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ABSTRACT 

The robustness of the test statistic is an important issue to take into consideration when 

conducting the hypothesis testing. This paper investigates the robustness of multivariate tests 

of equality of means using different scenarios. The first scenario is when we have data which 

are normal distributed with unequal variance covariance matrices, while the second is dealing 

with the situation when data comes from distribution other than the normal distribution 

(multivariate skew t distribution) with equal variance covariance matrices as well as with 

unequal variance covariance matrix. Hotelling’s T2-test and the two tests proposed by 

Krishnamoorthy & Yu, (2004) and by Yao’s (1965) have been used. The comparison of the 

estimated power and size of the three tests have been done. For both scenarios a simulation 

study with different sample sizes has been conducted. The results of a simulation study for the 

first scenario indicate that, for the case of controlling type I error rate, Hotelling’s T2 test is 

robust when the sample sizes are equal while for unequal sample sizes the estimated size for 

Hotelling’s T2 exceed the nominal level which is also the same to Yao’s, test; and the situation 

become worse for larger degrees of inequality in the sample sizes except when the sample size 

is large where both test has observed to be robust. We also found that increasing the covariance 

in the sample has an inverse effect on the robustness of both tests.  

For the case of multivariate skew t data with equal variance covariance matrix and equal 

sample sizes, we observed all of the three tests to have an estimated size which is smaller than 

0.05 with Hotelling’s T2 having a size (0.044) close to the nominal level. For unequal sample 

sizes only MNV test maintained the nominal level, except when the sample size is large 

(50,100) for which both tests maintained the nominal level.  

On the violation of the two assumptions and when the sample sizes are not equal we observed 

both tests to have higher estimated size of the test than the nominal level in all of the sample 

size combination and variance covariance matrix setting, except for MNV test when n1=10, 

n2=20 and n1=10, n2=25 with the sample variance covariance matrices for sample one and 

sample two 3, 0.2, 0.2, 1.2 and 2, 0.1, 0.1, 1 respectively. Whereas, regarding the estimation 

of power we observe the multivariate skew t distribution to have more effect on the power 

properties as compared to when the sampling distribution is normal.  
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A study also found that, when the sample sizes are large (50, 100) and the variance covariance 

matrix are equal, all of the three tests are robust regardless of the data distribution. While for 

the case of unequal variance covariance matrix the three tests are robust when data is normal 

but not, for the case of multivariate skew t data, where both tests observed to have larger 

estimated size than the nominal level. 

We also investigate the robustness of the tests when the sample sizes is switched that is, n1, n2 

= 25, 10 and 10, 25, for which we found that, the results of the estimated sizes of the three 

tests have no difference when variance covariance matrix are equal and data is normal, while 

for skew t data, the difference is very small. Whereas, for the case of unequal variance 

covariance matrix the estimated size is larger when n1 = 25 and n2 = 10 than when n1 = 10, 

and n2 = 25 for multivariate skew data and its opposite for the normal data in most of the 

variance covariance matrix setting. 

 

KEY WORDS: Hotelling’s T2, one sample test,  two sample test, hypothesis testing, power 

and size of the test.  
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CHAPTER ONE 

1 INTRODUCTION 

1.1 Background 

In statistics, hypothesis testing is an important procedure. It is a statistical test that is used to 

make a decision whether there is enough evidence in a sample of data to allow making 

inference for the entire population. A hypothesis test looks at two opposing hypotheses about 

the population, that is the null hypothesis and the alternative hypothesis. The null hypothesis 

usually contains the statement which we want to test and the alternative contains the statement 

that we wish to be able to conclude as true. Hypothesis testing is important since in most of 

the researches sampled data is used with the aim of inferring on the underlying population; 

therefore it is worth to quantify the probability that, the sample mean is significantly different 

from the population mean. This is possible with the hypothesis testing. However, Murphy and 

Myors (2004) mentions several critiques concerning the null hypothesis and stated that one of 

the critique for the null hypothesis is that it provide less information in comparison of the use 

of confidence intervals. 

One of the most important things when testing the hypothesis is to ensure that the test is of a 

high quality, that is to say, it is accurate. The quality of the test can be measured in view of 

the power and size of the tests. A statistical power is defined as the probability in which a 

study will reject the false null hypothesis. It is influenced by the sample size (ie the larger the 

sample size the higher the power), significance level (α) and the effect size (the difference 

between the hypothesized results and the actual state of the population being tested). It also 

depends on the variance (i.e the smaller the variance the higher the power) (Thomas and 

Juanes, 1996). 

The rationale for studying power and size of the test is that; decision and policy making in 

real applied settings are frequently supported or driven by statistics. Therefore, when 

inappropriate or less efficient statistics is used it may lead to analyses that are not much 

powerful and consequently lead to invalid inferences (Hunter and May, 1993). Daniel (2009) 

explained the importance of hypothesis testing in terms of error rates; type I error rate (the 
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probability of rejecting a null hypothesis when it is true) and type II error rate (the probability 

of not rejecting the null hypothesis when the alternative hypothesis is true). According to the 

author, it is essential to know how well the test can control type II errors, since it leads to 

gauge the power to a test. If the null hypothesis is in-fact not true, we would be interested in 

knowing the probability of rejecting the null hypothesis. The power of a test given as 1 , (β 

is the type II error) provides this most desired information.  

Additionally, Thomas and Juanes, (1996) explained the importance of power analysis in the 

context of biological studies that, in biology, given a large enough sample size any statistical 

hypothesis test is likely to be significant regardless of the biological significance of the results. 

The power of a test is also important in clinical trials, Bhardwaj et al. (2004) caution that, 

Dermatologists should not focus only on the small p values to decide whether a treatment is 

clinically useful or not it is necessary to consider the magnitude of treatment differences and 

the power of the study. For a test statistic to be efficient it should achieve an acceptable power 

level which is recommended to be at least 0.8 (Hair 2006). However, it is important to keep 

in mind that, the use of power to measure the efficiency of a test should be limited to the 

setting of the null hypothesis. Pinto et al. (2003) pointed out that, the power of a statistic test 

is only important for the false null hypothesis. Otherwise if the null is true it can be used to 

obtain the size of the test. 

The focus on this thesis is on the robustness of multivariate tests of equality of means namely, 

Hotelling’s T2 test, Modified Nel and Van de Merwe’s (MNV) test and Yao’s (1965) test. 

Hotelling’s T2 test, in which the name of the test (Hotelling’s) is given in respect of Harlod 

Hotelling a pioneer in multivariate analysis, who first obtained its sampling distribution, is a 

generalization of the univariate t-test of the independent samples. While the univariate t-test 

examines the differences in means between two groups whereby in each group there is one 

dependent variable, Hotelling’s T2, tests for the equality of mean vectors between two groups 

of the sample or population (Nanna, 2002). Hotelling's T2-test is a parametric test which has 

the assumptions that need to be met so as to have a valid application of the test. According to 

Nanna, (2002), the assumptions of the test are; it assumes multivariate normality (i.e the data 

are normally distributed), the observations are independent and there is equality on the 

variance covariance matrices.  
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The second test is the MNV test proposed by Krishnamoorthy & Yu, (2004) which was 

obtained through a modification of the Nel and Van der Merwe’s (1986) test, particularly a 

modification on the degrees of freedom. Following the argument by Krishnamoorthy & Yu, 

(2004) that, the test by Nel and Van der Merwe’s (1986) is not invariant at the number of 

variables (p) greater than or equal to two, the authors modified the degrees of freedom and 

obtain a new invariant test which they referred to as Modified Nel and Van de Merwe’s 

(MNV) test.  

Another test proposed by Yao (1965), is also considered in this thesis. The test is based on a 

study conducted by Yao, on an extension of the Welch approximate degrees of freedom 

(APDF) solution which was provided by Tukey (1959). A new APDF solution obtained 

through that study is a multivariate extension of the Welch ‘approximate degrees of freedom. 

The author conducted a Monte Carlo study for type I errors of the test, to compare the new 

APDF solution with James’ first order asymptotic series test (1954). The results showed a 

slight superiority for the new APDF test. In this thesis, we will investigate on how the power 

and size structure of Hotelling’s T2, MNV and Yao’s tests behaves when the assumption of 

variance covariance (v-c) homogeneity is violated while maintaining the normality 

assumption; and make a comparison between the tests.  

In addition to the above, an investigation based on the violation of the assumption of normality 

is conducted, whereby three tests namely, Hotelling’s T2, MNV and Yao’s (1965) tests are 

implemented and its robustness is investigated and compared, using data from a multivariate 

skewed t distribution  

The organization of the thesis is as follows; chapter one is about the introduction, in which 

the background and the statement of the problem are described. Second chapter is about the 

theoretical basis and the literature review, in which properties of the Hotelling’s T2- test based 

on other studies are described and compared with other statistical tests. Chapter three 

describes the research methodology in which the simulation design and implementation of the 

design are presented. Results and discussions are presented in chapter four and; finally the 

conclusion and recommendations are given in chapter five.  
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1.2 Statement of the problem and objective of the research 

Most of the statistical tests in multivariate data analysis which are used to compare the equality 

of the mean vectors of different populations assume the normality and the homogeneity of 

variance covariance matrix. However, in practice most of the data are not normal and the 

variances are not equal either. This motivates a researcher to investigate on the robustness of 

the multivariate tests of equality of means namely, Hotelling’s T2, Yao’s and MNV  tests using 

non normal data with equal and or unequal variance covariance as well as normally distributed 

data with unequal variance covariance matrix. In other words we want to investigate the 

violation of the assumption of normality and equal variance covariance matrix, first by 

keeping the assumption of normality with unequal variance covariance matrix; second by 

keeping the assumption of equal variance covariance matrix with non normal data and lastly 

violate both normality and equal variance covariance assumptions. The main objective of this 

research is to find out how robust the tests are when there is a violation on some of the 

assumptions of the test and make comparison on the performance of the three tests. 
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CHAPTER TWO 

2 THEORETICAL BASIS AND LITERATURE REVIEW 

2.1 Theoretical Basis 

2.1.1 One Sample Hotelling’s T2-Test 

Suppose we have a random sample x1,x2,…xn from a normal population N with mean µ and 

covariance matrix  , i.e., Np(µ,  ), where xi have  p measurement on the ith sampling unit, µ 

is estimated by X  and   by S where we define a sample mean vector, 
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In order to test the hypothesis 
00

: H versus 
01

: H (  is the actual mean vector of a 

population and 
0
is the hypothesized mean vector) we use the test statistic 
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xxn ST                       (3),  

This is an extension of the univariate t- test. By assuming that the null hypothesis (H0) is true 

and the sample is from the normal population Np (µ,  ), Hotelling (1931) obtained the 

distribution of T2 indexed with two parameters, p and  denoting the dimension and the 

degrees of freedom respectively. For the case of one sample the critical value is given as

T np

2

1,,  , where n-1 is the degrees of freedom. We reject the null hypothesis if the test 

statistic T2 is greater than the critical value (T np

2

1,,  ) otherwise, don’t reject the null 

hypothesis. 

Rencher (2002) summarizes some of the key properties of Hotelling’s T2- test as follows; 
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i. For possible computations of T2 we must have degrees of freedom (n-1) > the 

number of variables p. Otherwise the sample covariance matrix(S) is singular and 

T2 computations is not possible. 

ii. For both cases, one sample and two samples, the degrees of freedom () for the T2 

statistic is the same as for the analogous univariate t- test, that is, 1 n for one 

sample and 2
21
 nn for two samples 

iii. The alternative hypothesis is two-sided. Since the space is multi-dimensional we 

do not consider the one sided alternative hypotheses such as 
0

 . On the other 

hand, even though the alternative hypothesis 
01

: H is basically two sided the 

critical region is one tailed (H0 is rejected for larger values of T2). This is usual for 

many multivariate tests. 

iv. In the case of univariate t-test, Ft nn 1,1

2

1 
 , the statistic T2 can also be 

transformed to an F- statistic as follows: 

  FT pnpnn

pn
 


,

2

1,1     
(4)  

This can be written in terms of T2 as F pnppn

n



,

)1(

     (5)
 

2.1.2 Two Sample Hotelling’s T2-Test with equal variances in the covariance 

matrix  

Consider a situation where p variables are measured on each sampling unit for two samples. 

Let xxx n111211
,....., … be the data from first population and xxx n222221

,.....,
 be the data 

from 

second population. The aim is to test the equality of the mean vectors of the two populations. 

The hypotheses are, 
211210

::  HH versus  where 
1
is a vector of means in 

population one (n1) with p variables and 
2  is a vector of means in population two (n2) with 

p variables. In order to carry out the Hotelling’s T2- test we define the following estimates of 

the population mean and population variance covariance matrix;
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A vector of sample mean from population one, 
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A vector of sample mean from population two, 





n
x

nX
j

jp

2

1
2

2
)1(2

1

             (7)
 

Sample covariance matrix from population one, )')((
1

1
111

1
1

1
)(1

1

XXX
n

XS j
j

jpp n



 




       (8)
 

Sample covariance matrix from population two, )')((
1

1
222

1
2

2
)(2

2

XXX
n

XS j
j

jpp n



 




    
(9) 

Under the assumption of equality of variance covariance matrices we can obtain an estimate 

of   by pooling the two sample covariance matrices S1
and S 2  using the expression 
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Thus, the Hotelling’s T2-test for two independent samples can be expressed as, 
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 where Sp is the pooled sample covariance matrix
 

The distribution of the statistic T2 will be approximately chi square ( 2 ) distributed with p 

degrees of freedom for large samples. However, as in the case of univariate two sample t-test, 

the Hotelling’s T2 test statistic can be transformed into an F statistic using the expression 

below: 
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The null hypothesis is rejected if F statistic is greater than critical F pnnp ,1, 21 
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2.1.3 Two Sample Hotelling’s T2 -Test with Unequal variances in the Covariance 

Matrix  

Let denote the data from population one as xxx n111211
,....., … and from population two as

xxx n222221
,....., . Consider a situation where p variables are measured on each sampling unit 

in the two samples. The aim is to test the hypothesis that, 
211210

::  HH versus where

 
21 .The test statistic is, thus, given by;  
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n
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n

S
XXT 21
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21

2

2

2

1

1






















 Where SSXX and
2121

,,
is given in equations (6), (7), 

(8) and (9) respectively.  

When the sample sizes are equal and the variance covariance matrix is the same then T2 

statistic is reduced to the two sample Hotelling’s T2-test which makes the comparison for 

equality of mean vectors easy. Comparing the equality of mean vectors for unequal variance 

covariance matrix is rather difficult and is well known as the multivariate Behrens Fisher 

problem (Nel et al. 1986). Different approximate solutions proposed by different authors are 

discussed in the literature review whereas among the proposed solutions, two of them will be 

implemented in this thesis and compare their performance with Hotelling’s T2 -test.  

 

2.2 Literature Review 

Hotelling’s T2 test is a most common choice in the multivariate context. However most applied 

researchers are not aware that it comprises derivational assumptions that, in real world, are 

not likely to be satisfied (Lix et al. 2004). As stated by Ito (1980), T2 test is not robust to 

violation of assumptions. Everitt (1979) conducted a study to investigate the robustness of 

Hotelling’s one- and two- sample T2 -test based on the departures from the normality 

assumption. In that study the author considered three non normal distributions which are 

uniform, exponential and lognormal distributions to obtain the samples. The results of the 

investigation indicate that, Hotelling’s one-sample T2-test is more affected by samples from 

skew distributions than the kurtosis. While for the two-sample test, samples with skewed 
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distributions in most cases are likely to lead to a moderately conservative test and in some 

cases to extremely conservative tests. On the other hand increasing the number of variables 

lead to a worse situation in the nominal levels, for example when n=20 and p=10, the 

percentage values of the nominal levels for lognormal samples are 44.2, 33.0 and 16.3 for the 

nominal levels 10, 5 and 1 percent. 

Lin Wen-Ying (1992) referred to the analytical studies done by Ito, 1969; Ito and Schull, 1964 

on the investigations of the robustness of Hotelling’s T2-test with respect to violations of 

variance covariance homogeneity and or normality where the results for both studies indicated 

that; under non-normality T2 test is fairly robust while under unequal variance covariance T2 

may not be robust when the sample sizes are equal and is likely not robust when sample sizes 

are not equal. Although for large and equal sample sizes between the two groups and when 

the ratio of the two samples in total to the number of variables is large then T2-test is robust. 

The studies also found that, the difference between the actual type I error rate and the nominal 

type I error rate increases with the amount of the inequality of the two samples, with the degree 

of inequality of variance covariance and with number of variables. As a result a problem of 

testing the equality of two mean vectors with unequal variance covariance matrices has 

become a popular topic in multivariate research. As referred earlier, this problem is known as 

multivariate Behrens Fisher problem.   

A number of alternatives to Hotelling’s T2- test have been proposed by different authors, 

which are expected to produce better results for the Behrens Fisher problem. Intending to 

address this problem, James (1951) attempted to generalize Welch’s method of comparing 

two means with unknown ratio of population variance to a case where a test for the equality 

of several means is required. Yao (1965) studies an extension of the Welch’s approximate 

degrees of freedom solution, which was provided by Tukey (1959) and discussed the results 

of a simulation study on a new proposed test as well as its comparison with the James series 

solution. The results of a simulation study to estimate type I error rates of James’ first order 

test with p=2, show that, Yao’s test on average performs better than James’ test.  

Kim (1992) proposed a new procedure in which the geometry of confidence ellipsoids for the 

two mean vectors is used to construct it; and a situation under which two ellipsoids have no 



10 

 

points in common. Kim’s procedure is also an extension of the Welch approximate degrees of 

freedom solution as it is in Yao’s procedure. Using a Monte Carlo simulation the author 

compared the new procedure with Yao’s procedure in terms of the size and power. The 

simulation result was as follows; for both the size and power the difference between Yao’s 

procedure and the new procedure observed to be small in the cases where the sample sizes are 

equal or relatively large. Whereas for the size test, if the smaller samples is associated with 

large variances, the level of Yao’s procedure is larger than the five percent (5%) significance 

level and it increases with the increase in the number of variables (dimensionality).The author 

also observed that the new procedure proposed by Kim (1992), have better power than Yao’s 

procedure if the smaller sample is associated with larger variances. 

Wen-Ying (1992) on the paper, “An overview of the performance of four alternatives to 

Hotellings T2” reviewed four alternative tests namely; James first order, James second order, 

Yao’s and Johansen’s tests. In the review, the author noted that; under the violation of variance 

covariance homogeneity and or normality, James’ first order test has a better performance 

than Hotelling’s T2 –test, although it’s estimated type one error rates are not good as compared 

to the other three tests. In addition, it was also noted that, in the cases where the smaller n1 

and n2 are drawn from a population with smaller variance covariance matrix, James’ test 

performance is slightly better than that of Johansen’s test. Similarly the performance of James’ 

test improves when p increase while Johansen’s test performance decline with the increase of 

p. However for the case of more than two groups the author found that, only James’ second 

order and Johansen’s test can be extended to more than two groups, while Yao’s (1965) test 

cannot. 

Krishnamoorthy and Yu (2004) proposed a new test, named as Modified Nel and Van der 

Merwe’s (MNV) test. The proposed test was obtained through modifying the Nel and Van der 

Merwe’s (1986) approximate degrees of freedom to obtain a method which is invariant. They 

used Monte Carlo method to evaluate the advantages of the MNV test and the other two 

invariant tests namely, Yao’s (1965) and Johansen’s (1980) tests. They also compared the 

MNV test with the other two tests in terms of power and size. The results of a Monte Carlo 

studies for the three tests observed the following concerning the size and power estimated;  



11 

 

i. The MNV and Yao’s test simplifies to Welch’s test for the case of univariate. Thus 

they computed the size and powers for Johansen’s test and the MNV test; the result 

obtained shows that, only the MNV test controls the sizes satisfactorily while the 

sizes of Johansen’s test exceed the nominal level 0.05 significantly 

ii. The sizes of Yao’s test are in general inflated for dimensions larger or equal to 

two; and its performance in controlling type I error rates is not good as compared 

to the other two tests. 

iii. The sizes of MNV test are closer to the nominal level than are the sizes of 

Johansen’s test. The former has inflated type I error rates when the dimension is 

higher (example for p = 10). 

iv. When the sizes of MNV and Johansen’s test are close to the nominal level, its 

power is very close. But for Johansen’s test because of its inflated sizes in other 

situations it tends to be more powerful than the MNV test. 

v. Among the three tests compared, MNV test observed to be the only test which 

controls the sizes for higher dimension. Example for p=10. 

In addition, the authors also make a comparison of power between the MNV test and the 

test in Van der Merwe’s (1986) over the parameter configurations. They found that the 

MNV test is more powerful for smaller dimension and slightly more powerful for larger 

dimension than the van der Merwe’s (1986) test. 

Based on the literature, among the discussed alternative procedures for the Behrens Fisher 

problem, we have seen that there is no alternative test which will perform well in all data 

analytic situations (Lix and Keselman 2004). However a study conducted by 

Krishnamoorthy& Xia (2006) recommended the use of the MNV test in the situations where 

there is heterogeneity for the variance covariance but the normality assumptions holds. They 

pointed out that, the recommended test is in general not robust to non normality and therefore 

they referred to Wilcox(1995); Lix and Keselman (2004) and Lix, Keselman, and Hinds 

(2005) whose studies proposed the alternative robust test procedures based on trimmed means 

in the case of non normality. In this thesis, we implement, the tests proposed by 
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Krishnamoorthy & Yu, (2004) and by Yao’s (1965) as well as the Hotelling’s T2  and make a 

comparison of the three tests in terms of size and power, using data sampled from a normal 

distribution as well as from multivariate skew t distribution. 
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CHAPTER THREE 

3 SIMULATION STUDY 

3.1 Tests for Implementation 

The following are the tests to be implemented in a Monte Carlo simulation; 

i. Hotelling’s T2 -test for two samples given in equation 11 of this thesis. 

ii. The MNV test proposed by Krishnamoorthy and Yu (2004) given here in below; 

Let consider  
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According to Krishnamoorthy and Yu (2004) the test statistic in (14) has 

approximately Hotelling’s T2 distribution. The corresponding number of degrees 

of freedom is given as 
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And; 

iii. Yao’s (1965) test; 

It is a multivariate extension of the Welch approximate degrees of freedom solution, which 

is given as; 
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And based on the equation in (16) then we have; 

 1
~ 1,2
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3.2 Simulation Design 

A Monte Carlo simulation is carried out to estimate the sizes and powers of the tests described 

above. In the first case, where the interest is to investigate the robustness of  Hotelling’s 

T2,Yao’s (1965) and the MVN tests in terms of size and power of the test for the Multivariate 

Behrens Fisher problem, we generated two random samples of multivariate normal data using 

a command mvrnom found in a package MASS in R.  

The sample variance- covariance matrices is set in a way that the effect of varying a covariance 

while the variance is constant can be seen, as well as the effect of changing  the variances 

within the samples at the same time keeping the covariance constant. Furthermore is the 

setting where the effect of varying both the variance and covariance between the samples can 

be observed. However in order to have a base on the simulation of unequal variance 

covariance matrix, a simulation with equal variance covariance matrix using different 

combinations of sample sizes is done. 
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The following shows the data generating process (DGP’s) for both size and power estimations. 

For the estimation of size the difference in a vector of mean is kept to be zero and the variance 

covariance matrix setting is as follows; 

Base for the simulation (equal sample variance covariance matrix) 

S1= S2 = 








12.0

2.05
 

Case I. Variance is kept constant within the samples with a variation in the covariance in order    

to study possible influence of a change in covariance. 

DGPI-1 

S1= 








12.0

2.05
          S2= 









2.11.0

1.03
 

DGPI-2 

S1= 








16.0

6.05
          S2= 









2.11.0

1.03

 

DGPI-3 

S1= 








18.0

8.05
          S2= 









2.11.0

1.03

 

Case II. Covariance is kept constant within the samples with a variation in the variance in 

order to study the influence of changing in variances.  

DGPII-1 

S1= 








2.12.0

2.03
          S2= 









11.0

1.02
 

DGPII-2 

S1= 








22.0

2.05
          S2= 









2.11.0

1.03
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DGPII-3 

S1= 








32.0

2.07
          S2= 









2.11.0

1.03

 

 

Case III. Both variance and covariance between the samples varies.  

DGPIII-1 

S1= 








2.15.0

5.03
          S2= 









24.0

4.01
 

DGPIII-2 

S1= 








5.21.0

1.02
          S2= 









36.0

6.05.3

 

DGPIII-3 

S1= 








18.0

8.05.1
          S2= 









33.0

3.02.4
 

For the estimation of power the same setting of the sample variance-covariance matrices is 

used, while for the mean vectors, the difference is set to be 0.5, 0.75, 1 and 1.5 in order to 

observe how the power changes with the increase in the difference of mean between the two 

samples.       

For the estimation of size, five combination of the sample sizes (n1 and n2) is used, which is 

as follows, (n1, n2) = (10, 10), (10, 20) (25, 10), (10, 25) and (50,100) respectively. While for 

the estimation of power, three combinations of sample sizes which are (10, 10), (10, 20) and 

(25, 10) is used. To carry out a simulation study we independently repeated the process of 

each random sample generation and the calculation of test statistics 10,000 times and recorded 

the average proportion of times that the null hypothesis is rejected. The nominal level used is 

0.05. Therefore in order to evaluate the significance of the result presented in the tables we 

calculate the intervals for the estimated size ( ̂ ) as follows; 
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1
2ˆ   where α = 0.05 is the nominal level used in the 

simulation, N=10,000 is the simulation sample size and ̂  is an estimate of size (type I error 

rate) when the difference of mean vector between the samples is zero, otherwise will be an 

estimate of power. Thus the interval ranges from 0.046 to 0.054 that means all values for the 

estimated size which are lower than 0.046 and those larger than 0.054 will be considered as 

non robust since they lie outside the interval and will be marked with a star (*).  

In the second case where the interest is to investigate the robustness of the three tests under 

non normal data when the variance covariance matrices are equal as well as when they are 

not, data is generated using a multivariate skewed t distribution in order to observe the effect 

of non normality of data on the performance of the three statistical tests, specifically when we 

have skewed and long tailed data. Two random samples are generated using a package sn 

which is found in R. The same DGPs used in the first scenario is also used here, the only 

difference is on the data distribution in which the parameters for regulating skewness and the 

degrees of freedom are included. Some of the details concerning the multivariate skew t 

distribution are given here in below; 

Multivariate skew t distribution 

The idea of skewed distributions has been existed for a long time in the literature; however its 

formal introduction was in Azzalini (1985). The Multivariate skew t distribution family is an 

extension of the family of multivariate student t distribution through an introduction of the 

shape parameter for regulating skewness ( Azzallini and Capitanio, 2003). Its definition, based 

on Gupta (2003) is given as follows; 

Let    ,~,.......
1




 SNXX pp
X  and 



2
~W  independent of X, where SN p  denotes skew 

normal distribution with p dimensional. Then the joint distribution for 


W

X
Y

j

j
 , j= 1. …, p is defined as the multivariate skew t distribution with   degrees of 

freedom.  
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We will denote the multivariate skew t distribution as    
SMTYY p

Y ~,.......
1


 . Therefore, 

the joint probability density function (p.d.f) is given as 
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, where FT p (.) 

is a cumulative distribution function of the central t distribution with p  degrees of freedom. 

Thus, based on the definition and the p.d.f of the multivariate skew t given above, we can 

observe that, when the shape parameter (α) is 0 then the multivariate skew t distribution 

reduces to the usual multivariate t distribution and when the degree of freedom ( ) tends to 

infinity it reduces to the multivariate skew normal. The distribution has a flexibility property 

and it is widely used in modeling skewed as well as heavy tailed data such as financial data. 
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CHAPTER FOUR 

4 RESULTS AND DISCUSSION 

4.1 Results for the Simulation of Multivariate Behrens- Fisher Problem 

4.1.1 Size Simulation Results 

The results of the estimated sizes presented in tables 4.1.1(b), (c), (d) from a simulation study 

show that, both tests maintained a nominal level in the cases where the sample sizes were 

equal and for all settings of the variance covariance matrices, except for Hotelling’s T2 and 

Yao’s tests, their sizes slightly exceed 0.05 when S2 was larger than S1 (table 4.1.1d). 

Although when n1= n2 the estimated size for MNV test did not attain the 0.05 level but it is 

close, ranging from 0.042 to 0.044 for both variance covariance matrix setting.  

However, the sizes for Hotellin’g T2- test and Yao’s test tend to exceed the nominal level for 

the case of unequal sample sizes when it is associated with S1 > S2 particularly when the 

variance for the samples is kept constant and the covariance was increasing from 0.2 to 0.8 

(table 4.1.1b). This tendency has also shown in the case where the variance was increasing 

while keeping constant the covariance, with exception on the case when n1=25, n2=10 and the 

variance covariance matrix1 S1= 7(0.3)3 and S2= 3(0.1)1.2 in which the said tests maintained 

the nominal level (table 4.1.1c). This is different for the sizes of MNV test which did not 

exceed 0.055 for both of the two settings, except when the sample size is n1 =10 and n2 =25 

(tables 4.1.1(b) and 4.1.1(c)). 

Table 4.1.1d show that, the sizes for Hotelling’s T2 and Yao’s tests tend to exceed the nominal 

level in most of the sample size combination and variance covariance matrix except for n1=10, 

n2=20 and  n1=10, n2=25, associated with S1=1.5(0.8)1 and S2=4.2(0.3)3 as compared to the 

MNV test. Though, both tests have shown to maintain the nominal level when the sample size 

is large (50,100), regardless of the variance covariance matrix setting.  

                                                 
1 The numbers in the brackets () indicate the value of covariance in the variance covariance (v-c) matrix. This 

applies also to the numbers in brackets for the tables in section 4.1.1 , 4.1.2, 4.2.1 and 4.2.2 
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Comparing between Hotelling’s T2, Yao’s and MNV tests, the sizes for Hotelling’s T2-test 

exceed the nominal level in most of the DGP’s for unequal sample sizes followed by Yao’s 

test. While the sizes of MNV test has shown to maintain the nominal level in most of the 

DGP’s.  

 

Table 4.1.1a: Estimated Size of Hotelling's T2, Yao's (1965) and MNV tests for         different 

combinations of sample sizes in a simulation with equal variance-                              

covariance matrix between the samples 

V-C matrices for 

the samples 

Tests 

Size Estimation for Sample Sizes 

S1 S2 10,10 10,20 25,10 10,25 50,100 

5(0.2)1 5(0.2)1 

T2 0.050 0.058* 0.065* 0.065* 0.049 

Yao 0.050 0.058* 0.063* 0.063* 0.049 

MNV 0.042* 0.051 0.056* 0.056* 0.047 

 

Table 4.1.1b:  Estimated size of Hotelling's T2, Yao's (1965) and MNV tests for different 

combinations of sample sizes in a simulation with constant variance between the 

samples, with changing covariance 

V-C matrices for 

the samples 

Tests 

Size Estimation for Sample Sizes 

S1 S2 10,10 10,20 25,10 10,25 50,100 

5(0.2)1 3(0.1)1.2 

T2 0.050 0.061* 0.063* 0.067* 0.049 

Yao 0.052 0.059* 0.062* 0.064* 0.049 

MNV 0.042* 0.052 0.055* 0.056* 0.047 

        

5(0.6)1 3(0.1)1.2 

T2 0.052 0.060* 0.062* 0.067* 0.050 

Yao 0.052 0.059* 0.060* 0.064* 0.049 

MNV 0.043* 0.051 0.054 0.056* 0.048 

        

5(0.8)1 3(0.1)1.2 

T2 0.052 0.059* 0.062* 0.065* 0.050 

Yao 0.052 0.058* 0.060* 0.063* 0.049 

MNV 0.044* 0.050 0.054 0.055* 0.048 
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Note; Results marked with star (*) indicates that they are significantly different from the 

nominal level  

Table 4.1.1c: Estimated size of Hotelling's T2, Yao's (1965) and MNV tests for         different 

combinations of sample sizes in a simulation with constant covariance between 

the samples, with changing variance 

V-C matrices for the 

samples 

Tests 

Size Estimation for Sample Sizes 

S1 S2 10,10 10,20 25,10 10,25 50,100 

3(0.2)1.2 2(0.1)1 

T2 0.051 0.062* 0.060* 0.070* 0.051 

Yao 0.051 0.060* 0.060* 0.066* 0.050 

MNV 0.042* 0.052 0.053 0.057* 0.048 

        

5(0.2)2 3(0.1)1.2 

T2 0.052 0.066* 0.056* 0.074* 0.051 

Yao 0.052 0.062* 0.056* 0.068* 0.049 

MNV 0.042* 0.052 0.051 0.059* 0.048 

        

7(0.2)3 3(0.1)1.2 

T2 0.054 0.070* 0.053 0.079* 0.049 

Yao 0.052 0.064* 0.053 0.070* 0.047 

MNV 0.043* 0.054 0.047 0.058* 0.045 

 

Table 4.1.1d: Estimated Size of Hotelling's T2, Yao's (1965) and MNV tests for          different 

combinations of sample sizes in a simulation with variation in both                                

variance and covariance between the samples. 

V-C matrices for the 

samples 

Tests 

Size Estimation for Sample Sizes 

S1 S2 10,10 10,20 25,10 10,25 50,100 

3(0.5)1.2 1(0.4)2 

T2 0.051 0.063* 0.059* 0.066* 0.054 

Yao 0.051 0.059* 0.057* 0.061* 0.053 

MNV 0.042* 0.054 0.052 0.055* 0.051 

        

2(0.1)2.5 3.5(0.6)3 

T2 0.056* 0.055* 0.076* 0.059* 0.051 

Yao 0.055* 0.056* 0.070* 0.058* 0.051 

MNV 0.046 0.048 0.062* 0.052 0.050 

        

1.5(0.8)1 4.2(0.3)3 

T2 0.059* 0.049 0.084* 0.051 0.049 

Yao 0.054 0.048 0.070* 0.050 0.049 

MNV 0.043* 0.042* 0.059* 0.046 0.047 
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4.1.2 Power Simulation Results 

The results for the estimation of power show that, when the variance-covariance matrices are 

equal (S1 = S2), the powers of the three tests is almost the same and that, the tests are more 

powerful when the sample size is large and the difference between the mean vector is greater 

than 0.75 except for n1=25, n2=10 where the tests are powerful even for a mean vector 

difference of 0.75 (table 4.1.2a).  

However for the case of unequal variance-covariance matrices (S1 ≠ S2), and when the 

variance-covariance is set in a way that the variance is constant and the covariance is 

changing, the powers for Hotelling’s T2, Yao’s and MNV tests shows a decreasing trend when 

the covariance for S1 increases, and this is true for both combinations of sample sizes. 

Although the tests has shown to be powerful when the difference in mean vector is 1.5, with 

Hotelling’s T2 and Yao’s tests slightly exceeding the power for MNV test (may be because 

Hotelling’s T2 and Yao’s tests exhibited larger size than MNV test). This excludes MNV test 

when n1=n2=10 with S1 = 5(0.6)1 and S2 = 3(0.1)1.2 as well as both tests when sample sizes 

are equal associated with S1 = 5(0.8)1 and S2 = 3(0.1)1.2, where the tests shows low power 

(table 4.1.2b). Similarly, for the result in table 4.1.2c in which the power for the three tests 

becomes less when the variance is increasing, though the situation is worse when the sample 

sizes are small. 

Results presented in Table 4.1.2d show that, when large sample is associated with S1 > S2 and 

the effect size is 1.5 both tests are powerful. The inverse is true when large sample is 

associated with S1 < S2. Another property in which the tests has shown to be powerful, is 

observed for n1 < n2 associated with small variance in S1 having large covariance; and large 

variance in S2 having small covariance (S1= 1.5(0.8)1 and S2 = 4.2(0.3)3, n1= 10 and n2 = 20)    

In general the powers for Hotelling’s T2 and Yao’s tests exceed that of MNV test even though 

the difference is not big. 
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Table 4.1.2a: Estimated Power of Hotelling's T2, Yao's (1965) and MNV tests for different sample sizes and mean vectors,                in 

a simulation with equal variance covariance matrices between the samples 

V-C matrices for 

the samples Tests 

Power Estimation 

Mean vector difference and 

sample size n1=10, n2=10 

Mean vector difference and 

sample size n1=10, n2=20 

Mean vector difference and 

sample size n1=25, n2=10 

S1 S2 0.5 0.75 1 1.50 0.5 0.75 1 1.50 0.5 0.75 1 1.50 

5(0.2)1 5(0.2)1 

T2 0.275 0.555 0.818 0.992 0.389 0.722 0.928 0.999 0.596 0.927 0.995 1.000 

Yao 0.275 0.556 0.820 0.992 0.382 0.715 0.924 0.999 0.595 0.926 0.995 1.000 

MNV 0.251 0.524 0.793 0.990 0.359 0.692 0.914 0.999 0.579 0.921 0.995 1.000 

 

 

Table 4.1.2b: Estimated Power of Hotelling's T2, Yao's (1965) and MNV tests for different sample sizes and mean vectors, in a 

simulation with constant variance between the samples, with changing covariance 

V-C matrices for 

the samples Tests 

Power Estimation 

Mean vector difference and 

sample size n1=10, n2=10 

Mean vector difference and 

sample size n1=10, n2=20 

Mean vector difference and 

sample size n1=25, n2=10 

S1 S2 0.5 0.75 1 1.50 0.5 0.75 1 1.50 0.5 0.75 1 1.50 

5(0.2)1 3(0.1)1.2 

T2 0.149 0.284 0.474 0.832 0.208 0.404 0.642 0.944 0.233 0.445 0.677 0.957 

Yao 0.149 0.285 0.476 0.834 0.206 0.397 0.631 0.940 0.226 0.435 0.665 0.951 

MNV 0.130 0.259 0.439 0.810 0.182 0.370 0.602 0.930 0.212 0.417 0.651 0.947 

               

5(0.6)1 3(0.1)1.2 

T2 0.142 0.271 0.448 0.806 0.205 0.380 0.606 0.928 0.224 0.430 0.657 0.949 

Yao 0.142 0.271 0.451 0.806 0.202 0.371 0.593 0.921 0.219 0.420 0.647 0.943 

MNV 0.124 0.245 0.416 0.781 0.186 0.349 0.569 0.913 0.205 0.400 0.631 0.937 

               

5(0.8)1 3(0.1)1.2 

T2 0.140 0.264 0.436 0.796 0.203 0.372 0.594 0.920 0.222 0.425 0.649 0.945 

Yao 0.139 0.264 0.437 0.795 0.198 0.365 0.580 0.913 0.216 0.416 0.639 0.938 

MNV 0.122 0.239 0.406 0.768 0.183 0.341 0.556 0.904 0.201 0.395 0.620 0.932 
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Table 4.1.2c: Estimated Power of Hotelling's T2, Yao's (1965) and MNV tests for different sample sizes and mean vectors, in a                                

simulation with constant covariance between the samples, with changing variances 

V-C matrices for 

the samples Tests 

Power Estimation 

Mean vector difference and 

sample size n1=10, n2=10 

Mean vector difference and 

sample size n1=10, n2=20 

Mean vector difference and 

sample size n1=25, n2=10 

S1 S2 0.5 0.75 1 1.50 0.5 0.75 1 1.50 0.5 0.75 1 1.50 

3(0.2)1.2 2(0.1)1 

T2 0.157 0.313 0.513 0.865 0.231 0.427 0.667 0.951 0.256 0.503 0.749 0.978 

Yao 0.157 0.312 0.515 0.864 0.223 0.414 0.650 0.942 0.253 0.496 0.742 0.975 

MNV 0.137 0.283 0.477 0.843 0.202 0.387 0.624 0.934 0.239 0.476 0.725 0.974 

               

5(0.2)2 3(0.1)1.2 

T2 0.126 0.228 0.372 0.709 0.180 0.314 0.491 0.837 0.195 0.381 0.602 0.923 

Yao 0.125 0.226 0.370 0.705 0.170 0.300 0.471 0.813 0.193 0.379 0.599 0.920 

MNV 0.106 0.201 0.339 0.670 0.150 0.276 0.443 0.794 0.180 0.359 0.581 0.913 

               

7(0.2)3 3(0.1)1.2 

T2 0.113 0.191 0.308 0.603 0.157 0.264 0.398 0.719 0.166 0.324 0.530 0.875 

Yao 0.109 0.186 0.298 0.592 0.142 0.242 0.371 0.681 0.166 0.325 0.530 0.876 

MNV 0.092 0.159 0.263 0.552 0.123 0.216 0.336 0.645 0.153 0.307 0.510 0.864 
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Table 4.1.2 d: Estimated Power of Hotelling's T2, Yao's (1965) and MNV tests for different sample sizes and mean vectors, in a                                          

simulation with variation in both variance and covariance between the samples. 

V-C matrices for 

the samples Tests 

Power Estimation 

Mean vector difference and 

sample size n1=10, n2=10 

Mean vector difference and 

sample size n1=10, n2=20 

Mean vector difference and 

sample size n1=25, n2=10 

S1 S2 0.5 0.75 1 1.50 0.5 0.75 1 1.50 0.5 0.75 1 1.50 

3(0.5)1.2 1(0.4)2 

T2 0.130 0.246 0.396 0.745 0.186 0.350 0.558 0.891 0.200 0.385 0.609 0.927 

Yao 0.129 0.244 0.394 0.744 0.180 0.338 0.542 0.882 0.196 0.377 0.600 0.920 

MNV 0.116 0.220 0.367 0.716 0.161 0.315 0.516 0.867 0.184 0.361 0.583 0.915 

               

2(0.1)2.5 3.5(0.6)3 

T2 0.109 0.185 0.295 0.581 0.146 0.266 0.294 0.791 0.161 0.282 0.438 0.760 

Yao 0.108 0.184 0.294 0.578 0.145 0.265 0.295 0.789 0.152 0.244 0.413 0.735 

MNV 0.093 0.165 0.266 0.547 0.133 0.248 0.265 0.770 0.139 0.263 0.390 0.717 

               

1.5(0.8)1 4.2(0.3)3 

T2 0.124 0.210 0.340 0.649 0.156 0.306 0.503 0.853 0.182 0.308 0.476 0.792 

Yao 0.121 0.203 0.331 0.640 0.155 0.306 0.502 0.852 0.159 0.277 0.435 0.755 

MNV 0.097 0.173 0.288 0.589 0.139 0.286 0.477 0.836 0.128 0.235 0.384 0.708 
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4.2 Results for a Simulation Study Using Non Normal Data Sampled From 

Multivariate Skew t-Distribution 

4.2.1 Size Simulations Result 

A multivariate skew t distribution is used to obtain two non normal random samples. Most of the 

comparisons in the literature read have been done using skew distributions such as exponential, 

lognormal and beta (Studies done by Algina, et.al (1991), Everitt (1979) as well as Lin.W (1991).  

This impressed to investigate the robustness of the three multivariate tests of equality of means 

using the multivariate skew t distribution and make a comparison between the tests. 

The result presented in table 4.2.1a depicts that, for the case of violation of normality assumption 

keeping the assumption of variance covariance equality and when n1= n2 =10, the estimated size 

of Hotelling’s T2 has shown to be close to the nominal level of 0.05 as compared to those of Yao’s 

and MNV tests. While for n1 ≠ n2 the estimated size for the Hotelling’s T2 and Yao’s tests exceed 

the nominal level, showing an increase in departure from the nominal level when the difference 

between sample sizes increases. While for the MNV test the estimated size maintains the nominal 

level regardless of the difference between sample sizes. Although for large sample size (50, 100) 

both tests maintained the nominal level.  

However, in the case where both normality and variance covariance equality assumption is 

violated, Hotelling’s T2 and Yao’s tests observed to be robust when n1 = n2 = 10  associated with 

S1, S2 = 5(0.2)1, 3(0.1)1.2 as well as S1, S2 = 3(0.2)1.2, 2(0.1)1, while MNV test has shown to be 

robust in most of the variance covariance settings except when S1 = 5(0.2)1, 3(0.2)1.2, 7(0.2)3, 

3(0.5)1.2 and S2 = 3(0.1)1.2, 2(0.1)1, 3(0.1)1.2, 1(0.4)2 respectively, as compared to Hotelling’s 

T2 and Yao’s tests (table 4.2.1 b, c, d). For the case of unequal sample sizes, all of the three tests 

observed to be non robust in either combination of the sample sizes and or setting of the variance 

covariance matrix with exception for the MNV test when n1 = 10, n2 = 20 and n1 =10, n2 =25 with 

S1 = 3(0.2)1.2 and S2 = 2(0.1)1 in which the estimated size of the test maintained the 0.05 nominal 

level (table 4.2.1 b, c, d). Though our results are not far with the result for a study conducted by 

Algina, et.al (1991) to investigate the”Robustness of Yao's, James', and Johansen's Tests under 

Variance-Covariance Heteroscedasticity and Nonnormality.”The authors found that, both of the 

compared tests may not be robust when the sampled data are from skewed distributions and have 
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positive kurtosis especially when the number of variables increases. They also observed that the 

tests are seriously non robust with lognormal and exponential distributions. Although in their study 

they did not used exact distribution as in our study; and unfortunately in our literature review we 

could not find the literature for the exact study which uses multivariate skew t distribution in order 

to make a comparison with our result on the robustness of these tests.  As such further research 

using different designs is needed to provide more specific recommendations on the performance 

of these tests under the multivariate skewed t sampling distributions.  

 

Table 4.2.1a: Estimated size of Hotelling's T2, Yao's (1965) and MNV tests for different sample 

sizes in a simulation with equal variance covariance matrix between the samples 

using data from multivariate skew t distribution. 

V-C matrices for the 

samples 

Tests 

Size Estimation for Sample Sizes 

S1 S2 10,10 10,20 25,10 10,25 50,100 

5(0.2)1 5(0.2)1 

T2 0.044* 0.057* 0.061* 0.061* 0.049 

Yao 0.042* 0.055* 0.059* 0.058* 0.048 

MNV 0.034* 0.049 0.051 0.052 0.047 

 

Table 4.2.1b: Estimated size of Hotelling's T2, Yao's (1965) and MNV tests for different sample 

sizes in a simulation with constant variance between the samples, with changing 

covariance using data from multivariate skew t distribution. 

V-C matrices for the 

samples 

Tests 

Size Estimation for Sample Sizes 

S1 S2 10,10 10,20 25,10 10,25 50,100 

5(0.2)1 3(0.1)1.2 

T2 0.051 0.067* 0.079* 0.067* 0.105* 

Yao 0.050 0.063* 0.078* 0.063* 0.102* 

MNV 0.042* 0.055* 0.072* 0.056* 0.100* 

        

5(0.6)1 3(0.1)1.2 
T2 0.059* 0.072* 0.107* 0.073* 0.167* 

Yao 0.057* 0.067* 0.105* 0.067* 0.163* 

MNV 0.048 0.059* 0.093* 0.060* 0.161* 

        

5(0.8)1 3(0.1)1.2 

T2 0.063* 0.076* 0.124* 0.078* 0.212* 

Yao 0.060* 0.070* 0.121* 0.071* 0.208* 

MNV 0.053 0.062* 0.110* 0.065* 0.206* 



28 

 

Table 4.2.1c: Estimated size of Hotelling's T2, Yao's (1965) and MNV tests for different sample 

sizes in a simulation with constant covariance between the samples, with changing 

variances using data from multivariate skew t distribution. 

V-C matrices for the 

samples 

Tests 

Size Estimation for Sample Sizes 

S1 S2 10,10 10,20 25,10 10,25 50,100 

3(0.2)1.2 2(0.1)1 

T2 0.053 0.063* 0.087* 0.063* 0.098* 

Yao 0.052 0.058* 0.085* 0.057* 0.095* 

MNV 0.042* 0.050 0.077* 0.050 0.092* 

        

5(0.2)2 3(0.1)1.2 

T2 0.063* 0.075* 0.115* 0.078* 0.192* 

Yao 0.059* 0.068* 0.114* 0.067* 0.186* 

MNV 0.048 0.058* 0.103* 0.056* 0.180* 

        

7(0.2)3 3(0.1)1.2 

T2 0.098* 0.115* 0.206* 0.122* 0.476* 

Yao 0.090* 0.096* 0.204* 0.099* 0.466* 

MNV 0.073* 0.082* 0.189* 0.084* 0.459* 

 

 

Table 4.2.1d: Estimated Size of Hotelling's T2, Yao's (1965) and MNV tests for different sample 

sizes in a simulation with variation in both variances and covariance between the 

samples using data from multivariate skew t distribution. 

V-C matrices for the 

samples 

Tests 

Size Estimation for Sample Sizes 

S1 S2 10,10 10,20 25,10 10,25 50,100 

3(0.5)1.2 1(0.4)2 

T2 0.087* 0.121* 0.163* 0.101* 0.304* 

Yao 0.084* 0.110* 0.160* 0.086* 0.295* 

MNV 0.074* 0.104* 0.148* 0.076* 0.291* 

        

2(0.1)2.5 3.5(0.6)3 

T2 0.060* 0.104* 0.076* 0.119* 0.290* 

Yao 0.057* 0.103* 0.068* 0.118* 0.290* 

MNV 0.046 0.094* 0.059* 0.109* 0.285* 

        

1.5(0.8)1 4.2(0.3)3 

T2 0.070* 0.110* 0.093* 0.125* 0.368* 

Yao 0.061* 0.108* 0.074* 0.124* 0.367* 

MNV 0.046 0.096* 0.055* 0.111* 0.362* 
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4.2.2 Power Simulations Result 

Estimation of power is done using the same combination of sample sizes and variance covariance 

matrix as is in the size estimation, setting the values for the alternative hypothesis which states that 

mean vectors between the two samples are different as 0.5.0.75, 1 and 1.5. The results for the 

estimation of power indicate that the skew t distribution seem to have more effect on the power of 

the tests as compared to the effect on the estimation of power using normal data with unequal 

variance covariance. However, these results should be interpreted with a caution that in most of 

the DGPs using data from multivariate skew t distribution the estimated size of the tests doesn’t 

controlled the type I error rate satisfactorily  

The simulation results presented in the tables below show that, in the case of equal variance 

covariance matrix the tests observed to have good power properties when the difference in mean 

vector is greater than one except for Hotelling’s T2 and Yao’s tests when n1 = 25 and n2 = 10 and 

the effect size is one they have an acceptable power (table 4.2.1a).  

For the case of unequal variance-covariance matrix (S1 ≠ S2), and when the variance-covariance is 

set in a way that the variance is constant and the covariance is changing, the powers for Hotelling’s 

T2, Yao’s and MNV tests shows an increasing trend when the covariance for S1 increases, and this 

is true for both combinations of sample sizes. This property is inversely to the property observed 

in the case of normal data with unequal variance covariance matrix. Both tests have a good power 

properties when the sample size is large and with the effect size which is greater  or equal to one, 

except for n1=n2=10 where the tests are powerful for the effect size value of 1.5. In most of the 

DGPs, Hotelling’s T2 has shown a relatively higher power as compared to Yao’s and MNV tests 

(table 4.2.2b). 

In the case where the covariance is kept constant while the variance is changing, for n1 = n2 =10 

both tests has shown to have a good power when the effect size is 1.5 in all settings of the variance 

covariance matrix exhibiting an increase in power when increasing sample size and effect size 

(table 4.2.2c). However, when n1=25 and n2 =10 associated with S1 =7(0.2)3 and S2= 3(0.1)1.2 

both tests observed to have an acceptable power even for the effect size value of 0.75. 

In a complex setting of variance covariance matrix whereas both variance and covariance varies, 

the tests has shown a decrease in power properties in almost all sample size combinations. In 
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general the performance of all the three tests in controlling type II error rate is relatively equal 

having Hotelling’s T2 on the top of the two. 
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Table 4.2.2a: Estimated Power of Hotelling's T2, Yao's (1965) and MNV tests for different sample sizes and mean vectors, in a 

 simulation with equal variance covariance matrix between the samples using data from multivariate skew t distribution 

V-C matrices 

for the samples 

Tests 

Power Estimation  

Mean vector difference and 

sample size n1=10, n2=10 

Mean vector difference and 

sample size n1=10, n2=20 

Mean vector difference and 

sample size n1=25, n2=10 

S1 S2 0.5 0.75 1 1.50 0.5 0.75 1 1.50 0.5 0.75 1 1.50 

5(0.2)1 5(0.2)1 

T2 0.193 0.383 0.600 0.888 0.229 0.477 0.737 0.969 0.350 0.578 0.768 0.945 

Yao 0.191 0.380 0.595 0.885 0.218 0.462 0.725 0.967 0.345 0.571 0.757 0.938 

MNV 0.170 0.347 0.563 0.869 0.199 0.440 0.706 0.962 0.327 0.550 0.739 0.933 

 

Table 4.2.2b: Estimated Power of Hotelling's T2, Yao's (1965) and MNV tests for different sample sizes and mean vectors, in a 

simulation with constant variance between the samples, with changing covariance using data from multivariate skew t 

distribution 

V-C matrices for 

the samples 

Tests 

Power Estimation  

Mean vector difference and 

sample size n1=10, n2=10 

Mean vector difference and 

sample size n1=10, n2=20 

Mean vector difference and 

sample size n1=25, n2=10 

S1 S2 0.5 0.75 1 1.50 0.5 0.75 1 1.50 0.5 0.75 1 1.50 

5(0.2)1 3(0.1)1.2 

T2 0.231 0.432 0.643 0.905 0.272 0.538 0.789 0.977 0.413 0.635 0.809 0.954 

Yao 0.226 0.426 0.635 0.903 0.255 0.522 0.775 0.974 0.409 0.628 0.801 0.948 

MNV 0.202 0.394 0.607 0.890 0.238 0.498 0.756 0.971 0.393 0.611 0.788 0.945 

               

5(0.6)1 3(0.1)1.2 

T2 0.263 0.472 0.673 0.916 0.317 0.581 0.814 0.980 0.474 0.686 0.838 0.962 

Yao 0.256 0.464 0.665 0.913 0.293 0.559 0.800 0.977 0.471 0.679 0.831 0.957 

MNV 0.234 0.434 0.638 0.903 0.275 0.541 0.787 0.975 0.447 0.662 0.820 0.954 

               

5(0.8)1 3(0.1)1.2 

T2 0.278 0.490 0.687 0.921 0.337 0.600 0.824 0.982 0.503 0.708 0.853 0.966 

Yao 0.269 0.483 0.679 0.918 0.311 0.578 0.809 0.978 0.499 0.702 0.844 0.960 

MNV 0.248 0.452 0.653 0.907 0.295 0.562 0.800 0.976 0.476 0.681 0.831 0.957 
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Table 4.2.2c: Estimated Power of Hotelling's T2, Yao's (1965) and MNV tests for different sample sizes and mean vectors, in a 

simulation with constant covariance between the samples, with changing variances using data from multivariate skew t 

distribution 

V-C matrices for the 

samples 

Tests 

Power Estimation  

Mean vector difference and 

sample size n1=10, n2=10 

Mean vector difference and 

sample size n1=10, n2=20 

Mean vector difference and 

sample size n1=25, n2=10 

S1 S2 0.5 0.75 1 1.50 0.5 0.75 1 1.50 0.5 0.75 1 1.50 

3(0.2)1.2 2(0.1)1 

T2 0.296 0.537 0.747 0.948 0.368 0.665 0.874 0.991 0.511 0.741 0.881 0.978 

Yao 0.289 0.528 0.740 0.946 0.345 0.643 0.861 0.988 0.507 0.735 0.874 0.974 

MNV 0.262 0.495 0.716 0.939 0.321 0.618 0.848 0.987 0.492 0.718 0.864 0.972 

               

5(0.2)2 3(0.1)1.2 

T2 0.282 0.481 0.672 0.912 0.351 0.592 0.808 0.977 0.509 0.712 0.854 0.965 

Yao 0.273 0.469 0.663 0.909 0.322 0.565 0.787 0.970 0.508 0.710 0.850 0.962 

MNV 0.243 0.433 0.629 0.895 0.294 0.535 0.762 0.965 0.490 0.693 0.841 0.961 

               

7(0.2)3 3(0.1)1.2 

T2 0.347 0.536 0.707 0.921 0.427 0.650 0.829 0.974 0.614 0.792 0.896 0.977 

Yao 0.329 0.517 0.691 0.915 0.385 0.607 0.797 0.965 0.613 0.792 0.894 0.975 

MNV 0.295 0.472 0.655 0.897 0.347 0.573 0.772 0.958 0.597 0.778 0.887 0.974 
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Table 4.2.2 d: Estimated Power of Hotelling's T2, Yao's (1965) and MNV tests for different sample sizes and mean vectors, in a 

simulation with variation in both variance and covariance between the samples using data from multivariate skew t 

distribution. 

V-C matrices for the 

samples 

Tests 

Power Estimation  

Mean vector difference and 

sample size n1=10, n2=10 

Mean vector difference and 

sample size n1=10, n2=20 

Mean vector difference and 

sample size n1=25, n2=10 

S1 S2 0.5 0.75 1 1.50 0.5 0.75 1 1.50 0.5 0.75 1 1.50 

3(0.5)1.2 1(0.4)2 

T2 0.270 0.460 0.655 0.907 0.320 0.553 0.780 0.971 0.519 0.720 0.866 0.972 

Yao 0.256 0.446 0.644 0.903 0.286 0.516 0.755 0.965 0.517 0.716 0.863 0.968 

MNV 0.237 0.423 0.621 0.892 0.278 0.504 0.745 0.965 0.495 0.698 0.848 0.966 

               

2(0.1)2.5 3.5(0.6)3 

T2 0.074 0.146 0.266 0.582 0.073 0.158 0.322 0.728 0.131 0.260 0.417 0.713 

Yao 0.073 0.146 0.265 0.578 0.070 0.152 0.315 0.723 0.128 0.253 0.406 0.694 

MNV 0.062 0.129 0.236 0.549 0.061 0.140 0.294 0.706 0.116 0.233 0.386 0.676 

               

1.5(0.8)1 4.2(0.3)3 

T2 0.074 0.151 0.279 0.601 0.064 0.148 0.321 0.750 0.132 0.255 0.416 0.718 

Yao 0.070 0.149 0.274 0.593 0.061 0.145 0.317 0.746 0.119 0.240 0.392 0.687 

MNV 0.058 0.127 0.239 0.546 0.056 0.135 0.300 0.727 0.103 0.207 0.350 0.643 
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CHAPTER FIVE 

5 CONCLUSION AND RECOMMENDATIONS FOR FUTURE STUDIES 

5.1 Conclusion 

We investigate the robustness of multivariate tests of equality of means namely, Hotelling’s T2, 

Yao’s and MNV tests, under different scenarios. The scenarios are based on the violation for some 

of the assumptions of the tests. In this thesis, we consider the cases when there is violation on the 

equality of variance covariance matrix and the normality assumptions while other assumptions are 

left for future studies.  

In the first scenario we investigate the robustness of multivariate tests of equality of means using 

normally distributed data with unequal variance covariance starting with the benchmark case of 

normally distributed data and equal variance covariance and we conclude that, Hotelling’s T2 

maintained a nominal level of 0.05 when n1=n2 likewise to Yao’s test, while for MNV test, the 

level was not far from the nominal level (0.042).Whereas for n1≠n2, the size for Hotelling’s T2 

exceed the nominal level which is also the same to Yao’s test and the situation become worse for 

larger degrees of inequality in the sample sizes. We also observed the robustness of the tests when 

the sample sizes is switched that is, n1, n2 = 25, 10 and 10, 25, for which we found that, the results 

of the estimated sizes of the three tests have no difference when variance covariance matrix are 

equal. While for unequal variance covariance matrix the estimated size is larger when n1 = 10 and 

n2 = 25 than when n1 = 25, and n2 = 10 in most of the variance covariance matrix setting. In the 

case of unequal variance covariance, we note that Hotelling’s T2 and Yao’s tests perform relatively 

equally having the estimated size of the test larger than 0.05. Additionally we have found that the 

Hotelling’s T2 is critically not robust when the variance covariance matrix for sample one have 

small variance with large covariance and a large variance with small covariance for sample two 

(S1=1.5(0.8)1 and S2=4.2(0.3)3) associated with n1>n2 (25, 10). 

Regarding the power, for the case of unequal variance covariance matrix with normal data, we 

observe that the Hotelling’s T2 has better power properties followed by Yao’s and MNV in most 

of the sample sizes combination and the setting of variance covariance matrix; however in the case 

of controlling the size MNV test has shown to be more robust than the two tests. 
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In the second scenario we investigate the violation of normality assumption with equal and or 

unequal variance covariance matrix using data sampled from a multivariate skew t distribution. 

We found that, in terms of size, when the variance covariance matrix is equal and n1=n2=10 all of 

the three tests are not robust having an estimated size smaller than 0.05. While for unequal sample 

sizes we observe that Hotelling’s T2 and Yao’s tests are not robust, only MNV test observed to be 

robust.  

Finally we investigate the robustness of the test when there is violation on both normality and 

equality of variance covariance matrix. When the sample sizes are not equal we observed all of the 

three tests to have higher estimated size than the nominal level of 0.05 whereas the situation is 

worse for larger samples associated with larger variances. Although the result are not surprising 

since it is in line with other studies done using samples from skewed distributions such as 

lognormal and exponential distributions (please see in the section 4.2.1, second paragraph). 

However we suggest that, more research using different designs is needed in order to determine 

when the tests are performing adequately. 

Regarding the estimation of power we observe the multivariate skew t sampling distribution to 

have more effect on the power properties as compared to when the sampling distribution is normal 

with unequal variance covariance.  

Therefore in summary, we conclude that; in case of controlling type one error rate, Hotelling’s T2 

test is found to be robust on the violation of equality of variance covariance given n1=n2=10 when  

S1= 5(0.2)1,5(0.6)1,5(0.8)1 and  S2=3(0.1)1.2 respectively.  Also when [S1, S2] = [3(0.2)1.2, 

2(0.1)1], [5(0.2)2, 3(0.1)1.2], [7(0.2)3, 3(0.1)1.2] and [3(0.5)1.2, 1(0.4)2] otherwise the test is not 

robust. While MNV test is observed to be robust for unequal sample size in both variance 

covariance setting except for n1, n2 = 25, 10 associated with [S1, S2] = [2(0.1)2.5, 3.5(0.6)3] and 

[1.5(0.8)1, 4.2(0.3)3]. Thus we can suggest MNV test when the sample size between samples is 

unequal and when data come from normal distribution, since it has shown to maintain the nominal 

level of 0.05 except for few settings already described.  

However, we also found that, when the sample sizes are large (50, 100) and the variance covariance 

matrix are equal, all of the three tests are robust regardless of the data distribution. While for the 

case of unequal variance covariance matrix the three tests are robust when data is normal but not, 

for the multivariate skew t data, where both tests observed to have larger estimated size than the 
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nominal level. We suggest additional research for the case of multivariate skew t data in order to 

come up with a procedure which can accommodate this type of data.  

 

5.2 Recommendations 

In any simulation study, the design of the simulations (i.e the choice of parameter settings) leads 

to a limitation in the generalization of the results. This is because there is no design which can 

cover all of the possible situations, for example in this thesis, it could be possible to investigate 

the robustness of the test using more number of variables instead of using only two variables and 

for more than one alpha level such as 0.1 and 0.01. Also in terms of non normal data the study 

could be extended to different types of non normal distributions. Also it could be possible to apply 

real data and compare the result with the simulated data. However, extending the study depends 

on the allocated time for that study. 
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