 

the general form of the calibration estimator the population total takes the following form. 

�̂�𝑊 = �̂�𝑅𝐸𝐺 = 𝑁 {�̅�𝑟;𝑑 + (�̅�𝑈 − �̅�𝑟;𝑑)𝐵𝑟;𝑑} 

with 

�̅�𝑟;𝑑 =
∑ 𝑑𝑘𝑥𝑘𝑟

∑ 𝑑𝑘𝑟
   and   �̅�𝑟;𝑑 =

∑ 𝑑𝑘𝑦𝑘𝑟

∑ 𝑑𝑘𝑟
 

�̅�𝑈 =
∑ 𝑥𝑘𝑈

𝑁
 

𝐵𝑟;𝑑 =
∑ 𝑑𝑘(𝑥𝑘 − �̅�𝑟;𝑑)𝑟 (𝑦𝑘 − �̅�𝑟;𝑑)

∑ 𝑑𝑘(𝑥𝑘 − �̅�𝑟;𝑑)
2

𝑟

 

Relative bias measures how well the estimates approximate the true value. Let Y be the true 

value of the population total, p(𝑠) the sampling design, and q(𝑟|𝑠)the response distribution. 

Then, the bias of an estimator �̂�𝑊 is 

𝐵𝑝𝑞(�̂�𝑊) = 𝐸𝑝 (𝐸𝑞(�̂�𝑊 | 𝑠)) − 𝑌 = 𝐸𝑝𝑞(�̂�𝑊) − Y 

The relative bias is 

𝑟𝑒𝑙𝑏𝑖𝑎𝑠(�̂�𝑊) =
𝐵𝑝𝑞(�̂�𝑊)

𝑌
 

An estimator is closer to the true value if its relative bias has an absolute value which closer 

to zero. 
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In the book of Särndal and Lundström (2005), there are variance estimators for the calibration 

estimators as well. However, in the simulation, the variance is  

𝑉𝑎�̂�(𝑌𝑊) =
1

𝐽
∑ (𝑌𝑊;𝑗 − �̅�𝑊)

2𝐽

𝑗=1
 

Where 𝑌𝑊;𝑗 is the estimate of the study variable y’s population total in the jth simulation and 

�̅�𝑊 the mean of all estimates. J denotes the number of times the experiment is carried out. 

Similar results can be found in Rizzo (2008, p. 155). 

(3) Monte Carlo Simulation 

“Monte Carlo methods may refer to any method in statistical inference or numerical 

analysis where simulation is used. ...” (Rizzo, 2008, p. 153) 

This paper simulates the behaviors of some calibration estimators under different sample 

designs for various (expected) sample sizes by repeatedly doing lots of experiments for each 

combination of the three aspects.  

 

Figure 1. The procedure of simulation by using SI design 

Figure 1 shows the procedure of simulations under SI design and PO design. The process of 

the simulations under SI design is carried out by complying with the following steps. 
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(1) Draw a sample from the population with sample size n with inclusion probability of 

𝑛

𝑁
 for each element. Repeatedly draw samples until there are 10,000 samples where 

10,000 is the number of times the experiment is carried out; 

(2) For each sample, decide a response set. Thus, there are 10,000 response sets; 

(3) For each response set, use the calibration estimators to calculate the estimated 

population total of y, resulting in 10,000 estimates; 

(4) For each estimated population total estimate, calculate the relative bias. This process 

produces 10,000 relative biases; 

(5) Calculate the variance of the estimator based on all the population total estimates. 

Under PO design it has different Step 1 but same steps from (2) to (5). To be more specific, 

Step 1 becomes follows: 

 For an expected sample size n, determine the inclusion probability 𝜋𝑘, 𝑘 = 1,… , 𝑁 for 

 the kth element. Draw a sample from the population with inclusion probability 

𝜋𝑘, 𝑘 = 1,… , 𝑁 for  the kth element. Repeatedly draw samples until there are 10,000 

samples where 10,000 is the number of times the experiment is carried out; 

 

Figure2. The procedure of simulations by using STSI design and STPO design 

Under STSI design and STPO design, the population is firstly divided into different 

subpopulations/strata. Then, follow the steps under SI design or PO design correspondingly 

U 

U1 

S1 

Response 
Non-

response 

U2 

S2 

Response 
Non-

response 

U3 

S3 

Response 
Non-

response 

U4 

S4 

Response 
Non-

response 
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within each stratum to obtain the estimates of each subpopulation total. The population total 

is just the sum of them all. Figure 2 illustrates the procedure of the simulations under STSI 

design and STPO design. 

One thing to note is that the average response rate in all the simulations is set to be 86% and 

the response distribution is subject to increasing exponential response distribution where 

θk, k = 1,… , N can be computed as 

𝜃𝑘 = 1 − 𝑒
(−𝑐𝑥𝑘) 

Where c = 0.0318 is computed by setting the average of all the 𝜃𝑘 , 𝑘 = 1,… , 𝑁 to be 86%. 
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4. Data 

The KYBOK data set is originally collected by sending questionnaires to 965 Swedish 

clerical municipalities in the year 1992. The auxiliary information x is available from 

administrative sources. Among the 965 municipalities, 832 responded, leaving a 

non-response set of size 133. Thus, the response rate is 86%, which is the reason why the 

simulations are all based on setting the response rate to 86%. The simulation population is the 

832 municipalities that responded. Table 3 describes some basic characteristics of the 

population from the KYBOK data set. 

Table 3. Key characteristics of the KYBOK study population 

Characteristic Overall 

By Group 

1 2 3 4 

Number of elements 832 218 272 290 52 

Total of y 1025983 132788 241836 343359 308000 

Mean of y 1233 609 889 1184 5923 

variance of y × 103 3598 228 566 1683 20369 

Coefficient of corerlation 

between y and x 
0.92 0.87 0.90 0.84 0.91 

(Särndal & Lundström, 2005) 

As one can see from the table, there is a strong relationship between the study variable y and 

the auxiliary variable x where the coefficient is 0.92. Among the “naturally” separately 

groups, Group 4 is of the smallest size but has the highest mean value of y. Group 1 has a size 

three times larger than Group 4 but the smallest mean value of y and variance. Group 4 has 

the highest mean value and variance but the smallest sample size. Group 3, which is the 

largest group, has the highest total of y. The correlation varies among groups and reaches the 

highest value 0.91 for Group 4. 
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5. Results 

This section provides the simulation results of using calibration estimators to estimate in the 

presence of non-response under five sample sizes and four different sampling frames – SI, 

STSI, PO, and STPO. Comparisons within each frame and among frames are available. 

Table 4. The simulation results under SI design 

sample size 100 200 300 400 500 

 

EXP 

𝐸𝑆𝐼𝑀(�̂�𝑤) ∗  10
−3 1122.10 1122.96 1122.46 1123.94 1123.17 

𝑅𝐵𝑆𝐼𝑀(�̂�𝑤) ∗ 10
2 9.40 9.50 9.40 9.50 9.50 

𝑉𝑆𝐼𝑀(�̂�𝑤) ∗  10
−8 292.18 123.47 70.70 44.37 27.19 

 

REG 

𝐸𝑆𝐼𝑀(�̂�𝑤) ∗  10
−3 994.04 997.38 998.47 998.87 999.11 

𝑅𝐵𝑆𝐼𝑀(�̂�𝑤) ∗ 10
2 -3.10 -2.80 -2.70 -2.60 -2.60 

𝑉𝑆𝐼𝑀(�̂�𝑤) ∗  10
−8 34.25 14.97 8.16 5.18 3.22 

 

Table 4 gives the simulation results under SI (simple random sampling) for the expansion 

estimator (EXP) and the regression estimator (REG) for sample sizes ranging from 100 to 

500. An obvious difference exists between the expansion population total estimator and the 

regression population estimator. The former provides larger estimates than the latte while 

both of them have slight increasing tendency with respect to the expansion of samples. The 

relative biases of the expansion estimator are all positive while those of the regression 

estimator are all negative. In the meanwhile, these biases possess smaller absolute values for 

the regression estimator. Another clear trend is that with the increasing sample sizes, the 

variances decline. All in all, for the growing sample sizes, the expansion estimator deviates 

from the true value with decreasing variances while the regression estimator approaches the 



20 
 

true value with decreasing variances. With the same sample size, the REG always estimates 

with more precision than the EXP. 

Table 5. The simulation results under STSI design 

sample size 100 200 300 400 500 

 

EXP 

𝐸𝑆𝐼𝑀(�̂�𝑤) ∗  10
−3 1084.71 1085.69 1085.48 1084.46 1085.33 

𝑅𝐵𝑆𝐼𝑀(�̂�𝑤) ∗ 10
2 5.70 5.80 5.80 5.70 5.80 

𝑉𝑆𝐼𝑀(�̂�𝑤) ∗  10
−8 37.17 16.39 9.13 5.61 3.53 

 

REG 

𝐸𝑆𝐼𝑀(�̂�𝑤) ∗  10
−3 1014.08 1016.49 1017.69 1018.00 1018.33 

𝑅𝐵𝑆𝐼𝑀(�̂�𝑤) ∗ 10
2 -1.20 -0.90 -0.80 -0.80 -0.70 

𝑉𝑆𝐼𝑀(�̂�𝑤) ∗  10
−8 8.33 3.36 1.87 1.13 0.69 

 

Table 5 shows the simulation results of both EXP and REG in the presence of non-response 

under STSI (stratified simple random sampling) with respect to different sample sizes from 

100 to 500. In the table, all the EXP population total estimates and REG population estimates 

are similar for different sample sizes, which suggest that the effect of sample size on these 

calibration estimators is not obvious. Estimates for both EXP and REG show slightly 

increasing trends with the increasing sample sizes. Similarly, the relative biases are close for 

different sample size. However, alike the situation in the SI case, the relative biases of the 

EXP obtain positive signs while those of the REG are negative. Both variance estimates show 

an decreasing trend for the increasing sample sizes. Furthermore, for the same sample sizes, 

the variances of the regression estimator are smaller than those of the expansion estimator in 

general. As a brief summary, the expansion estimator and regression estimator show similar 

patterns with their correspondents in the SI case but with fewer biases and more precisions 
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Table 6. The simulation results under PO design 

sample size 100 200 300 400 500 

 

EXP 

𝐸𝑆𝐼𝑀(�̂�𝑤) ∗  10
−3 1186.70 1216.60 1156.33 1133.71 1125.81 

𝑅𝐵𝑆𝐼𝑀(�̂�𝑤) ∗ 10
2 35.20 18.60 12.70 10.50 9.70 

𝑉𝑆𝐼𝑀(�̂�𝑤) ∗  10
−8 8.26 2.47 1.49 1.20 1.14 

 

REG 

𝐸𝑆𝐼𝑀(�̂�𝑤) ∗  10
−3 945.87 973.28 987.68 994.91 997.99 

𝑅𝐵𝑆𝐼𝑀(�̂�𝑤) ∗ 10
2 -7.80 -5.10 -3.70 -3.00 -2.70 

𝑉𝑆𝐼𝑀(�̂�𝑤) ∗  10
−8 1.87 0.62 0.39 0.33 0.30 

 

Table 6 illustrates the simulation results of both EXP and REG in the presence of 

non-response under PO (Poisson sampling) with sample sizes from 100 to 500. In the table 

the expansion population total estimates firstly increase with the increasing sample size and 

decrease when the sample size is larger than 200. The EXP relative biases are all positive and 

have negative correlations with the sample sizes. The same as before, the EXP variances 

decrease with the increasing sample size. The regression population total estimates have a 

positive correlation with the sample size while the variances have a negative one. The REG 

relative biases are all negative and have decreasing absolute values when the sample sizes are 

more. To summarize, with the increasing sample sizes, both expansion estimator and 

regression estimator of the population total approach the true value with more precisions. 

However, the biases of the regression estimator are smaller than the biases of the expansion 

estimator if the sample sizes are the same. 

Table 7 presents the simulation results of both EXP and REG in the presence of non-response 

under STPO (stratified Poisson sampling) with respect to different sample sizes from 100 to 
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500. In this table the point estimates of the population total behaves differently for EXP and 

REG with respect to the changing sample sizes. For the increasing sample sizes, the EXP 

estimates decrease while the REG estimates increase. The relative biases for both estimators 

decrease with regards to the increasing sample sizes. However, the absolute values of the 

relative bias estimates of EXP are always larger than those of the REG regardless of the 

sample sizes. The EXP relative biases are always positive while the REG ones always 

negative. Lastly, the variances of both estimators show decreasing trends for the increasing 

sample sizes and the variances of the EXP are larger than those of the REG all along. The 

behaviors of the two estimators are similar to that in the PO case. They both approach the true 

values with decreasing variances. 

Table 7. The simulation results under STPO design 

sample size 100 200 300 400 500 

 

EXP 

𝐸𝑆𝐼𝑀(�̂�𝑤) ∗  10
−3 1223.44 1140.57 1106.15 1092.35 1087.12 

𝑅𝐵𝑆𝐼𝑀(�̂�𝑤) ∗ 10
2 19.20 11.20 7.80 6.50 6.00 

𝑉𝑆𝐼𝑀(�̂�𝑤) ∗  10
−8 1.22 0.40 0.25 0.21 0.20 

 

REG 

𝐸𝑆𝐼𝑀(�̂�𝑤) ∗  10
−3 1002.82 1009.93 1009.93 1016.35 1017.45 

𝑅𝐵𝑆𝐼𝑀(�̂�𝑤) ∗ 10
2 -2.30 -1.60 -1.20 -0.90 -0.80 

𝑉𝑆𝐼𝑀(�̂�𝑤) ∗  10
−8 0.25 0.08 0.05 0.04 0.04 

To sum up, except in the SI case and the STSI case, in the PO case and the STPO case the 

expansion point estimator for population total approaches the true values with increasing 

precisions when the sample sizes grow. In the SI case, the expansion estimator has the 

opposite behavior where the estimates deviate from the true value with higher precisions for 

more sample sizes while in the STSI case, its estimates fluctuate around a value which is 

larger than the true value. However, the regression estimator for the population total provides 
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estimates which approach the true value with higher precision for increasing sample sizes in 

general. Similar trends of how the correspondent absolute values of relative biases are close 

to zeros are witnessed in all cases except the fact that the expansion estimator overestimates 

the population total in all cases while the regression estimator underestimates in all cases. 

Though the variances decrease with increasing sample sizes, for the same sample sizes, the 

variances of the expansion estimator are always larger than the variances of the regression 

estimator. 

In the following part, comparisons will be made between the expansion estimator and 

regression estimator with respect to the point estimates of population total, corresponding 

relative biases and variances. 

 

Figure 8. The estimates of the population total of y with respect to different combinations of the 

estimators and sampling designs 

Figure 8 compares the estimates of population total from the expansion estimator and the 

regression estimator. Both estimators are less sensitive to the changing sample size under SI 

design and STSI design. Stratified samplings (STSI and STPO) provide better estimates for 

the regression estimators. For sample sizes larger than or equal to 400, both estimators obtain 

close estimates under (ST-)SI and (ST-)PO. 
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Figure 9. The relative biases of y’s population total estimates with respect to different combinations of 

the estimators and sampling designs 

Figure 9 shows the relative biases in each simulation which support the results in Figure.  

 

Figure 10. The variances of y’s population total estimates with respect to different combinations of 

the estimators and sampling designs 

Figure 10 illustrates the variances in each simulation. The expansion estimator has the largest 

variances for each sample size under SI design, followed by the expansion estimator under 
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STSI design and regression estimator under SI design. For each sample size, under PO design 

and STPO design both estimators obtain similar variances which are a lot smaller than those 

under the SI design and the STSI design. 

 

Figure 11. The comparison of confidence intervals with the horizontal axis2 at the true value of y’s 

population total under SI design 

 

Figure 12. The comparison of confidence intervals with the horizontal axis at the true value of y’s 

population total under STSI design 

                                                             
2
 Though the horizontal axis in Figure 11 is based on the main axis, the intervals of the expansion estimator do cover the 

true value. Besides, the scales of the two vertical axis have the same scale. Thus, the lengths of the intervals are 
comparable. 
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Figure 13. The comparison of confidence intervals with the horizontal axis at the true value of y’s 

population total under PO design 

 

Figure 14. The comparison of confidence intervals with the horizontal axis at the true value of y’s 

population total under STPO design 

Figure 11 to Figure 14 compare the confidence intervals (CI) for the expansion estimator and 

the regression estimator under different designs. As can be observed from the pictures, the 

expansion estimator has longer confidence intervals than the regression estimator for each 

combination of sample size and sampling design. Moreover, the regression estimator obtains 

estimates closer to the true value than the expansion estimator. However, under SI design and 
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STSI design, the confidence intervals of both estimators cover the true value despite the fact 

that the CIs are longer. Under PO design and STPO design, the confidence intervals of both 

estimators are much shorter but off-center.  

The fact that the regression estimator has the closer estimates is understandable. The major 

reason is also the main reasons that auxiliary information is suggested to be used in the aid of 

estimation in the presence of non-response, which is that proper auxiliary variables provide 

information about the study variable. The relation between the auxiliary variable and the 

study variable helps one to make inference about the study variable on the population level 

based on the more accurate auxiliary information (estimated) on the population level. An 

evidence of the close relationship between x and y can be found in Table 3 where the 

coefficients between x and y are very high. 

 “To trust the interval, one must be reasonably assured that the bias of �̂�𝑊 is near zero. 

If it is not, the interval tends to be off-centre.....The coverage rate achieved may fall 

considerably short of the intended confidence level 1 − 𝛼 , and the interval becomes 

invalid....” (Särndal & Lundström, 2005, p. 137) 

From SI design, via STSI design and PO design, to STPO design, the simulation shows 

decreasing variances. However, the decreasing intervals stop to cover the true value. This 

effect can be interpreted from two aspects. Firstly, the variances are underestimated. Secondly, 

the calibration estimators in the simulation did not manage to control the non-response bias 

properly. 
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6. Conclusion 

As an ad hoc method to estimate in the presence of non-response, Särndal & Lundström 

(2005) introduced the calibration estimators. Along with the introductions they provided 

simulations based on SI design. However, an ad hoc method needs to be examined carefully. 

In order to further detect the performances of some of the calibration estimators, this paper 

used the same data set KYBOK to simulate the behaviors of the expansion estimator and the 

regression estimator, which are both calibration estimators, with respect to dealing with 

non-response in a broader environment – the SI design, STSI design, PO design, and STPO 

design.  

The simulation show different results under different designs, which give support to the use 

of detecting the calibration estimators under various design. For STSI design and STPO 

design the estimates are the closest to the true value. Under STPO design the variances are 

the smallest for each sample size but off-center. One the other hand, the STSI design provides 

longer confidence intervals which covers the true value. These manifest the importance of 

controlling the estimation biases when minimizing the variances when dealing with 

non-response. 

The behavior of the calibration estimators are sensitive to sample sizes under PO design and 

STPO design but indifferent under SI design and STSI design. This can be understood by 

knowing that PO design and STPO design assign different inclusion probabilities to different 

elements while under SI design and STSI design all the inclusion probabilities for the 

elements are the same. Thus, different samples possess the same inclusion probabilities under 

SI design while probably different inclusion probabilities under PO design, which results in 

the differences in the calibration estimates. 

The regression estimator always gets the closer estimate for each combination of sample size 

and sampling design. This proves the importance of making use of existing auxiliary 

information. If an auxiliary variable is properly chosen, the non-response can be greatly 

adjusted. 
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In summary, there are two major contributions of this paper. Firstly, this paper shows that the 

calibration estimators have different behaviors under different sample designs. Secondly, 

despite the differences within the calibration estimators, in order to use the expansion 

estimators and the regression estimator proper actions should be taken to reduce the biases for 

that they did not manage to reduce the biases enough for the CIs to cover the true values 

under certain sampling design like PO and STPO. 

In the future, this field can be future explored by busing larger data set as a consideration of 

the developing technologies and the increasing information productions in the daily lives. 

Inferences can also be made in the presence of non-response for other response distributions 

because the increasing exponential distribution this paper uses is a “pure construction” 

(Särndal & Lundström, 2005, p. 77) and more practical distributions are needed. 
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