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Summary

The analytical method of X-Ray Fluorescence has come into quick usage
lately with the recent development of hand-held devices that can be taken
anywhere. The method can be utilized for quantitative and qualitative anal-
ysis of the sample in question. Both methods suffer from potential sources
of errors that can decrease the accuracy and reliability of the acquired data.
This thesis aim to describe the theoretical foundations of some of these is-
sues that can occur in analysis, explaining why the readings from X-Ray
Fluorescence (XRF) can differ greatly from the actual value unless proper
precautions are taken.
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Chapter 1

Principles of XRF

1.1 The atom

In 1913 Niels Bohr presented his model of the atom. Within this model
the atom was described as a miniature solar system with electrons orbiting
the nucleus in perfect circular orbits of specific quantified energy states [2].
Utilizing this idea along with quantized angular momentum, Bohr produced
the following formula for the energy level of an orbit

En = − Z
2

2n2

where En is the energy of the electron orbit with the quantum number n
and Z is the nucleus charge of the atom. This formula utilizes atomic units
where the energy unit is an hartree and roughly equals 27.211eV. It follows
naturally that the energy of any photon emitted within this model, or ab-
sorbed, is a function of the energy difference between orbits. Mathematically
speaking it would be

Eγ = ∆E =
Z2

2
(n−2 −m−2)

when the electron moves from orbit m to orbit n. This model works very
well for hydrogen like atoms, that is atoms or ions with a single electron.
For atoms with more electrons it does not work well and the simplicity of
the assumptions within the model makes it hard to predict and calculate
energy levels within the atom.

Erwin Shrödinger along with several other scientists proposed an en-
hancement from the Bohr atomic model. The amount of quantum numbers
increased from one to a grand total of four. The quantum numbers in their
model is n, s, m and l with l < n, s = ±1

2 and −l ≤ m ≤ l, [2]. The
major improvement in their model is that it changes the electron position
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8 CHAPTER 1. PRINCIPLES OF XRF

from a nice orbital pattern into a probability amplitude where the electron
may appear anywhere in the space around the nucleus in accordance to the
probability of the specific point. The probability amplitude of an electron
with the given quantum numbers is written as Ψ(r, θ, φ), with the spherical
coordinates being used relative to the nucleus, though commonly it is only
written as Ψ and is called a wave function [4].

The wave function Ψ for an electron is given by this formula

Ψ(r, θ, φ) = kR(r) · Y m
l (θ, φ)

where we have

k =
2l+1

n2

√
(n− l − 1)!

(n+ l)!

R(r) = er/n
( r
n

)l
L2l+1
n−l−1

( r
n

)
Y m
l (θ, φ) = eimφPml (cos θ)

Where P is the Legendre polynomial and L is Laguerre polynomial. The
energy of these electrons can then be calculated from the wave function
utilizing the hamiltonian, Ĥ.

EΨ = ĤΨ

For a hydrogen like atom the hamiltonian is rather simple

Ĥ = −~2∇2 − 1

4πε0

Z

r

In the above formula the initial term accounts for the kinetic energy of
the electron while the second accounts for the potential energy. This is
an approximation as it does not account the nucleus kinetic and potential
energies. If we were to include all the terms our formula would becomes

Ĥ = −
∑
a

~2

Ma
∇2
a−
∑
i

~2

me
∇2
i−

1

4πε0

∑
A,i

ZAe

rA,i
+

1

4πε0

∑
A,B

ZAZB
rA,B

+
1

4πε0

∑
i,j

e2

ri,j

In this formula the two first terms account for the nucleus and electron ki-
netic energy, the third term is the potential energy of the electrons due to
the nucleus, the fourth term is the potential energy of the protons within the
nucleus and the final term is the potential energy of the electrons relative
to each other. Utilizing this formula is very computationally heavy method
to acquire the energy of the atom. As the number of electrons increases
the calculations gets overwhelmingly complicated. This is why energy lev-
els within an atom often determined experimentally, although approximate
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methods do exist.

The various energy levels are commonly designated in the form of 1s,
where the initial number indicates what n shell it is. The shells within the
atom correspond in a rough manner to Bohr’s idea of orbits. The letter gives
us the l quantum number which in multi-electron atoms or ions contribute
to the energy of the electron. The last number is a spatial number only and
hence does not contribute to the actual energy of that state. For the l value
the order goes s, p, d, f and so on alphabetically. Though within XRF there
is a different nomenclature, the n energy level where it goes alphabetically
starting at K, the sub energy levels are on the other hand marked quite
differently. Instead of focusing on the l value it focuses on a different value
labelled j. This value j is defined as the vector sum of s and l, j = s + l.
This value came about as after research it was found that the energy levels
within the atom was depended upon it rather than those alone, with the
restriction of that j cannot be negative, j > 0. Within this nomenclature
K is the same energy state as 1s, this is where the similarities end. The
subscript number increases first along the l quantum number and then along
with the j number [2].

Energies for Sn [2]
Energy level n l j Energy (keV)

K 1 0 1/2 29.200

L1 2 0 1/2 4.465

L2 2 1 1/2 4.156

L3 2 1 3/2 3.929

M1 3 0 1/2 0.884

M2 3 1 1/2 0.756

M3 3 1 3/2 0.714

M4 3 2 3/2 0.493

M5 3 2 5/2 0.485

The values within the table indicate the energy necessary to excite an elec-
tron from that position within the atom to a free state, any additional energy
that the electron absorbs becomes it’s kinetic energy. This is why it is called
binding energy of the electrons.

1.2 Photons

A photon itself contains energy according to E = hf , with h being the
Planck constant and f being the frequency of the light. Sometimes it is
easier to speak about the wavelength in free space, λ, of a photon rather
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than it’s frequency. To see the relation between energy and wavelength we
need to keep in mind the relation

fλ = c

Putting these together we get

E =
hc

λ

or

λ =
hc

E

where it can be seen that energy and wavelength are inversely related. For
simplicity, we will utilize the energy units of kiloelectronvolts and Ångström
(1 Å = 10−10m=0.1nm) at which the formula becomes γ = 12.3981/E.
One of the easier methods to excite electrons within the atom is to utilize
photons themselves, which is why it is convenient to talk about the excitation
wavelength for electrons.

Excitation wavelength for Sn
Energy level Wavelength (Å)

K 0.425

L1 2.777

L2 2.983

L3 3.155

M1 14.025

M2 16.399

M3 17.364

M4 25.148

M5 25.563

Once the atom has been excited, so that one of its electrons has either
reached a higher energy level or even left the atom, the electrons from higher
energy levels can make a transition. This transition occur from the higher
energy levels within the atom to the lower levels. The restrictions of this
transitions are that the change in quantum numbers must follow this rule
[2].

∆l = +1

A L2 → K transition would be allowed, while a L1 → K transition is
prohibited as that would involve ∆l = 0. We will denote these energy
transitions as EL2K , where EL2K = EL2 − EK , and the corresponding
wavelength as λL2K with λL2K = λL2λK

λL2−λK .



1.2. PHOTONS 11

Transition wavelengths for Sn
Energy level Wavelength (Å)

λKL2 0.496

λKL3 0.491

λL1M2 3.343

λL1M3 3.306

These are merely a few examples of the possible electron transitions and
it’s corresponding photon wavelength. The number of protons within an
atom has an effect on the energy levels and the number of electrons within
it. These factors combined gives each specimen of atoms a unique set of
energy levels that electrons can occupy. From the previous section it could
be seen that the nucleus itself influences the energy levels, which implies
that the varying isotopes of an element would have different energy levels.
The different isotopes do have distinct energy patterns, for simplicity will
we assume that the atom or ion has a single electron. In this it is important
to considered the reduced mass of an electron, that is µ ≈ me(1 − me

m ). In
this model the energy level En is proportional to the reduced mass.

En ∝ µ

As such the change in energy is approximately related to the change in the
reduced mass according to the following formula.

∆E

E
≈ ∆µ

me

For ∆µ do we have that

∆µ ≈ me(1−
me

m+ ∆m
)−me(1−

me

m
)

= me(
me

m
− me

m+ ∆m
)

≈ m2
e

∆m

m2

with m being the mass of the original nucleus and ∆m is the change in mass
by adding neutrons to the nucleus. From that we get that

∆E

E
≈ ∆µ

me
≈ m2

e∆m

mem2
=

∆m

m
· me

m

From this is it can be seen that as m increases, the relative change to the
energy level, by adding neutrons, decreases rapidly. This is also why chemi-
cal energies marginally differ and the element that has any noticeable effect
due to isotope mass difference is hydrogen, in for example D2O.
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1.3 Excitation source

The general principle for XRF is to utilize the distinct transition wavelengths
for the varying elements. The evident requirement is that the electrons needs
to be excited in order for it to work. Previously it was mentioned that each
electron has an excitation energy and a corresponding photon with the same
energy content, or greater, that could excite the electron out of its shell. Ir-
radiation of the specimen is therefore a viable method to get the atoms into
an excitation state where the process of other electrons going to the lower
energy levels can take place.

There are several methods to acquire these high-energy photons, which
would be within the X-ray spectrum. One is utilizing radioactive sources
which naturally emits photons of high energy, this method and others are
more commonly found within handheld XRF devices. The method most
commonly found within commercial XRF is a polychromatic primary beam.
Heating a wolfram filament to incandescence while applying a static high
voltage between it and a target anode will allow for the acceleration of elec-
trons from the wolfram filament [2].

This process of accelerating the electrons gives them a kinetic energy
equal to

Ek = qV

with the unit of energy being keV and voltage in kV, we get the nice rela-
tionship of

Ek = V

As the electron decelerates its energy has to be dissipated somewhere else,
part of it will be into thermal energy at the target electrode but some will
also become photons with corresponding energy. If one was to assume that
the electron instantaneously decelerated and all of its kinetic energy was
transferred into a single photon, that photon would be of the wavelength

λ0 =
12.3981

V

The odds of this occurring is rather small and a photon to have any spe-
cific energy is a matter of statistics which results in the spectrum being
continuous. For an ideal electrode where the photons do not interact with
the target, other than the given deceleration, the distribution would follow
Kramers’ law given by

f(λ) = k
I

λ2

(
λ

λ0
− 1

)
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where k is a proportionality constant, which depends upon the electrode
material, I is the current and λ0 is the wavelength that would be acquired
if all of the electron’s energy was converted into a single photon. This is
however not how a spectrum will look like, the picture below demonstrates
the slight issue, though even that one is an idealized picture [2].

The two spikes visible in this illustration would be wavelengths repre-
senting transition wavelengths. As X-ray photons are being generated at
shorter wavelengths some will excite the electrons of the atoms within the
electrode and the atoms will then generate photons of appropriate wave-
lengths. This tells us that the spectrum is indeed continuous and its shape
depends upon voltage, current and the choice of electrode material which
will give it a distinct shape where its corresponding wavelengths occur. The
benefit of this method is that it can be controlled. The voltage, current and
material of the anode are all possible to change according to need. Com-
pare this to radioactive material, which are not only dangerous by the very
nature of radioactive sources, the energy output in intensity, frequency and
such is considerably more difficult to control.

1.4 Attenuation

The attenuation of X-rays were discovered shortly after the discovery of the
X-rays themselves. Consider a homogeneous material, and a monochromatic
X-ray beam of intensity I0 that enters into the material. By definition of
attenuation we will have the outgoing intensity I less than the incoming
intensity Io. Let us consider an infinitesimally small slice of our material,
with the length dx, the loss of intensity is given by

dI = −µlIdx
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If it has a negative value the intensity is decreasing. The decrease is de-
pendent upon the original intensity itself due to this phenomenon being
statistical. Greater intensity means a greater number of photons is going
through the material each second and each photon has an equal probability
of being absorbed. Through integration we get the formula for the intensity
after a given path length in the material

I(x) = I0e
−xµl

In this formula µl is the linear absorption coefficient for the given material
and wavelength and has the unit cm−1. In XRF though it is more convenient
to deal with absorption per gram rather than per centimetre, we define
therefore

µ =
µl
ρ

with ρ being the density of the material in g cm−3. If we substitute in our
initial formula we get that

I(x) = I0e
−µρx

Where we get that ρx is the mass per cm2 in a material layer of thickness x.
The coefficient µ is referred to as the mass attenuation coefficient. The rea-
son it is more convenient to use the mass attenuation coefficient rather than
the linear absorption coefficient is that there is a direct relation between the
compound mass attenuation and its constituent elements mass attenuation
coefficient. That is for a given material, it’s µ value is

µ =
∑

Ciµi

where Ci is the ratio the element that makes up the compound, for example
if it is 20% of the compound our Ci = 0.2, and µi is the mass attenuation
coefficient of the element in question. The attenuation phenomena results
from two different phenomenas, scattering and absorption of the photon.
Hence we have µ = σ+ τ where τ is the photoelectric absorption coefficient
and σ is the mass scattering coefficient, [1].

1.5 Absorption

In the case of τ , that is when the photon is absorbed by the atom, one of
several things could possibly happen. The photon may excite any of the
electrons which has a binding energy that is less than the energy of the
photon. This would generate a free electron. This is the principle upon
which XRF is based though in this case one preferably targets the K-shell
electrons to become excited. If the photon’s energy matches a specific energy
transition within the atom the electron would be excited but no free electron
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is formed. The electrons within the atom may then fall into this newly
opened lower energy state and emit photons with unique energy levels that
are specific to the element in question. The absorption of photons constitute
the majority of the attenuation of the X-rays within the matter.

1.6 Scattering

The scattering, our σ in the equation for µ, is in on itself composed of two
terms. The first one is what is referred to as coherent scattering. Coherent
scattering is a process similar to elastic collisions from classical mechanics.
The incoming photon interact with the electrons of the atom but does not
lose any energy in the process. The photon is then scattered into a new
direction with the same wavelength as it started with.

With coherent scattering the evident opposite would be incoherent scat-
tering. Utilizing the analogy for coherent scattering this form of scattering
is analogous to an inelastic collision. The incoming photon will be scat-
tered but with a loss of energy, which corresponds to an elongation of the
wavelength. This increase is equal to

∆λ =
h

mec
(1− cos θ)

Here h is Planck constant, me is the rest mass of the electron and c is the
speed of light. θ is the angle at which it is scattered relative to the incoming
trajectory. At θ = 0 the photon resumes it’s previous flight path and with
cos θ = 1 we would as expected get that no energy loss occurs, just as if the
photon had not interacted at all.

1.7 Absorption edges

The value of the mass attenuation coefficient depends not only on the el-
ement’s, Z value, but also on the wavelength of the X-ray photon, i.e it’s
energy.

µ (cm2 g−1) for Ni and Fe, [2]
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λ (Å) µFe λ (Å) µNi
0.746 43.1 0.746 53.6

0.876 66.8 0.876 82.6

1.177 149.7 1.106 154.5

1.295 193.5 1.295 237.0

1.542 309.9 1.436 320.0

1.659 388.0 1.500 44.0

1.757 53.0 1.937 89.0

2.085 86.5 2.291 144.0

2.748 189.0 2.504 165.9

3.359 334.2 2.748 243.4

3.742 438.0 3.359 419.8

From Dalton and Goldak (1969)

Above is a table of measured mass absorption coefficients for various wave-
length. A trend can be seen in the data where shorter wavelength results
in a lower absorption coefficient. This trend is reasonable as the higher the
energy of the photon is the less likely it becomes to interact with electrons
due to fewer energy states within it corresponding to the energy of the pho-
ton along with other factors. But it is also seen that there is a sudden rise
in the absorption coefficient at certain wavelengths. This phenomena is re-
ferred to sd an absorption edge. If we keep in mind that all of the electrons
within the atom adds to the absorption coefficient, as each electron within
the atom has a probability of absorbing an incoming photon, this phenom-
ena coincides with electron energies. Whenever the photon energy equals
the ionization energy of a deeper energy level for an electron the absorption
coefficient spikes. This is due to that there is then one more electron that
can possibly absorb the photon. Previously the photon did not have enough
energy to be able to interact with that electron, as it must either have the
specific energy level for one of it’s transitions within the atom, or higher
to eject it from the atom. When the photon’s energy surpasses this critical
limit the photon can interact with the electron and hence adds to the total
absorption of the element, [1].

If we have for a given element the µK being the absorption coefficient
given by the K shell, µLI being for the L1 shell and so on, we then define
the constant SK as:

SK =
µK + µLI + µLII + . . .

µLI + µLII + µLIII + . . .

This constant is a measure of the energy fraction absorbed by that energy
level exclusively, we define SLI analogously but excludes the K level energy,
so it only includes the next higher energy levels, not the previous ones.
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Absorption edges is our way to measure the relative energy between
the instances when absorption increases due to another electron starting
to absorbing the photons. The precise value of this constant will become
evident later.
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Chapter 2

Qualitative

At first glance X-ray fluorescence appears to be a method ideal for qualitative
analysis. The quantized energy levels of the electrons that are unique to the
individual element and isotope of each element which would allow a perfect
analytical system for element identification.

2.1 Energy dispersion

As the photon enters into the sample the photon will be absorbed through
the aforementioned processes. As a photon is emitted after exciting an atom
this characteristic photon will undergo similar processes during its transit
which decreases the intensity of that particular wavelength and also changes
the wavelength. Due to the attenuation phenomena some of the emitted
photons will have an increased wavelength, forming a ”tail” after the char-
acteristic peak for a given element. If the concentration of one element
is considerably greater than another, the characteristic peaks of the lesser
element can very well be hidden within the ”tail radiation” of the more dom-
inant one, in essence hiding the lesser occurring element as their intensity is
insufficient to rise above the formed tail.

A way to counteract this issue is to select characteristic peaks for the
element one wishes to analyse, that does not overlap peaks of other elements.
But as we’ve previously discussed, the issue then may become that the peak
is severely weakened as not all of the wavelengths are of equal intensity.
Sometimes the weakening is substantial that it can still be difficult to register
the signal.

19
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Chapter 3

Quantitative

3.1 Mono-elemental compound Intensity formula

For quantitative analysis to be possible to be performed the relation between
the quantity of an element and the intensity of the characteristic radiation
from the element in question must be evaluated. To find this formula we
need to consider three separate events that will affect the relationship and
we will currently restrict the discussion to a pure sample. The first one is
the decrease in intensity of the primary radiation when it reaches a layer dx
at the depth of x, the second part is the actual excitation of the electrons at
our layer dx, and lastly it is the decrease in intensity of the fluorescent radi-
ation, the unique radiation emitted by the sample once excited, as it travels
out of the sample. The X-ray spectrum used to induce the fluorescence is
polychromatic, for now we will only consider the radiation that lies between
λ, and λ + dλ and the intensity that goes into the sample is N0(λ) for a
given wavelength. We will also assume that the average angle of incidence
for the radiation is ϕ and the exiting angle to be α.

21
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Consider the wavelength interval we had chosen, dλ, when the X-rays pen-
etrate the sample it will according to the attenuation phenomena decrease
exponentially, that is the number of photons decreases according to it. The
intensity N(λ, x)dλ at the depth x is then

N(λ, x) = N0(x)e
−µl(λ)x

sinϕ

The number of photons that is absorbed in the layer dx, that is dN(λ, x), is
acquired by taking the derivative of the previous expression over x, which
gives us

dN(λ, x)

dx
= N(λ, x)

µl(λ)

sinϕ

The absorption constant µ for an atom is equal to the sum of the absorption
for all of its electrons, that is

µ = µK + uLI + µLII + ....

For the moment we will only focus on the K-spectrum, that is the photons
that electrons in the K shell can absorb. This fraction of photons is equal
to

µK
µ
dN(λ, x)

which can be expressed using the absorption jump ratio constant as

µK
µ
dN(λ, x) =

Sk − 1

Sk
dN(λ, x)

All of these photons are absorbed by the atoms within the sample and either
results in the emission of an Auger electron or the emission of a fluorescence
photon. The amount of fluorescent photons is proportional to absorbed
photons by a constant W , which depends on the energy level and hence is
written Wk. So the number of Kα photons, photons from the K energy level
at of wavelength α, dNKα is then

dNKα =
Sk − 1

Sk
WkpαdN(λ, x) =

=
Sk − 1

Sk
Wkpα

µl(λ)

sinϕ
N0(λ)e

−xµl(λ)
sinϕ dx

Where pα is a constant describing what ratio of all those photons get the
wavelength of α. Within this formula we have several constants which de-
pend only on Z and hence are constant for the given element. We’ll simplify
the equation by writing

T =
Sk − 1

Sk
Wkpα
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Once excited the photon emitted by the atom will be of the wavelength α,
these X-rays will for the same reason as the radiation that penetrated also
decrease in intensity by

e
−xµl(α)

sinψ

With these equations can we work out the fluorescence intensity formula for
the material. As this is occurring at all levels within the sample we will have
to integrate over all of x, and the only radiation that is capable to excite
the atoms K-shell electrons are the photons whose wavelength is less than
λK , so we will integrate it from λ0 to λK at which we get

NKα =
q

sinϕ
T

∫ λK

λ0

µl(λ)N0(λ) ·
∫ h

0
exp

(
− x

(
µl(λ)

sinϕ
+
µl(α)

sinψ

))
dλdx

Where ϕ is the angle of the incoming rays while ψ is the outgoing angle and
q is another constant. This formula has two simple solutions, the first one
is when the thickness h is very large which we can approximate by having
h = ∞, as when the thickness is much greater than the actual penetration
depth of the rays.

NKα ≈
q

sinϕ
T

∫ λK

λ0

µl(λ)N0(λ)
µl(λ)
sinϕ + µl(α)

sinψ

dλ

The other is for thin layers where we integrate for all of h at which we get
the following formula

NKα =
q

sinϕ
T

∫ λK

λ0

µl(λ)N0(λ)
µl(λ)
sinϕ + µl(α)

sinψ

·

(
1− exp

(
− h

(
µl(λ)

sinϕ
+
µl(α)

sinψ

)))
dλ

This can be more easily approximated into a simpler formula by expanding
the exponential function to the desired degree. For thin layers of a thickness
up to 1000 Å [1] it is sufficient to only go to the second term, greater
thickness’s would require additional terms. At this we get the formula

NKα ≈
q

sinϕ
Th

∫ λK

λ0

µl(λ)N0(λ)dλ

Here it can be seen that the intensity acquired from the sample is, for small
thickness’s approximately proportional to the thickness of the sample. This
can be done for other spectra such as the LI, LII and the others, the cal-
culations remain the same with the exception of uLII

u instead, in the case
of LII spectrum. In both of these formulas we have the linear absorption
constant, as we discussed previously it is preferable to utilize the mass ab-
sorption constant, our h =∞ equation is simply transformed into

NKα ≈
q

sinϕ
T

∫ λK

λ0

µ(λ)N0(λ)dλ
µ(λ)
sinϕ + µ(α)

sinψ
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And for the thin layer one we get

NKα ≈
q

sinϕ
Thρ

∫ λK

λ0

µ(λ)N0(λ)dλ

For very thick samples where the sample thickness is much greater than the
penetration depth the observed intensity of the characteristic radiation of
wavelength α is primarily determined by the angles from which the radiation
is emitted and observed along with the attenuation of the sample itself.
On the other hand if the sample is considerably smaller compared to the
penetration depth of the photons then the intensity is primarily determined
by the height of the sample, the sample’s density and the attenuation of the
sample.

3.2 Bi-elemental intensity compound formula

Compounds for analysis rarely come in pure samples, there will be nothing
to analyse but what element the sample is composed of. For a proper quan-
titative analysis we need to investigate compounds consisting of more than
one single element. For ease of mathematics and theory we’ll focus on bi-
elemental compounds but the formulas derived here can easily be extended
to include any finite number of elements. For our sample we will have that

CA + CB = 1

that is our concentrations add up to one for the entire sample. From be-
fore we have that the mass absorption coefficient for a wavelength, µ(λ), is
linearly depended upon the constituent elements of the sample, that is we
have that

µ(λ) = µA(λ) + µB(λ)

for our bi-elemental sample. As before we consider a cross-section at depth
x and with a height of dx. Our initial intensity of N0(λ) then decreases in
a manner similar to the pure element with a slight change

N(λ, x) = N0(λ)e
−µ(λ)xρ

sinϕ

The ρ is the density of the sample in question. In the mono-element case
whether one utilized linear or mass absorption coefficient did not matter but
in this case it is simpler to use mass absorption. For the same reason the
amount of absorbed photons becomes

dN(λ, x)

dx
= N(λ, x)µ(λ)

ρ

sinϕ

What we are after is the fluorescent intensity of element A. This means that
quantity of the photons that is being absorbed by atoms of element A is a
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fraction of all photons being absorbed. Mass absorption is a linear function
of the elements in the sample so the fraction becomes

CaµA(λ)

µ(λ)

Like before we will focus on the K-spectrum and remember our constant T
which was the combination of several constants, including the absorption by
the K-shell electrons alone and how large of a fraction that results in fluo-
rescent. We will denote this constant TA as the subconstants are dependent
upon which element we focus on and it is A in our case. This gives us that

dNA(λ, x) = dN(λ, x)
CAµA(λ)

µ(λ)
TA = N(λ, x)CAµA(λ)

ρ

sinϕ
dx

Before exiting the sample the wavelength in question, α, from fluorescent
will be absorbed according to

e−µ(α)xρ/ sinψ

These relationships need to be integrated over all depths and for all wave-
lengths up to the wavelength that can excite the atom, from λ0 to λA, the
intensity expression becomes

NA =
q

sinϕ
TACA

∫ λA

λ0

µA(λ)ρN0(λ) ·
∫ h

0
exp(−xρ(

µ(λ)

sinϕ
+
µ(α)

sinψ
))dxdλ

This may at first glance suggest a linear relationship between the concen-
tration CA and the received intensity NA due to CA being a constant. If we
analyse it carefully we’ll see that is is not necessarily the case. We have our
initial constants of

q

sinϕ
TA

and they are not dependent upon the concentration but depends on the
setup of equipment and the element itself. Afterwards we have the factors

µA(λ)ρN0(λ)

that give us the amount of photons that can possibly be absorbed by the
atoms of element A given the initial intensity N0 input into the sample.
These factors do not depend on the concentration. Within our final factor∫ h

0
exp(−xρ(

µ(λ)

sinϕ
+
µ(α)

sinψ
))dx

we have a few interesting functions that is of interest. If we remember that

µ(λ) = CAµA(λ) + CBµB(λ)
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then we see that both µ(λ) and µ(α) depend upon the concentration of our
element A. Given it is an integration of an exponential function where these
exist within it gives us that the relationship between the intensity, NA ,and
concentration of A, CA, is not inherently linear. For simplicity of illustration
we’ll have that µ is constant over the wavelength except for our α where it
is 0, in our first example here we have that µA � µB

This illustration is of relative intensity when it reaches it’s maximum value.
It can be seen that it starts out in a linear fashion but the increase in in-
tensity decreases as the concentration increases. The second case is when
µA � µB which is illustrated by this graph

In this case we can see that similar to the previous case it starts out in
a linear fashion but as the concentration increases so does the increase in
intensity, causing the intensity to accelerate.

The last possible case is when the two mass absorption coefficients are
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roughly equal, that is µA ≈ µB at which we get that

µ = CAµA + CBµB ≈ µA

and

exp(−xρ(
µ(λ)

sinϕ
+
µ(α)

sinψ
)) ≈ exp(−xρ(

µB(λ)

sinϕ
+
µB(α)

sinψ
))

and it becomes independent of the concentration of element A within the
sample, at which it is a constant and the function becomes linear relative
to the concentration. This phenomena occurs for trace elements within a
sample also. For a trace element A we would have that CA ≈ 0 and CB ≈ 1.
Then the mass absorption coefficient for the sample would be roughly equal
to the mass absorption of element B, µ(λ) ≈ µB(λ). This means that we
end up with

NA ∝ CA
and for trace analysis a linear model can be used to determine the actual
concentration within the sample.



28 CHAPTER 3. QUANTITATIVE

3.3 Grain

The intensity formula we have so far established assumes a perfect homo-
geneously distributed sample according to their statistical ratio within the
part of the sample that is being fluorescent. Along with this is the assump-
tion that the sample has a perfectly smooth or flat surface. These conditions
are typically only met by a liquid mixture, for solid sample this is not the
case. A solid sample has a surface that is not smooth and grained samples
a size to the grains. These factors will have an impact on the received fluo-
rescent intensity. The first of the effects we’ll look into is the grain size. It
is important to make the distinction between homogeneous powder, where
each grain is of identical chemical composition, and heterogeneous powder
where the grains are not of identical chemical composition [1].

3.3.1 Heterogeneous powder

A powder is heterogeneous when for example a grain of ironoxide may lay
next to one of titaniumoxide or any other chemically different grain. Hetero-
geneous powders are further subdivided into two categories, large or small
grain. Large grained powder is where the individual grains are large enough
that the X-ray does not penetrate through the initial layer of grains under
such conditions. The only layer that produces fluorescence is the first one.
Hence we have that for the element A that

NA ∝ CA

On contrary a fine-grained powder the X-ray photons penetrate deeper
into the sample. If we let the X-ray penetrate ever more layers of powder
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it can be understood that the powder is approaching the property of a
homogeneous sample. For the sake of simplicity we’ll assume that each grain
forms a perfect cube of length s on either side and that the angle between
incoming and outgoing x-ray is 90◦, this is roughly equal to a typical set up
and that the grains are spread out even and the equipment arranged such
that the incoming and outgoing distance are equal. Further, we assume that
these cubes are tightly packed and fill all of the available space. Utilizing
the formulas from before for a heterogeneous sample we get that for a given
cube its intensity is then

WA = qTA
s

µlA(α)
(1− e−sµlA(α))

∫ λA

λ0

N0(λ)(1− e−sµlA(λ))dλ

µlA is the linear absorption coefficient for the chemical compound A. The
other factors are as they were in previous expressions. At the first level we
have M cubes in total with the ratio of them belonging to grain type A and
grain type B being CA and CB with CA +CB = 1, so the total intensity for
the first layer N1

A becomes then

N1
A = CAMWA

This is only the first layer, as the grains are fine enough for the X-rays to
penetrate deeper into the sample resulting in other layers fluorescence too.
As we assume that incoming X-rays go perpendicular to the plane of the
surface there is no need to concern with additional distance due to angles.
The average absorption for an X-ray passing through the first layer will be

CAe
−sµlA(λ) + CBe

−sµlB(λ)

In a similar manner the absorption for the radiation α on the way out of
the sample will be

CAe
−sµlA(α) + CBe

−sµlB(α)

The actual fluorescence produced in the second layer will be directly pro-
portional what is produced in the first layer, that is

N2
A ∝ N1

A

The reason being that the constants CA and M do not change between the
layers, all that has changed is the intensity of the radiation the layer receives
and the one that exits the surface. For the absorbed intensity it is

W2A = WA(CAe
−sµlA(λ) + CBe

−sµlB(λ))

And we then get the corresponding fluorescence intensity

CAMW2A = CAMWA(CBe
−sµlA(λ)+CBe

−sµlB(λ))(CBe
−sµlA(α)+CBe

−sµlB(α))
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On the third layer the X-ray and fluorescence will have to pass through the
two previous ones and for every n layer there are n−1 that will absorb both
the incoming X-rays as well as the fluorescence. So we get a situation where
the incoming X-rays has been reduced in intensity by

(CBe
−sµlA(λ) + CBe

−sµlB(λ))n−1

and for fluorescence it decreases equally by

(CBe
−sµlA(α) + CBe

−sµlB(α))n−1

For ease of writing we’ll have that

Γ(α) = CAe
−sµlA(α) + CBe

−sµlB(α)

As this occurs for all layers we have to sum them up

NA = CAMWA

∞∑
i=0

(Γ(λ) · Γ(α))i

This is a geometric series which means we can simplify the equation to

NA =
CAMWA

1− Γ(λ)Γ(α)

For very large grains we can approximate by having s =∞, this means that
Γ(λ) = 0 and our formula simplifies to

NA = CAMWA

For very fine grains we will approximate this by expanding exponential func-
tions to two terms, that is

Γ(λ) ≈ CA + CB − sCAµA(λ)− sCBµB(λ) = 1− sCAµA(λ)− sCBµB(λ)

as CA + CB = 1 by how concentration works. Then our term Γ(λ)Γ(α)
becomes

1− sCAµA(λ)− sCBµB(λ)− sCAµA(α)− sCBµB(α)

+s2(CAµA(λ) + CBµB(λ))(CAµA(α) + CBµB(α))

Let’s remember that we have both that

NA =
CAMWA

1− Γ(λ)Γ(α)

and

WA ≈ qTA
s

µlA(α)

∫ λA

λ0

N0(λ)s2µlA(α)µlA(λ)dλ
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for small s where we’ve expanded the exponential functions to two terms
again. This gives us

NA = CAMqTAs
2

∫ λA

λ0

N0(λ)µlA(λ)

CA(µlA(λ) + µlA(α)) + CB(µlB(λ) + µlB(α))− s · . . .
dλ

Here we have shorten the numerator and denominator with s, but this is for
the absolute quantity of fluorescence radiation received. Previously we have
been working on a standardized area that the intensity passes through. So
we will standardize this too to a specific area by dividing both sides by Ms2

NA

Ms2
= CAqTA

∫ λA

λ0

N0(λ)µlA(λ)

CA(µlA(λ) + µlA(α)) + CB(µlB(λ) + µlB(α))− s · . . .
dλ

If we let s go to 0, that is s → 0 then NA will decrease but so will the
area in a manner proportional to each other, so NA

s2
remains constant. What

happens is that the last term in the denominator, as s gets smaller so does
the term and it approaches 0. Hence, the result is the familiar formula for a
homogeneous sample. This finding is in accordance to what we would expect
intuitively because as the grain size decreases it approaches the point-like
structure of atoms being mixed in a homogeneous sample.

NA

Ms2
= CAqTA

∫ λA

λ0

N0(λ)µlA(λ)

CA(µlA(λ) + µlA(α)) + CB(µlB(λ) + µlB(α))
dλ

Therefore larger grain sizes will more accurately reflex their relative pro-
portions in a linear fashion. If the grain size on the other hand decreases
the powder will behave more in accordance with the homogeneous solution
system, for example water, than being a powder with grains in it [1].
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3.4 Surface Structure

A solid object always has a certain structure on the surface. The irregular
surface will cause variations in the penetration distance, both into the sam-
ple and out of it so these effects are important to take into consideration.
In order to approach the real sample we will consider the sample contains
elongated rectangular prisms with the short sides being s while the long side
being r. Since the entering and exiting X-rays forms a line, we’ll look into
what happens when grooves lie along with the line of the X-ray and when
it goes perpendicular to the photons. The first case that will be discussed
is when the groves are perpendicular.

For the sake of simple mathematics we’ll assume that the x-ray enters along
one of the s length sides and exits at the other s length side. These conditions
give the photon a perfect right angle between entering and exiting. From
previous calculations where the sample was assumed to be cubes we found
that

WA = qTA
s

µlA(α)

∫ λA

λ0

N0(λ)(1− e−sµlA(α))(1− e−sµlA(λ))dλ

Here the determining factor of the intensity is the length of the prism, that
is our r, so we get that the intensity emitted from the first layer of prisms
will be

PA = qTA
r

µlA(α)

∫ λA

λ0

N0(λ)(1− e−sµlA(α))(1− e−sµlA(λ))dλ

On the other hand for any prism at a deeper layer there will be absorption
of both the entering X-ray and the exiting photons. We discussed before
that the incoming X-ray would decrease in intensity by a factor of

e−sµ
l
A(λ)

and for the exiting x-ray it decreases by

e−sµ
l
A(α)

this gives a total decrease in intensity by

e−sµ
l
A(λ)−sµ

l
A(α)
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This process will continue for each additional layer the x-ray penetrates
and would continue ad infinitum if the samples was large enough. We have
similar to our powder mixture that

NA = PA

∞∑
i=0

ei(−sµ
l
A(λ)−sµ

l
A(α))

This is a geometric sum which we can simplify and by expanding our PA we
get

NA = qTA
r

µlA(α)

∫ λA

λ0

N0(λ)
(1− e−sµl(α))(1− e−sµl(λ))

1− e−sµl(λ)−sµl(α)
dλ

In this formula a few things can be noticed analytically. We’ll focus primarily
on the factor

(1− e−sµl(α))(1− e−sµl(λ))
1− e−sµl(λ)−sµl(α)

as it is the one that depend upon the actual size of the grooves. In a manner
similar to before we’ll expand the exponential functions to the first terms in
order to analyse

(1− e−sµl(α))(1− e−sµl(λ))
1− e−sµl(λ)−sµl(α)

≈ (1− (1− sµl(α)))(1− (1− sµl(λ)))

1− (1− sµl(λ)− sµl(α))
=

=
s2µl(λ)µl(α)

sµl(λ) + sµl(α)
=

sµl(λ)µl(α)

µl(λ) + µl(α)

We will divide our original formula for NA by rs as rs describes the area of
one of the prisms sides and we would want it to be a normalized intensity,
then we get

NA

rs
= qTA

∫ λA

λ0

N0(λ)
µl(λ)

µl(λ) + µl(α)
dλ

As the groves get smaller and the surface becomes smoother, i,e approch
our ideal conditions, it will become our original formula for mono-elemental
and bi-elemental compounds.

If on the other hand s becomes larger our formula for the normalized
florescence

NA

rs
=

qTA

µlA(α)

∫ λA

λ0

N0(λ)
(1− e−sµl(α))(1− e−sµl(λ))

1− e−sµl(λ)−sµl(α)
· 1

s
dλ

will behave differently, and all the exponentials will tend toward 0 leaving
us with

NA

rs
≈ qTA

µlA(α)

∫ λA

λ0

N0(λ)

s
dλ
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where the intensity decreases as the grooves become larger in size. Under
such conditions it can be seen that the absorption coefficient of the material
will have a significant impact on the normalized intensity. The greater the
coefficients, more quickly the exponents go to values close to zero. The
denominator

1− e−sµl(λ)−sµl(α)

is the most affected factor since it is the sum of both the incoming radia-
tion’s absorption but also the outgoing radiation’s absorption. This means
that the factor that increases the intensity approaches the value 1 faster.
Combination with the two initial absorption factors this causes the absorp-
tion coefficient to be a determining factor on how large impact the grooves
of the material have. The greater the absorption coefficient is the greater is
the sensitivity for grooves in the material.

If the grooves on the other hand are parallel with the radiation, then the
radiation enters will be of the same structure as a homogeneous sample, in
this case the actual impact by the grooves are minimized.
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Sample preperation

With these analysis of the theory behind XRF we can now figure out how
to prepare a sample in order to maximize the quality of the result.

4.1 General

Generally the analysis will require a good choice of wavelength for the mea-
surement. The most important aspect in all analyses is that a sufficiently
high intensity is acquired in order to differentiate between the measured in-
tensity and background interference. The choice itself must also be made in
order to accommodate technical limitations of the actual instrument. While
each energy level within every element is unique and every element unique
as well the energy differences might be too minute for equipment to separate
them [3].

We saw that surface structure will have an impact on the measured in-
tensity. The smoother the surface the less it interference so attempts to
polish or grind the surface may appear appealing. Initially the polishing or
grinding may help but after a point the additional work doesn’t enhance
the quality of the measurement. Levelling it with some other substance to
produce a smooth surface would not solve the issue as the original surface
structure remains underneath and all that has accomplished is adding ad-
ditional distance where attenuation will occur and lowering the intensity
further.

4.2 Qualitative analysis

For qualitative analyses the primary object of concern is to acquire a suffi-
ciently strong signal to distinguish it from any form of background radiation,
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in addition the signal should not be contaminated by signals from other el-
ements that are not of relevance for the analysis. The choice for trace
elemental analysis is not necessarily decided by the equipment’s limitations
but rather the tailing effect discussed before. The signal from trace amounts
will easily drown in the intensity from a much more common element within
the sample. A choice must therefore be made to find a wavelength that is
sufficiently strong yet not interfering with the more common elements.

4.3 Quantitative analysis

In a fine powdered sample or one dissolved in an aquatic solution there is not
much preparation required. One has to be aware that the signal strength
does not necessarily correlate in a linear fashion with the concentration and
that it is in fact greatly affected by the relation between the various mass
absorption coefficients.

In a powder where the grain size is not extremely fine, like most samples,
preparation might be required. Very coarse powder will behave in a linear
fashion between the relative grains concentration, and the grains themselves
behaving according to our model as homogeneous samples. Making the
powder finer may be beneficial for the intensity of the signal since it depends
on the relative absorption coefficients. If the coefficient for the material is
greater value within the sample making the powder finer will result in a
lower intensity. Less sensitive equipment may not be able to distinguish the
analytical signal from background radiation. If the coefficient’s value is less
than the samples the intensity will increase, making it possibly easier to read
for less sensitive equipment. The trade off is that the relationship between
concentration and intensity of the X-rays becomes less linear. For very high
or very low concentrations though the intensity can be approximated with
great accuracy as being linear.
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Experimental Example

Finally we’ll consider an analysis performed by by Stefan Karlsson. The
samples came from Poland and is rather homogeneous in grain size but a
large variation in composition between the grains. The sample was digested
nitric acid in a microwave oven (Mars V). The volume was after digestion
adjusted to 50.0 cm3 with 18.2 MΩ into 5 samples. The analysis of these
samples was performed by an ICP-MS. The XRF analysis on the other hand
was performed by a handheld XRF.

Values for elements in ppm
Cu Mn Fe

XRF ICP1 ICP2 XRF ICP1 ICP2 XRF ICP1 ICP2

LOD 26.91 25.17 1670 2018 1898 13839 1906 2158

LOD 21.99 22.30 1455 2033 2133 14078 1754 2015

LOD 12.25 12.73 1734 1836 2113 14108 1659 2032

LOD 20.26 21.07 1492 2014 2116 13317 2207 1784

LOD 26.51 30.34 1623 1889 2119 13139 1842 1877

I have selected these 3 elements as they represent the possible interferences
that can occur. In the table ICP represents the data acquired from the
ICP-MS analysis while XRF is from the XRF analysis. Handheld XRF unit
will suffer from not being able to construct a matrix replica where tests can
run to create a calibration curve so it will inherently be running on axioms
which may or may not be true. It will not be able to measure the µ con-
stant for the sample which will greatly affect how the readings will behave.
In addition the handheld unit only measures the sample at a constant an-
gle although sample rotation is beneficial to counter the negative impact of
surface structure.

If we observe our Cu data from the ICP-MS analysis, the highest reading
is roughly 30 ppm. This is not very high which would mean it can fall within
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the region of our concentration expressions where linear relation to concen-
tration holds. Compared to the XRF readings where it estimates them to
be below limit of detection (LOD). When the concentrations are that low
the assumptions in its software, such as the value of µ will become more
significant. The quantity of X-rays in the correct wavelength fluorescent by
the copper relative to the surrounding can shift greatly depending whether
it is above or below the average absorption of materials in the sample, mak-
ing any reading around those concentrations very unreliable.

For Mn on the other hand, ICP-MS and XRF analysis coincide quite
well. If the assumptions the handheld XRF operates under are reasonably
close to the properties of the sample one would expect the value to be close
to the true value. We do not know if the ICP-MS analysis is quite true either
but for argumentations sake we will assume it is the most accurate one as
it makes less assumptions that are likely to be inaccurate. If the assumed
mass absorption of the sample comes close to the value that the handheld
XRF operates under it could give fairly accurate answers, like the one we
see for Mn.

At the other end we have the Fe, where XRF registers a considerably
higher concentration than the ICP-MS analysis. The cause of this can very
well be due to the same phenomena as what causes the Cu readings to be far
too low and unreliable. If the absorption coefficient is assumed too great or
low in comparison it can easily overshoot the actual value. The absorption
coefficient of the sample may either be greater or lower than the iron’s own
absorption coefficient. Depending on which of the cases is true the nature
of the signal to concentration ratio will change. The XRF unit could then
over or underestimate the concentration. This assumes the concentration
lies within the linear section of low or high concentrations which may not be
true at all. Iron in dirt samples is unlikely to reach significant concentrations
where it leaves the linear area, so if this phenomena is the culprit it is more
likely it over or underestimates the absorption coefficient.
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Summa summarum

The principles upon which XRF is based are fairly straight forward and can
easily give the impression of the method being reasonably easy and reli-
able with little effort. From a merely theoretical perspective we can see in
this thesis that the analytical method is not as straightforward as it seems.
The primary concern in all formulas is the absorption coefficients which will
dictate the behaviour of the formulas and the relationship between concen-
tration and registered photon count. When using handheld XRF devices
one will inevitably have to make an assumption of what the absorption co-
efficient is as it has no mean to measure it for a given sample.

To achieve an accurate estimation of the concentration measuring the
actual coefficient is of utmost importance. This is possible to do if one
runs a test with the sample prior to analysis where the attenuation straight
through the sample is determined prior to measuring. This would work
better the smaller fraction the desired element makes up of the sample. All
in all it is a method that can give great results, given one does take into
consideration the relevant factors around that may affect the result. It is
possible to take them into consideration but drastically increases the amount
of work that has to be performed. The true strength of XRF compared to
standard forms of analysis is the possibility of having it done quickly, the
downside there though is that it comes at a cost of accuracy but in certain
situations it may be a worthwhile trade off.
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6.1 Experimenti Summa

For the analysis itself we can conclude that the XRF unit is most probably
working on assumptions which are are not accurate to the sample. The cop-
per readings are below the level of detection while iron readings are almost
an entire magnitude greater than the ICP-MS readings. The copper one is
understood if it is known that the assumptions in the software are approxi-
mations at best, the iron one demonstrates that the readings for XRF units
without proper calibrations can differ greatly from other analytical methods.

If one accepts that for readings that they might differ by about a mag-
nitude from the actual value due to the assumed absorption coefficient the
measurements by the handheld XRF unit would be considered acceptable
for the short time it took to acquire the data with little preparation of the
samples. Knowing the causes of this readings and the accuracy is difficult to
determine as the information both on the sample and XRF unit is limited.
The ICP-MS readings is probably the more accurate ones as the assumptions
about the sample are fewer.
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