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Abstract

Homoscedasticity is an important assumption in the application of linear regression analy-
sis. However, heteroscedasticity, the absence of homoscedasticity, is often the case with real
data, such as time-series data, panel data or cross-section data. In order to deal with this
problem, different methods are suggested by the classical statistics based on the knowledge
of the variances’ structure or at least estimation of the structure. In the paper, a hier-
archical Bayesian model with stochastic search variable selection method (SSVS) is built
in order to estimate parameters and the structure of the heteroscedasticity at the same
time. Markov Chain Monte Carlo(MCMC) simulations like the Gibbs sampling and the
Metropolis-Hasting sampling are applied to get the posterior distributions for the parame-
ters and the SSVS method is evaluated with regards to identify the structure of heterosedas-
ticity.

Keywords:the Bayesian heteroscedasticity model, the Gibb sampling, the Metropolis-Hasting
sampling, SSVS, MCMC
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1 Introduction

In the classical linear regression model, homoscedasticity and nonautocorrelation are important
assumptions. It means that disturbances have the same finite variance, and are uncorrelated
with each other. However, those assumptions limit the generality of the model and are often
violated in the real world such as in time-series data, cross-section data or panel data. Het-
eroscedasticity means that the variances for disturbances are different. Since the heteroscedas-
ticity is mainly focused in the paper, nonautocorrelation is assumed. The linear regression with
heteroscedasticity can be formulated as follows:

y = Xβ + ε

E [ε | x] = 0

E
[
ε′ε | x

]
= Σ

Σ = σ2Θ = σ2


θ1 · · · 0
...

. . .
...

0 · · · θn

 =


σ21 · · · 0
...

. . .
...

0 · · · σ2n


(1)

Where, y is a vector of dependent variables. X is a matrix of independent variables including
the constant term and n is number of observations. β is a vector of coefficients. ε is a vector
of disturbances and assumed normal distributed in ordinary situation. Σ is a variance and
covariance matrix. Θ is a positive definite matrix. if Θ is not the identity matrix, the regression
is heteroscedasticity. The zeros in off-diagonal part stand for nonautocorrelation.

The assumption E [ε | x] = 0 and the normality assumption of the disturbance guaranty the
least squares estimator β̂ = (X′X)−1 X′y unbiased, consistent and asymptotically normal dis-
tributed even with heteroscedasticity. However, the estimates are not BLUE (best linear un-
biased estimator) as showed in the Gauss-Markov Theorem. The incorrect variance estimation
s2 (X′X)−1 leads to unreliable confidence interval estimation and hypothesis tests. Estimation
of the asymptotic variance and covariance matrix then would be modified in this way:

var
(
β̂ | X

)
=
(
X′X

)−1
X′
(
s2Θ

)
X
(
X′X

)−1
(2)

With the knowledge of Θ, the model can be transformed to a homoscedasticity model and
ordinary least square (OLS) is still BLUE. However, the structure of Θ is normally impossible
to know. Then, estimating Θ or Σ is vital in many methods such as the feasible generalized
least squares estimator (Green,2012).

In the paper, the Bayesian approach is applied to estimate the heteroscedasticity model. The
crucial problem in building the model is correctly selecting variables that cause heteroscedastic-
ity. Several variable selection methods can be implemented easily in the Markov Chain Monte
Carlo (MCMC) framework. The variable selection approaches are classified into four categories.
Indicator model selection is the most direct approach to variable selection (Kuo and Mallick,
1998). The alternative model formulation called Gibbs variable selection (GVS) was suggested
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by Dellaportas,Forster and Ntzoufras(2002). The second category is stochastic search variable
selection (SSVS) introduced by George and McCulloch(1993) and extended for multivariate
case by Brown,Vannucci and Fearn(1998). The third is Adaptive shrinkage method, which in-
clude Jeffreys’ prior (Xu,2003) and Laplacian shrinkage (Figueiredo,2003). The last is model
space approach. Reversible jump MCMC (Green,1995) and Composite model space (CMS)
introduced by Godsill(2001) are in this category (O’Hara and Sillanpää,2009).

The main purpose of the paper is to estimate the heteroscedasticity model with Bayesian
approach and specially interested in identifying the structure of the heteroscedasticity, strictly
speaking to find out the variables that cause the heteroscedasticity. In the paper, we build the
Bayesian heteroscedasticity model with SSVS variable selection method and evaluate how well
it works in different situations.
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2 Bayesian heteroscedasticity model with SSVS method

2.1 The Bayesian heteroscedasticity model

In this paper, the Bayesian heteroscedasticity model is built with the SSVS as model selection
method. The SSVS method will be discussed in the section 2.2.

y | β,Σ ∼ N(Xβ,Σ),Σ =


σ21 · · · 0
...

. . .
...

0 · · · σ2n


β ∼ N(β,Ω)

lnσ2 | α, ω ∼ N(Zα, ω2), lnσ2 = (lnσ21, lnσ
2
2, ..., lnσ

2
n)

ω2 ∼ IG(ϑ, ρ)

α ∼ (I − Λ)N(0,∆1) + ΛN(0,∆2)),Λ =


λ1 · · · 0
...

. . .
...

0 · · · λq


λi ∼ piλi(1− pi)1−λi

(3)

In this Bayesian heteroscedasticity model, y | β,Σ ∼ N(Xβ,Σ) is another way to describe
linear regression: y = Xβ + ε, ε ∼ N(0,Σ) and it is also the likelihood function for parameters
β and Σ. Similarly, lnσ2 | α, ω ∼ N(Zα, ω2) is the likelihood function for its parameter α and
ω2. At the same time, it is the prior distribution for lnσ2, where σ2 are elements in Σ. This
is also refered as the heteroscedasticity part of the model in the paper. Others are the prior
distributions for all the parameters in the model. The model is a hierarchical Bayesian model
because parameters α and ω in the Σ has its own prior distributions, and the parameter Λ in
the α prior distribution has its own distribution (Gelman et al.,2004).

y is a vector of dependent variables. X = (x1, x2, ..., xk) is a n × k matrix of independent
variables including the constant vector x1 and n is number of observations.Vector xi, i = 2, ..., k
could be independent and identically random numbers from any distributions, such as normal
distribution, bernoulli distribution, gamma distribution and etc. β is a vector of k coefficients for
X. While β is a prior vector of expectations and Ω is a prior variance matrix for β. Σ is a variance
matrix and the difference of the values σ21, σ

2
2, ..., σ

2
n represents the heteroscedasticity. σ2 =

(σ21, σ
2
2, ..., σ

2
n) has a lognormal distribution with parameters α and ω2, which have their own

prior distributions. lnσ2 is the logarithm of vector (σ21, σ
2
2, ..., σ

2
n). The lognormal distribution

guaranty the positivity of the variance. Z = (z1, z2, ..., zq) is a q × n matrix. It could be the
whole or the part of independent variables X, squared form of X and the cross products form
of X. q is dimension of Z and represents the number of independent variables that are included
in the heteroscedasticity part. ω2 has inverse Gamma distribution with prior parameters ϑ and

ρ. α has a mixture normal distribution. ∆1 =


τ211 · · · 0
...

. . .
...

0 · · · τ21q

 is a variance matrix for prior α
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with smaller value and ∆2 =


τ221 · · · 0
...

. . .
...

0 · · · τ22q

 a variance matrix for prior α with bigger values.

Off-diagonal parts are all 0 since nonautocorrelation is assumed with α. λi, i = 1, 2, ..., q are
diagonal elements in diagonal matrix Λ and independent from each other. λi = 1 or 0 decides
which distribution corresponding αi is from, and following decide if zi should be included in
the heteroscedasticity part or not. λi has Bernoulli prior distribution with parameter pi, which
is the probability for λi = 1. N() means Normal distribution and IG() is Inverse Gamma
distribution.

2.2 SSVS method for model selection

In this Bayesian heteroscedasticity model, α is the coefficient that decided how big the cor-
responding variables Z contribute to the heteroscedasticity. Those variables could be the in-
dependent variables X ,square form of X or the cross product of X that are correlated with
the variance of y. SSVS method for model selection suggested the prior for α come from two
different distributions: N(0,∆1) and N(0,∆2). ∆2 is much larger than ∆1. The larger ∆2

indicated that the α ∼ N(0,∆2) is different from zero and smaller ∆1 means that α ∼ N(0,∆1)
is close to zero (George and McCulloch,1993).

In this way, the variables with coefficients from N(0,∆2) should be selected in the heteroscedas-
ticity part and the variables with coefficients from N(0,∆1) are not. Choosing the values for
∆1 and ∆2 is important. ∆1 should be the small enough and ∆2 are big enough in order to
give support to values of αi, i = 2, 3, ..., q that are substantively different from 0, but not too
small ∆1 that decrease the ability to detect the αi that should be zero.

Λ =


λ1 = 1 · · · · · · 0

... λ2 · · ·
...

...
...

. . .
...

0 · · · · · · λq

 is a diagonal matrix of indicators λi pointing out the distributions

that a corresponding αi is from. λi = 1 means that αi is from N(0,∆2). Consequently, αi
is substantially different from zero, so zi should be in the model. λi = 0 means opposite.
λi, i = 2, 3, ..., q has Bernoulli distribution and it’s probability pi for λi = 1 is updated by the
values of αi. When the MCMC reaches the stationary distributions, the mean of probabilities
pi decides if the corresponding variables zi should be included in the heteroscedasticity part.
mean(pi) >= 0.5 indicates the the selection of zi in the model (George and McCulloch,1993).
λ1 = 1 indicates that the constant term z1 is always included in the heteroscedasticity part
of the model, correspondingly q1 = 1. In the section 3.6, stationary distribution is discussed
within convergence test.

6



2.3 Likelihood function and prior distributions

Indentical to the Bayesian heteroscedasticity model (3), the likelihood function and prior distri-
butions can be rewritten with more detail. It is principally free to choose any prior distribution
as believed and the choice undoubtedly influences the accuracy of posterior. The simplest
choice for prior is the conjugate prior. If the posterior distribution is in the same family as the
prior distributions, this prior is called conjugate prior (Gelman et al.,2004). In this Bayesian
heteroscedasticity model (3), the conjugate priors are used.

2.3.1 The likelihood function

The likelihood function from linear regression in the model (3) can be written as follows (Gelman
et al.,2004):

f(y | β,Σ, X) = (2π)−n/2 |Σ|−1/2 exp
[
−1/2 (y −Xβ)′Σ−1 (y −Xβ)

]
Σ =


σ21 · · · 0
...

. . .
...

0 · · · σ2n

 (4)

The details of every part are the same as in the heteroscedasticity model (3).

2.3.2 β prior distribution

p(β) = (2π)−k/2 |Ω|−1/2 exp
[
−1/2

(
β − β

)′
Ω−1

(
β − β

)]
(5)

This is the conjugate prior for β with the prior mean β and the prior variance matrix Ω (Gelman
et al.,2004). k is the number of independent variables X including the constant term in the
linear regression model.

2.3.3 lnσ2 prior distribution

The σ2 = (σ21, σ
2
2, ..., σ

2
n) is assumed to have a lognormal distribution with expected values is

Zα.

lnσ2 = Zα+ u

u ∼ N(0, ω2)
(6)

The meaning of every parts can be found in senction 2.1. According to equation (6), the lnσ2’s
prior distribution can be written in the following way (Gelman et al.,2004):

f(lnσ2 | α, ω2) = (2πω2)−n/2exp
[
−1/2ω2

(
lnσ2 − Zα

)′ (
lnσ2 − Zα

)]
(7)

It can also be treated as the likelihood function for α and ω2.
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2.3.4 ω2 prior distribution

The conjugate prior distribution for ω2 is an inverse gamma distribution with prior parameters
ρ and ϑ (Gelman et al.,2004):

p(ω2) = ρϑ(ω2)−(ϑ+1)exp(−ρ/ω2)/Γ(ϑ) (8)

2.3.5 α prior distribution

The conjugate prior distribution for α is a mixture normal distribution with the prior mean 0
and two different variance matrixes ∆1 and ∆2 (George and McCulloch,1993):

p(α | Λ) = (2π)−q/2
∣∣(I − Λ)∆1 + Λ∆2

∣∣−1/2 exp [−1/2α′((I − Λ)∆1 + Λ∆2)
−1α

]
Λ =


λ1 · · · 0
...

. . .
...

0 · · · λq

 (9)

The parameter Λ has its own prior distribution. The detail of ∆1,∆2 and Λ are described in
the section 2.1.

2.3.6 Λ prior distribution

Λ decides which z causes the heteroscedastiticy.

Λ =


1 · · · · · · 0
... λ2 · · ·

...
...

...
. . .

...

0 · · · · · · λq


p(λi) = pi

λi(1− pi)1−λi , i = 2, 3, ..., q

(10)

It is prior distribution for individual λi, i = 2, 3, ..., q. The prior parameter pi reflect prior
knowledge of structure of variance. The higher probability pi is given if the variable zi is
suspected to be the reason for the heteroscedasticity (George and McCulloch,1993). λ1 = 1
and p1 = 1 means the constant z1 is always included in the model.
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3 Markov Chain Monte Carlo Simulation (MCMC)

Markov chain Monte Carlo simulation (MCMC) is applied when it is impossible to sample di-
rectly from a distribution. Instead, it draws values of parameter iterative from approximate
distribution, like conditional posterior distribution. In such manner that draws from a con-
ditional posterior distribution are expected to become closer and closer to marginal posterior
distribution at each step of the process. The key to the method’s sucess, it is not only the
Markov property but rather that the approximate distributions are improved at each step in
the sense of converging to the stationary distribution (Gelman et al.,2004). Gibb sampling
and Metroplolis-Hasting, important parts of the MCMC method, are used in the paper and
discussed in the section 3.3. The conditional posterior distributions are listed in the section
3.2. Convergence is taken up in the section 3.6.

3.1 The joint posterior distribution

By multiplying likelihood function and all prior distributions from section 2.3 together, the
joint posterior distribution becomes:

p(β, lnσ2, ω2, α,Λ | y,X) ∝ f(y | β,Σ, X)× p(β)× f(lnσ2 | α, ω2)× p(ω2)× p(α | Λ)× p(Λ)
(11)

∝ means ”proportion to” because the constant part is missing. Theoretically, every parameters’
marginal distributions can be calculated by integrating out all other parameters in the joint
posterior distribution. In additionally, the constant term is also needed. It is big challenge to
do such complex integrating. Practically, it is impossible to do all those computations in a high
dimension parameter space.

However, if the conditional posterior distributions is available, the MCMC such as the Gibb
sampling (Gelman et al.,2004) and Metropolis-Hasting sampling (Metropolis et al., 1953) can be
easily applied to get the marginal distributions for all parameters. The detail of the conditional
posterior distributions is listed out in the next section 3.2. With implement of the MCMC, the
constant is often skipped in a Bayesian model because the conditional posterior distribution can
be easily recognized by the kernel that is the parts excluding the constant (Gelman et al.,2004).
Therefore. it is unnecessary to do such complicated integrating just for recognizing conditional
posterior distributions. The detail of the Gibb sampling and the Metropolis-Hasting sampling
will be discussed in the section 3.3.

3.2 The conditional posterior distributions

According to the joint posterior distribution (11), the conditional posterior distributions for all
parameters are easy to derived.
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3.2.1 β conditional posterior distribution

Conditioning on Σ, the conditional posterior for β is a normal distributions with posterior mean
and posterior variance. It is recognized by the kernel of distribution, which is on right side of
”∝” (Gelman et al.,2004). The kernel is actually collection of terms that can not be separated
from β in the joint posterior distribution (11). It is conditional on the parameters that are
included in the kernel except the β.

p(β | Σ, y,X) ∝ exp
[
−1/2 (y −Xβ)′Σ−1 (y −Xβ)

]
× exp

[
−1/2

(
β − β

)′
Ω−1

(
β − β

)]
β | Σ, y,X ∼ N(β,Ω)

Ω = (X ′Σ−1X + Ω−1)−1

β = Ω(X ′Σ−1y + Ω−1β)

(12)

3.2.2 lnσ2 conditional posterior distribution

Conditioning on β, α and ω2, the conditional posterior for lnσ2 is as follow:

p(lnσ2 | β, α, ω2, y,X, Z) ∝ω−n |Σ|−1/2 exp
[
−1/2 (y −Xβ)′Σ−1 (y −Xβ)

]
×

exp
[
−1/2ω2

(
lnσ2 − Zα

)′ (
lnσ2 − Zα

)] (13)

The kernel of this conditional posterior distributions is composed by the parts that can not be
separated from σ2i , i = 1, 2, ..., n in joint posterior distribution (11). There is no closed form for
this distribution, and normalized constant is impossible to calculate. In other words, it is not
the form of any standard statistical distributions. In this situation, Gibb sampling (Gelman
et al.,2004) can not be applied but the Metropolis-Hasting sampling (Metropolis et al.,1953) is
used instead. The detail of Gibb sampling and Metropolis-Hasting sampling is discussed in the
section 3.3.

3.2.3 ω2 conditional posterior distribution

Conditioning on the α and σ2, the conditional posterior for ω2 is an inverse gamma distribution
(Gelman et al.,2004):

p(ω2 | α, σ2, y, Z) ∝ (ω2)−(ϑ+n/2+1)exp(−ρ/ω2)/Γ(ϑ)exp
[
−1/2ω2

(
lnσ2 − Zα

)′ (
lnσ2 − Zα

)]
ω2 | α, y, Z ∼ IG(ϑ, ρ)

ϑ = ϑ+ n/2

ρ = ρ+ 1/2(lnσ2 − Zα)′(lnσ2 − Zα)

(14)

This is the collection of parts that include ω2 in the joint posterior distribution (11). It is a
inverse gamma distribution conditional on all other parameters in this equation (14) except ω2.

10



3.2.4 α conditional posterior distribution

The conditional posterior for α is a normal distribution:

p(α | σ2, ω2,Λ, y, Z) ∝exp
[
−1/2ω2

(
lnσ2 − Zα

)′ (
lnσ2 − Zα

)]
×

exp
[
−1/2α′((I − Λ)∆1 + Λ∆2)

−1α
]

α | β,Σ, ω2,Λ, y, Z ∼ N(α,∆)

∆ = (Z ′Z/ω2 + ((I − Λ)∆1 + Λ∆2)
−1)−1

α = ∆(Z ′ lnσ2/ω2)

(15)

There are two parts in the joint posterior distribution (11) including the α as in equation (15).
It can be recognized as a mixture normal distributions with posterior mean α and posterior
variance matrix ∆ conditional on σ2, ω2 and Λ.

3.2.5 Λ conditional posterior distribution

Conditional on α the posterior distribution for Λ is Bernoulli distribution with posterior prob-
ability values (George and McCulloch,1993).

p(λi|αi) = pi
λi(1− pi)(1−λi), i = 2, 3, ..., q

pi = p(λi = 1 | α, λ(i)) = A/(A+B)

A = p(α | y, Z, λ(i), λi = 1)pi

B = p(α | y, Z, λ(i), λi = 0)(1− pi)
λ(i) = (1, λ2, ..., λi−1, λi+1, ...λq)

(16)

The posterior parameter pi is the updated probability for zi to be included in the model ac-
cording to the data information.

3.3 The Gibb sampling and Metropolis-Hasting sampling

Gibb sampling is a particular MCMC that are used in many multidimensional problems. Sup-
pose the parameter Π has been divided into several components or subvectors. In our model,
there are 5 subvectors of parameter Π: Σ, β, ω, α and Λ. The detail of every parameters are
explained in the part 2.1. Each iteration of the Gibb sampler cycles through those subvectors of
Π,drawing each subset conditional on the value of all the others from their conditional posterior
distributions. In this process, each subvector of Π is updated conditional on the latest values
of the other components. For many problems involving standard statistical distributions, it is
efficient to apply Gibb sampling (Gelman et al.,2004). In the paper, β and α have conditional
posterior as normal distributions, ω2’s conditional posterior is inverse gamma distribution and
λi in Λ have bernoulli distributions as its posterior distributions. Gibb sampling are suitable
for them.
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However, σ2 has no closed form as others, so Gibb sampling is not applicable in this step.
Many methods are developed for sampling from arbitrary posterior distributions such as the
Metropolis-Hasting sampling method (Metropolis et al., 1953). Gibb sampling is actually a
special case of Metropolis-Hasting sampling , but Metropolis-Hasting sampling is more general
and can be applied to the situation with arbitrary posterior distributions (Gelman et al.,2004).

As in this model, random σ2 need to be generated from the conditional posterior distribution
p(lnσ2|β, α, ω2, y,X, Z) (13). A symmetrical proposal matrix Q can be constructed first that
satisfying Q(lnσ2(a), lnσ

2
(b)) = Q(lnσ2(b), lnσ

2
(a)). Q(lnσ2(a), lnσ

2
(b)) means sampling lnσ2(b) from

lnσ2(a). If Q is a uniform distribution, lnσ2(b) can be sampling from U(lnσ2(a) −Di, lnσ
2
(a) +Di),

Di is vector of distance from the mean of uniform distribution which decided the acceptance
rate. The acceptance rate is discussed in the section 3.6. Starting at setting Σ(n) = Σ(a),n is
iteration time and starting from 1,obtain lnσ2(b) from U(lnσ2(a) − Di, lnσ

2
(a) + Di), Di. In the

same time, sample a random number u from U(0, 1). Let

Σ(n+1) =

{
Σ(b) if u < min[1, p(lnσ2(b)|β, α, ω

2, y,X, Z)/p(lnσ2(a)|β, α, ω
2, y,X, Z)]

Σ(n) otherwise
(17)

min[ ] means minimum between two values inside [ ]. p(lnσ2|β, α, ω2, y,X, Z) is described in

section 3.2.2. Σ =


σ21 · · · 0
...

. . .
...

0 · · · σ2n

 and lnσ2 = (lnσ21, lnσ
2
2, ..., lnσ

2
n).

The symmetrical proposal matrix Q(lnσ2(a), lnσ
2
(b)) = Q(lnσ2(b), lnσ

2
(a)) is used for simplifing the

computation. In many situation, the asymmetrical proposal matrix is reasonable to choose
as well. Except uniform distribution, there are many other choices of symmetrical proposal
distribution, like normal distribution and etc (Gelman et al.,2004). The symmetrical uniform
proposal, which is also called random walk, is used in the paper.

3.4 The MCMC algorithm

This algorithm illustrates the whole process for MCMC applying to this heteroscedasticity
model:

1. Set initial value of Σ(0),Λ(0)and ω2(0).
2. Sample β(n) from p(β | Σ(n−1), y,X) as in equation (12).
3. Sample α(n) from p(α | σ2(n−1), ω2(n−1),Λ(n−1), y, Z) as in equation (15).
4. Sample ω2(n) from p(ω2 | α(n), σ2(n−1), y, Z) as in equation (14).
5. Sample Σ(n) conditional on Σ(n−1), α(n), β(n), ω2(n), y,X, Z with a Metropolis-Hasting step
as discussed in section 3.3, because this conditional posterior distribution is not available in the
closed form (Metropolis et al., 1953).

12



6. Sample λ
(n)
i , i = 2, 3, ..., q in Λ =


1 · · · · · · 0
... λn2 · · ·

...
...

...
. . .

...

0 · · · · · · λnq

 individually from p(λi|α(n)
i ) as in

equation (16). α
(n)
i , i = 2, 3, ..., q are elements in vector α(n).

7. Return to second step and repeated n times. Burn-in draws B is decided based on convergence
test. (n) is the iteration time. Convergence and burn-in draws are explained in the section 3.6.
The Gibb sampling used in step 2,3,4,6 and the Metropolis-Hasting sampling are discussed in
earlier section 3.3.

During every iteration, the sampled values are saved. (n-B) will be the total of random numbers
from every posterior distributions. Estimations of marginal posterior distribution are based on
those (n-B) random numbers (Gelman et al.,2004).

3.5 Prior parameters

In order to bring this algorithm into play, the prior parameters ,as the part of the conditional
posterior distributions, are also required. The prior parameters are normally chosen according
to the pre-researches, the common knowledge, and other information that help to guess the
prior. In the paper, data are generated by the designed process and there is no pre-researches
or common knowledge, so the prior parameters are guessed only basing on the data itself.

In the model, the Z variables could be independent variables X, the square form of X and the
cross products of X. For simplifying the study, only X is included in the Z, so Z = X is assumed
in the simulation study.

In the linear model y = Xβ + ε,X = (x1, x2, ..., xk), E(y) is equal to β1E(x1) + β2E(x2) +
...+ βkE(xk). The detail of this linear regression model is in section 2.1. if β1 = β2 = ... = βk
are assumed, the roughly guessed expectation of prior β is: βi = E(y)/

∑
E(xi), i = 1, 2, ..., k.

With the prior mean β, we can estimate error terms ε̂ = y −Xβ. The variance for prior β is

chosen as: Ω = 20× diag(X
′
X)
−1
mean(ε̂2). 20 is used here to keep the prior uninformative.

Letting ε̂2 roughly estimates the variance of the y. According to our Bayesian model and as
mentioned earlier that Z = X and q = k, V ar(y) = ε̂2 = eXα+u, u ∼ N(0, ω2). In another word,
ln(ε̂2) = Xα + u, u ∼ N(0, ω2). This is used to estimate the variance for prior α ∼ N(0,∆2).

∆2 are prior variance for the α that are not zero and ∆2 = 20 × diag(X
′
X)
−1
mean(ln(ε̂2) −

X ∗ 0)2 = 20 × diag(X
′
X)
−1
mean(ln(ε̂2))2. The multiplier 20 makes α quite uninformative.

For simplifying the work, τ211 = τ212 = ... = τ21k = τ2 in ∆1 is assumed in the simulation part,
where q is equal to k because of Z=X. The different values for τ2 is used in order to compare
the effects of those choices in the Monte Carlo simulation part.

ω2 prior expectation and variance are E(ω2) = ρ/(ϑ−1) and V (ω2) = ρ/[(ϑ−1)2(ϑ−2)], ϑ > 2.
V (ω2) is enlarged to make the prior uninformative, so ϑ = 2.01 is chosen. With the relationship
as mentioned before ln(ε̂2) = Xα+ u, u ∼ N(0, ω2), V (ln(ε̂2)) can be used to estimate E(ω2),
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therefore ρ = V (ln(ε̂2))× (ϑ− 1) is guessed accordingly.

The probability pi = 0.5, i = 2, 3, ..., k is applied, which indicates no prior information about
which xi could be the reason for the heteroscedasticity. p1 is equal to 1, since the constant term
z1 = x1 is assumed always in the model.

The different sample size and data set leads to different prior parameters. In the paper, sample
size 20 is used to guess the prior parameters for all other sample size in order to make the prior
more uninformative. The prior parameters are varied with different data set.

3.6 The tests for convergence

The success of MCMC is determined by convergence of the chains to the stationary distributions.
Convergence to a distribution indicates, after convergence, the draws from a chain should be
from the same distribution. It is obligatory to perform the convergence test and decide the
proper burn-in draws B before using the result of MCMC. Burn-in draws are those draws that
should be thrown away before convergence (Gelman et al.,2004).

One common used criterion to check if MCMC process converge is to see how well the chain
is mixing or moving around in the parameter space. It will take longer to converge if it is not
good mixing or slowly moving around the parameter space. Some visual plots such as trace
plots, running mean plots and autocorrelation plots can be used as visual inspections. There
are also several diagnostic tests for convergence. The Heidelberg and Welch diagnostic test
(Heidelberger and Welch, 1983) together with trace plots are used in the paper. A traceplot is
a plot of the iteration numbers against the value of draw at each iteration.

There are two parts in the Heidelberg and Welch diagnostic test. The first is a stationary test.
It calculates the test statistic to accept or reject the null hypothesis that the Markov chain is
from a stationary distribution. It is applied first to the whole chain, if the null hypothesis is
rejected, throwing the 10%, 20% . . . of the chain until either the null hypothesis is accepted,
or 50% of the chain is thrown away. If the chain pass the test, burn-in times B are reported,
otherwise longer iteration time is needed. The probability pi for a variable that should be
included in the heteroscedasticity part of the model is main concerned in the paper, so only
passing the first part test is requested.

The second part is the half-width test. It is used to test the accuracy of the estimation. It
uses the part passed the first part stationary test to calculate a 95% confidence interval for
the mean. The half-width of the interval is compared with the estimated mean. It is passed
if the ratio between the half-width and the estimated mean is lower than ε, where ε is 0.1 in
the paper. Otherwise, the longer iteration times n is needed to estimate the sufficient accuracy
mean.

The acceptance rate is important convergence diagnostic for the Metropolis-Hasting sampling.
It measures the proportion of new values from a proposal distribution being accepted. The
proper acceptance rate often indicates the good mixing but not necessary correct especially in
high dimension situation. However, the common suggested acceptance rate is between 20% and
40% (Gelman et al.,2004).
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4 Monte Carlo simulation

4.1 Data generate process and starting point

In order to identify the property of the model, X and y are generated according to the model
as follows:

y | β,Σ ∼ N(Xβ,Σ),Σ =


σ21 · · · 0
...

. . .
...

0 · · · σ2n


σ2 = (σ21, σ

2
2, ..., σ

2
n) = eXα

X ∼ N(µ, V )

µ = (0.1, 0.1, 0.1, 0.1, 0.1, 0.1)

V =



0 0 0 0 0 0

0 1 0 0 0 0

0 0 1.3 0 0 0

0 0 0 1.2 0 0

0 0 0 0 1.4 0

0 0 0 0 0 1.1


DataSet(a)

α(a) = (2, 2, 2, 2, 0, 0)

β(a) = (4, 4, 4, 4, 4, 4)

DataSet(b)

α(b) = (0.5, 0.5, 0.5, 0.5, 0, 0)

β(b) = (1, 1, 1, 1, 1, 1)

There are two different data sets in the paper according to the different choice of β and α. α(a)

and α(b) represent the vector of the parameters α and indicate the structure of heteroscedasticity.
α5 = 0 and α6 = 0 in the vector α(a) and α(b) imply that x5 and x6 do not contribute to the
heteroscedasticity. β(a) and β(b) are parameters in the linear regression model y | β,Σ ∼
N(Xβ,Σ). The first element in the Variance matrix V is zero means the first x1 is constant
and values is µ1 = 0.1.

The MCMC started from the α and β, so the starting value of Σ,ω and λ are needed in order to

start MCMC simulation. Σ(0) =


ω2
1 = 1 · · · 0

...
. . .

...

0 · · · ω2
n = 1

,Λ(0) =


λ1 = 1 · · · 0

...
. . .

...

0 · · · λ6 = 1

 and

ω2(0) = 0.01 are used. Starting values can be chosen freely and it can affect the speed of the
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chain to converge but not necessary (Gelman et al.,2004). The values here are chosen different
from the data generated process as mentioned earlier.

4.2 The Results of Monte Carlo simulation

4.2.1 Estimations for α, β and probability p from MCMC

In this section, data set (a) is selected as described in the part 4.1 with sample size 200.
τ2 = τ211 = τ212 = τ213 = τ214 = τ215 = τ216 = 0.1 is also choose to show the result of convergence
tests and estimations. In the further sections, τ2 = 0.1 represents this choice. The importance
of this values is explained in the section 2.2. In order to get the proper acceptance rate, Di
in the random walk is specially chosen. For this data set (a) and sample size 200, Di = 0.2
gives around 30% acceptance rate in the Metropolis-Hasting sampling. The detail of Di is
described in the section 3.3. For making the tables clear, this special combination of data will
be expressed as (a) 200 0.1: data set (a), sample size 200 and Di = 0.1.

The Heidelberg and Welch test and trace plots needs to be examined before using the result of
estimations.

Table 1: Heidelberg and Welch test for (a) 200 0.1

Stationarity test startiteration iteration times for convergence p-value Halfwidth test Mean Halfwidth

α1 passed 1 0.0794 failed 1.4442 0.9552

α2 passed 16001 0.2249 passed 1.9791 0.0362

α3 passed 8001 0.3993 passed 1.8832 0.0366

α4 passed 1 0.1945 passed 1.9895 0.0862

α5 passed 1 0.3581 failed -0.0596 0.0334

α6 passed 1 0.0768 failed -0.1406 0.0412

β1 passed 8001 0.1045 passed 3.72 0.0583

β2 passed 8001 0.4530 passed 3.98 0.0022

β3 passed 8001 0.1025 passed 4.00 0.0013

β4 passed 8001 0.1005 passed 3.99 0.0020

β5 passed 1 0.1194 passed 3.99 0.0009

β6 passed 1 0.0976 passed 4.00 0.0030

(a) 200 0.1: Data set (a), Sample size 200 and τ2 = 0.1.
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Figure 1: Trace plots for α̂(a) = (α̂1, α̂2, α̂3, α̂4, α̂5, α̂6)

Figure 2: Trace plots for β̂(a) = (β̂1, β̂2, β̂3, β̂4, β̂5, β̂6)

17



The test result(Table 1) confirms that all the parameters passed the stationary test, the first
part of Heidelberg and Welch test. Trace plots show that random draws from the chain become
stable after a while. In this situation, the probability pi can be used to estimate the probability
for xi should be included or excluded in the heteroscedasticity part of model. In the other
section, the test results and trace plots will be in the Appendix.

However, α5 and α6 did not pass the second part of Heidelberg and Welch test. It means the
number of draws is not sufficient to get the accurate estimation after the convergence. The true
value of α5 and α6 are 0, so the posterior is a mixture normal distribution with both mean close
to zero but different variances. In this situation, the draws will move around in two different
parameter spaces, which make them difficult to pass the second part of the test. α1 can be
simply needed more draws in order to pass the second part of the test.

According to the test, the largest iterations for all parameters converging is 16001, so draws
used for estimation are n − B = 80000 − 16000 = 64000. 80000 is the total iteration time for
data set (a) and sample size 200.

Table 2: Estimations of α

α1 α2 α3 α4 α5 α6

Data generate parameter value 2 2 2 2 0 0

Estimated Mean 1.218 1.979 1.877 2.004 -0.069 -0.160

Estimated Variance 1.467 0.013 0.012 0.017 0.010 0.014

Figure 3: Histogram for α posterior distribution
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Table 3: Estimations of β

β1 β2 β3 β4 β5 β6

Data generate parameter value 4 4 4 4 4 4

Estimated Mean 3.701 3.979 3.996 3.992 3.990 4.004

Estimated Variance 2.50E-1 3.60E-4 1.91E-4 3.52E-4 7.02E-5 5.55E-5

Figure 4: Histogram for β posterior distribution

From the figures 3, 4 and tables 2,3, it can be concluded that the estimations are close to the true
values and have very small variances. However, α1 and β1 have comparatively bigger variance.
It is possible caused by that they have fairly uninformative prior and this data set supply not
so much information. It can be improved by more accurate prior with better estimated mean
and prior variance.
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After checking the convergence, the probability pi for xi to be included in the heteroscedasticity
part are listed in the following table:

Table 4: Probability of xi to be included in the heteroscedasticity part

x2 x3 x4 x5 x6

Data generate parameter α 2 2 2 0 0

Probability 0.988 0.986 0.992 0.110 0.075

Data set (a), Sample size 200 and τ2 = 0.1.

According to Table 4, the model successfully selects out the variables x2, x3 and x4 with high
probability and excludes α5 and α6 with low probability in the heteroscedasticity part. x1 is
constant term that should be always included in the model. This result is consistent with the
data generate process.

4.2.2 Comparison between different sample size

The sample size normally affect the results of estimation methods. In this part, we study if
the sample size affects the model’s ability to detect the structure of the heteroscedasticity.
Three different sample size: 20,50 and 200 with data set (a) and τ2 = 0.1 are used to compare.
Di = 0.8 for sample size 20, Di = 0.5 for 50 and Di = 0.2 for 200 give around 30% acceptance
rate. The value of pi , listed in the table 5, estimates the probability for xi to be included
in the heteroscedasticity part of model. The results of probability pi are compared under the
condition that all parameters pass the Heidelberg and Welch convergence test with different
sample size. Those test results and trace plots are shown in the Appendix. The meaning of Di
and τ2 can be found in the section 4.2.1.

Table 5: Comparison between different sample size

x2 x3 x4 x5 x6

Data generate parameter α 2 2 2 0 0

sample size=20 0.767 0.426 0.909 0.205 0.173

sample size=50 0.979 0.994 0.998 0.136 0.104

sample size=200 0.988 0.986 0.992 0.110 0.075

Smaller sample size decrease the ability to find the xi that should be included in the het-
eroscedasticity part. However, even with sample size 50, the model still be able to find out the
right variables xi that cause the heteroscedasticity with high probability.
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4.2.3 Comparison between different τ2

In the part 2.2, the importance of choosing the proper value τ212, τ
2
13, τ

2
14, τ

2
15, τ

2
16 is analyzed.

The choices τ2 = 2, τ2 = 0.1, τ2 = 1.0E-3,τ2 = 1.0E-7 and τ2 = 1.0E-11 are compared in
this section. Di = 0.5 for sample size 50 and Di = 0.2 for 200 give 30% acceptance rate.
The data set (a) and sample size 200 is used here. The result of pi value in the table are
based on satisfying the requirement of convergence. pi estimates the probability of xi included
in the heteroscedasticity part. The Heidelberg and Welch test results and trace plots are in
Appendix.The meaning of τ2 and Di are the same as in the first part(4.2.1).

Table 6: Comparison between different τ2 and sample size 200

x2 x3 x4 x5 x6

Data generate parameter α 2 2 2 0 0

τ2 = 0.1 0.988 0.986 0.992 0.110 0.075

τ2 = 1.0E-5 0.985 0.995 0.994 0.046 0.029

τ2 = 1.0E-7 0.896 0.975 0.984 0.043 0.059

τ2 = 1.0E-11 0.999 0.999 0.999 0.024 0.117

There is no evidence with this data set (a) and sample size 200 to support to the opinion that
a smaller value of τ2 will decrease ability to excluded the xi that does not contribute to the
heteroscedasticity. In order to verify the results, the sample size 50 with same data set (a) is
also observed in the same manner.

Table 7: Comparison between different τ2 and sample size 50

x2 x3 x4 x5 x6

Data generate parameter α 2 2 2 0 0

τ2 = 0.1 0.979 0.994 0.998 0.136 0.104

τ2 = 1.0E-3 0.992 0.992 0.998 0.092 0.085

τ2 = 1.0E-5 0.992 0.981 0.999 0.098 0.068

τ2 = 1.0E-11 0.999 0.999 0.999 0.192 0.600

With τ2 = 1.0E-11 the model is failure to exclude x6. Smaller sample size leads to bigger
variance of estimation, which make it easier to reveal this problem. However, it is extremely
small value. Such small value can indicate the excellent ability of the model to detect the
structure of heteroscedasticity. The trace plots of α5 and α6 are inspected to find the reason.
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Figure 5: Trace plots for α5 and α6 (Data set (a), sample size 50 and τ2 = 1.0E-11)

Figure 5 shows obviously that those draws are come from two different distributions. Because
the true value of α5 and α6 are zero, so both distributions have means close to zero but different
variances. when the τ2 is small, the draws mostly from the distributions with smaller variance
which leads to lower probability for x5 and x6 to be included in the model. However, when τ2

become too small, it will happen that more and more draws will move from this distribution to
the distribution with bigger variance. It leads to higher probability for x5 and x6 to be selected.

4.2.4 Comparison between τ2 with small α

In this part, we change to data set (b) which has smaller α. The smaller α can possibly increase
the difficulty for the model to identify the structure of heterocedasticity. Di = 0.15 for this
data set (b) and sample size 200 gives 30% acceptance rate. The Heidelberg and Welch tests
and trace plots for this data set (b) with different τ2 are showed in the Appendix. The meaning
of Di and τ2 are the same as in the section 4.2.1.

Table 8: Comparison between different τ2 with small α

x2 x3 x4 x5 x6

Data generate parameter α 0.5 0.5 0.5 0 0

τ2 = 0.1 0.272 0.220 0.296 0.091 0.081

τ2 = 1.0E-3 0.988 0.961 0.993 0.058 0.033

When α is small, the smaller τ2 is needed to find the correct xi in the heteroscedasticity part
as the table 8 shows. The last section 4.2.3 proves that the small τ2 could lead to the model’s
failure. However, this value is extremely small. Combining the information here, it is reasonable
to expect that the model is capable to identify the structure of heteroscedasticity with even
smaller α. Of course, the variance of X and y can also affect results. It can be a consideration
in the future study.
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5 Conclusion and Discussion

This Bayesian heteroscedasticity model with SSVS method works successfully to identify the
structure of the heteroscedasticity model under different circumstances.

As we suspect, the smaller sample size decrease the ability to select the right variables that
cause heteroscedasticity. And too small value of τ2 or ∆1 can decrease the ability to detect the
variables that should be excluded in the heteroscedasticity part.

However, there are some issue should be concerned in the future research.

First,the Chain moves extremely slowly, which means the more iteration times needed for it
to converge. The difficulty to choose a proper proposal distribution in the Metropolis-Hasting
sampling is issue here. In the further study, the different proposal can be applied in order to
get better chain converging faster.

Second, the estimation of α1 and β1 should be able to improve by a better prior distribution in
the future research.

Third, in our study, the data generate process has same structure as the Bayesian model. The
further research could exam the model’s ability to identify the variables causing heteroscedas-
ticity, even when they do not have the same structure.
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Appendix

Table 9: Heidelberg and Welch test for (a) 50 0.1

Stationarity test startiteration iteration times for convergence p-value Halfwidth test Mean Halfwidth

α1 passed 1 0.2542 failed -0.1115 0.6923

α2 passed 6001 0.3624 passed 1.8515 0.0642

α3 passed 1 0.2725 passed 1.9014 0.0605

α4 passed 1 0.5178 passed 2.1668 0.0708

α5 passed 18001 0.2856 failed -0.0435 0.0383

α6 passed 1 0.0767 failed -0.0905 0.0383

β1 passed 1 0.3232 passed 1.75 0.1049

β2 passed 1 0.1499 passed 3.91 0.0027

β3 passed 1 0.1644 passed 3.88 0.0049

β4 passed 6001 0.3624 passed 3.92 0.0045

β5 passed 1 0.2795 passed 3.95 0.0017

β6 passed 1 0.0557 passed 3.94 0.0025

(a) 50 0.1: Data set (a), Sample size 50 and τ2 = 0.1.

Table 10: Heidelberg and Welch test for (a) 20 0.1

Stationarity test startiteration iteration times for convergence p-value Halfwidth test Mean Halfwidth

α1 passed 1 0.812 failed 8.5927 1.0241

α2 passed 1 0.149 failed 1.5789 0.1788

α3 passed 1 0.474 failed 0.6753 0.1331

α4 passed 1 0.203 passed 1.8258 0.1002

α5 passed 1 0.333 failed -0.1417 0.0270

α6 passed 1 0.190 failed -0.0564 0.0443

β1 passed 16001 0.2211 passed 4.01 0.3562

β2 passed 1 0.3628 passed 3.88 0.0166

β3 passed 1 0.3990 passed 4.13 0.0714

β4 passed 1 0.0894 passed 4.10 0.0141

β5 passed 1 0.1347 passed 3.98 0.0142

β6 passed 1 0.3113 passed 4.10 0.0222

(a) 20 0.1: Data set (a), Sample size 20 and τ2 = 0.1.
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Table 11: Heidelberg and Welch test for (a) 200 1.0E-5

Stationarity test startiteration iteration times for convergence p-value Halfwidth test Mean Halfwidth

α1 passed 8001 0.236 failed 0.7796 0.3501

α2 passed 8001 0.981 passed 2.0121 0.0539

α3 passed 8001 0.642 passed 1.7857 0.0371

α4 passed 8001 0.511 passed 2.0813 0.0394

α5 passed 24001 0.762 failed -0.0008 0.0008

α6 passed 1 0.550 failed -0.0019 0.0012

β1 passed 8001 0.5816 passed 3.82 0.0523

β2 passed 8001 0.3328 passed 3.98 0.0021

β3 passed 8001 0.5017 passed 4.00 0.0012

β4 passed 8001 0.2933 passed 4.00 0.0019

β5 passed 1 0.0592 passed 3.99 0.0019

β6 passed 8001 0.8234 passed 4.00 0.0007

(a) 200 1.0E-5: Data set (a), Sample size 200 and τ2 = 1.0E-5.

Table 12: Heidelberg and Welch test for (a) 200 1.0E-7

Stationarity test startiteration iteration times for convergence p-value Halfwidth test Mean Halfwidth

α1 passed 8001 0.1906 failed 0.4740 0.4291

α2 passed 1 0.1004 failed 1.7653 0.6283

α3 passed 8001 0.0546 passed 1.8473 0.0328

α4 passed 8001 0.9376 passed 2.0746 0.0495

α5 passed 16001 0.7575 failed -0.0008 0.0019

α6 passed 1 0.9367 failed -0.0095 0.0096

β1 passed 8001 0.396 passed 3.80 0.0429

β2 passed 8001 0.203 passed 3.98 0.0016

β3 passed 8001 0.410 passed 4.00 0.0013

β4 passed 8001 0.200 passed 4.00 0.0023

β5 passed 16001 0.470 passed 3.99 0.0006

β6 passed 16001 0.353 passed 4.00 0.0006

(a) 200 1.0E-7: Data set (a), Sample size 200 and τ2 = 1.0E-7.
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Table 13: Heidelberg and Welch test for (a) 200 1.0E-11

Stationarity test startiteration iteration times for convergence p-value Halfwidth test Mean Halfwidth

α1 passed 10001 0.298 failed 1.05 0.3470

α2 passed 10001 0.548 passed 2.01 0.0384

α3 passed 10001 0.340 passed 1.80 0.0291

α4 passed 10001 0.674 passed 2.04 0.0459

α5 passed 1 0.939 failed 1.16e-05 0.0007

α6 passed 1 0.997 failed -2.00e-02 0.0297

β1 passed 1 0.5805 passed 3.77 0.0429

β2 passed 10001 0.3475 passed 3.98 0.0016

β3 passed 10001 0.2395 passed 4.00 0.0013

β4 passed 10001 0.5599 passed 4.00 0.0018

β5 passed 10001 0.2502 passed 3.99 0.0005

β6 passed 1 0.0507 passed 4.00 0.0038

(a) 200 1.0E-11: Data set (a), Sample size 200 and τ2 = 1.0E-11.

Table 14: Heidelberg and Welch test for (a) 50 1.0E-3

Stationarity test startiteration iteration times for convergence p-value Halfwidth test Mean Halfwidth

α1 passed 1 0.1418 failed -0.3327 0.6450

α2 passed 1 0.3062 passed 1.8420 0.0718

α3 passed 1 0.2996 passed 1.9097 0.0670

α4 passed 8001 0.7602 passed 2.1897 0.0657

α5 passed 1 0.0523 failed -0.0064 0.0069

α6 passed 1 0.2890 failed -0.0224 0.0169

β1 passed 1 0.1219 passed 1.79 0.1505

β2 passed 1 0.0882 passed 3.91 0.0034

β3 passed 1 0.0884 passed 3.89 0.0085

β4 passed 8001 0.3348 passed 3.92 0.0048

β5 passed 1 0.3588 passed 3.95 0.0016

β6 passed 1 0.4335 passed 3.95 0.0033

(a) 50 1.0E-3: Data set (a), Sample size 50 and τ2 = 1.0E-3.
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Table 15: Heidelberg and Welch test for (a) 50 1.0E-5

Stationarity test startiteration iteration times for convergence p-value Halfwidth test Mean Halfwidth

α1 passed 8001 0.466 failed -0.0293 0.4616

α2 passed 8001 0.917 passed 1.8437 0.0562

α3 passed 8001 0.708 passed 1.8975 0.0502

α4 passed 1 0.820 passed 2.1308 0.0643

α5 passed 1 0.684 failed -0.0071 0.0072

α6 passed 1 0.898 failed -0.0085 0.0120

β1 passed 1 0.0922 passed 1.83 0.1068

β2 passed 8001 0.4902 passed 3.91 0.0025

β3 passed 8001 0.6421 passed 3.89 0.0044

β4 passed 8001 0.7191 passed 3.92 0.0040

β5 passed 8001 0.3246 passed 3.95 0.0018

β6 passed 8001 0.2456 passed 3.94 0.0021

(a) 50 1.0E-5: Data set (a), Sample size 50 and τ2 = 1.0E-5.

Table 16: Heidelberg and Welch test for (a) 50 1.0E-11

Stationarity test startiteration iteration times for convergence p-value Halfwidth test Mean Halfwidth

α1 passed 1 0.406 failed -0.165 0.4979

α2 passed 1 0.302 passed 1.700 0.0766

α3 passed 10001 0.268 passed 1.948 0.0693

α4 passed 1 0.698 passed 2.085 0.0771

α5 passed 1 0.997 failed -0.019 0.0279

α6 passed 40001 0.103 failed -0.251 0.0929

β1 passed 1 0.0891 passed 1.88 0.1044

β2 passed 20001 0.1733 passed 3.92 0.0037

β3 passed 1 0.2156 passed 3.89 0.0052

β4 passed 10001 0.3389 passed 3.92 0.0053

β5 passed 1 0.2808 passed 3.95 0.0015

β6 passed 1 0.1340 passed 3.95 0.0029

(a) 50 1.0E-11: Data set (a), Sample size 50 and τ2 = 1.0E-11.
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Table 17: Heidelberg and Welch test for (b) 200 0.1

Stationarity test startiteration iteration times for convergence p-value Halfwidth test Mean Halfwidth

α1 passed 1 0.829 failed -2.1495 0.5130

α2 passed 1 0.229 failed 0.5557 0.0646

α3 passed 12001 0.111 passed 0.4378 0.0428

α4 passed 1 0.269 passed 0.5295 0.0412

α5 passed 1 0.727 failed -0.0937 0.0322

α6 passed 6001 0.249 failed 0.0903 0.0357

β1 passed 6001 0.0820 passed 1.300 0.1276

β2 passed 1 0.4388 passed 1.058 0.0078

β3 passed 24001 0.1937 passed 0.962 0.0074

β4 passed 6001 0.0863 passed 1.100 0.0078

β5 passed 12001 0.5962 passed 1.059 0.0084

β6 passed 1 0.0572 passed 1.040 0.0073

(b) 200 0.1: Data set (b), Sample size 200 and τ2 = 0.1.

Table 18: Heidelberg and Welch test for (b) 200 0.001

Stationarity test startiteration iteration times for convergence p-value Halfwidth test Mean Halfwidth

α1 passed 1 0.1845 failed -2.9209 0.3075

α2 passed 1 0.1291 passed 0.6949 0.0444

α3 passed 1 0.4234 passed 0.4781 0.0360

α4 passed 1 0.1347 passed 0.6007 0.0323

α5 passed 60001 0.2883 failed -0.0112 0.0025

α6 passed 1 0.0843 failed 0.0041 0.0014

β1 passed 1 0.0841 passed 1.15 0.0720

β2 passed 1 0.0965 passed 1.05 0.0043

β3 passed 1 0.0700 passed 0.96 0.0042

β4 passed 1 0.0671 passed 1.10 0.0058

β5 passed 1 0.6792 passed 1.06 0.0054

β6 passed 1 0.2638 passed 1.05 0.0042

(b) 200 0.001: Data set (b), Sample size 200 and τ2 = 0.001.
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Figure 6: Trace plots for α (Data set (a), sample size 50 and τ2 = 0.1)

Figure 7: Trace plots for β (Data set (a), sample size 50 and τ2 = 0.1)
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Figure 8: Trace plots for α (Data set (a), sample size 20 and τ2 = 0.1)

Figure 9: Trace plots for β (Data set (a), sample size 20 and τ2 = 0.1)
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Figure 10: Trace plots for α (Data set (a), sample size 200 and τ2 = 1.0E-5)

Figure 11: Trace plots for β (Data set (a), sample size 200 and τ2 = 1.0E-5)
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Figure 12: Trace plots for α (Data set (a), sample size 200 and τ2 = 1.0E-7)

Figure 13: Trace plots for β (Data set (a), sample size 200 and τ2 = 1.0E-7)
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Figure 14: Trace plots for α (Data set (a), sample size 200 and τ2 = 1.0E-11)

Figure 15: Trace plots for β (Data set (a), sample size 200 and τ2 = 1.0E-11)
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Figure 16: Trace plots for α (Data set (a), sample size 50 and τ2 = 0.1)

Figure 17: Trace plots for β (Data set (a), sample size 50 and τ2 = 0.1)
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Figure 18: Trace plots for α (Data set (a), sample size 50 and τ2 = 1.0E-3)

Figure 19: Trace plots for β (Data set (a), sample size 50 and τ2 = 1.0E-3)
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Figure 20: Trace plots for α (Data set (a), sample size 50 and τ2 = 1.0E-5)

Figure 21: Trace plots for β (Data set (a), sample size 50 and τ2 = 1.0E-5)
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Figure 22: Trace plots for α (Data set (a), sample size 50 and τ2 = 1.0E-11)

Figure 23: Trace plots for β (Data set (a), sample size 50 and τ2 = 1.0E-11)
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Figure 24: Trace plots for α (Data set (b), sample size 200 and τ2 = 0.1)

Figure 25: Trace plots for β (Data set (b), sample size 200 and τ2 = 0.1)
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Figure 26: Trace plots for α (Data set (b), sample size 200 and τ2 = 0.001)

Figure 27: Trace plots for β (Data set (b), sample size 200 and τ2 = 0.001)
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