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Abstract

Canonical forms provide a fundamental framework for studying matrices and
matrix pencils through invariants under various equivalence transformations.
These forms reveal structural information about the underlying objects, such
as eigenvalues, their multiplicities, and minimal indices. This information plays
an important role in differential-algebraic equations, control theory, general-
ized eigenvalue problems, and related areas. However, in practical applica-
tions, canonical invariants are often sensitive to perturbations arising from
measurement errors and numerical computations. Closely related to perturba-
tion theory is the notion of the distance to singularity. This distance quantifies
how far a matrix pencil is from becoming singular. This thesis investigates
canonical forms for pairs of matrices associated with linear time-invariant dis-
sipative Hamiltonian systems under suitable equivalence transformations. Fur-
thermore, it studies minimal changes in the eigenstructure of skew-symmetric
matrix pencils under small perturbations by developing theories related to or-
bits and bundles of skew-symmetric matrix pencils under congruence. Finally,
it presents an algorithm for computing a nearby singular matrix pencil from
a given regular matrix pencil, where the distance between the two is mea-
sured in the Frobenius norm. The method builds on recent advances in the
theory of matrix pencil factorizations. The result is then extended to matrix
polynomials.
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Chapter 1

Introduction

Matrix pencils arise naturally in a wide range of theoretical and applied sci-
entific areas, including engineering, mathematics and physics. The structural
properties of matrix pencils often determine qualitative features of the un-
derlying systems that they represent, such as stability, controllability, etc. As
a consequence, understanding the intrinsic structure of matrix pencils is an
important problem in linear algebra.

One of the traditional approaches to studying matrix pencils is through
canonical forms. By transforming a matrix pencil into a simpler matrix pencil
under equivalence transformation, we obtain a canonical form for the matrix
pencil. This canonical form expose the essential invariants of the pencil, in-
cluding eigenvalues, their multiplicities and minimal indices under that specific
equivalence transformation. This framework of reducing matrix pencils in to
simpler forms makes it possible to classify matrix pencils according to their
intrinsic structural characteristics rather than their particular coordinate re-
alizations.

In many practical situations, however, the data defining a matrix pencil
are affected by perturbations originating from measurement inaccuracies or
numerical computations. As a consequence, the associated invariants may ex-
hibit significant sensitivity even under small perturbations. Tiny changes in
the entries of a matrix pencil can alter its canonical information, leading for
instance to changes in minimal indices, Jordan structures, splitting or coa-
lescence of eigenvalues which results in modifications of the overall canonical
structure. This naturally raises questions concerning the behaviour of canonical
forms under perturbations and the sensitivity of these structures to variations
in the underlying data.

Closely related to perturbation theory is the notion of distance to singular-
ity. This distance quantifies how far a matrix pencil is from becoming singular.
Problems of this nature arise naturally in numerical linear algebra and com-
putational mathematics.
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The main contributions of this thesis can be summarized as follows:

e Derivation of canonical forms for pairs of square complex matrices under
equivalence transformations, namely, T-equivalence and *-equivalence,
defined in Section 1.1.3.

e Development of a theory describing the behaviour of canonical forms
under perturbations of skew-symmetric matrix pencils.

e Development of an algorithm that computes, for a given regular matrix
pencil, a nearby bounded-rank matrix pencil.

1.1 Canonical forms

Let S beaset and let I' C SxS. Then I' is said to define an equivalence relation
on S if it satisfies the properties of reflexivity, symmetry, and transitivity. I
denote (a,b) € T by a ~ b.
An equivalence relation on S naturally gives rise to equivalence classes,
defined by
Se={beS:b~a}.

From this definition, it follows that

S={J Sa,

a€sS

and for any a,b € S, either S, = S}, or S, NS, = . Hence, the equivalence
classes form a disjoint partition of S. Conversely, every disjoint partition of S
determines an equivalence relation on S.

Equivalence relations of this type arise frequently in matrix analysis. Some
of them are listed in the Tables 1.1 and 1.2, where S, L are nonsingular
matrices, U, V are unitary matrices, S, L; are diagonal matrices, Sy and Lo
are lower and upper triangular matrices respectively.

In matrix analysis, it is often useful to identify a unique representative from
each equivalence class. Consider, for instance, the matrices

010 0 0100
000 0 0010
A=100 0 1] @™ B=15 ¢ ¢ o
000 0 0000

Although A and B have the same eigenvalues, they are not similar since
A?2=0  while B?#0.

To determine whether two matrices A and B are similar (that is, equivalent
under the similarity relation (see Table 1.1)), one can reduce each matrix to

18



Table 1.1: Equivalence relations on matrices

Relation Definition of A~ B
Similarity A=SBS™!
Unitary similarity A=UBU*
Equivalence A= SBL
Unitary equivalence A=UBV
T_congruence A= SBST
Unitary congruence A=UBUT
*_congruence A= SBS*
Consimilarity A=SBS '
Diagonal equivalence A= 5Bl
Triangular equivalence A= 5,BL,y

Table 1.2: Equivalence relations on pairs of matrices

Relation Definition of (A, B) ~ (C, D)
Strict equivalence (A,B)=(SCL, SDL)
Generalized similarity (A,B) = (SCS~t, SDS—1)
Congruence (A,B) = (STCS, STDS)
Contragredient equivalence | (A, B) = (SAL, L='BS™1)

a distinguished representative of its equivalence class and then compare the
resulting matrices. Such a representative matrix is called a canonical form for
similarity.

Abstractly, a canonical form for an equivalence relation ~ on a set S is a
subset C' of S such that

S = U S, and SaﬂSb:quhenever a,be C and a # b.
acC

The canonical form of an element a € S is the unique element ¢ € C such that
a€sS,.

In matrix analysis, it is important to choose canonical forms for a given
equivalence relation that are convenient and tailored to specific purposes. For
example, the Jordan and Weyr canonical forms are two different canonical
forms for similarity: the former is more suitable for problems involving powers
of matrices, while the latter is better suited to problems involving commuta-
tivity.

Alternative to identifying canonical forms for an equivalence relation, math-
ematicians often want effective criteria to compare elements involved in the
equivalence relation. Such a criterion, called an invariant, decides whether two
given elements belong to the same equivalence class. Invariants are particularly
useful when canonical forms for the equivalence relation are difficult to obtain.
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An invariant for an equivalence relation ~ on S is a function f on S such
that f(a) = f(b) whenever a ~ b. A family of invariants F for an equivalence
relation ~ on S is said to be complete if f(a) = f(b), for all f € F. For
example, singular values form a complete family of invariants for a matrix for
unitary equivalence. Note that codomains of the function f might be different
for different equivalence relations.

In the following sections 1.1.1 and 1.1.2, I define canonical form for some of
the equivalence relations in Tables 1.1 and 1.2 that are relevant to my study.

1.1.1 Matrices

I begin this subsection by defining the following matrices. For &k = 1,2,...,
define the k x k matrices:

'0 (_1)k+1‘
(—l)k 0 1
Fk: = -1 ) Ak = ! )
1 1 1
-1 -1 1 0
11 0 |
A1 0
A 0 I,
Ji(A) = , and H. =
L) 1 20 =0 o]
0 A

Note that I'y = [1], Ay = [1], J1(A) = [A], and Ha(p) = [ §]. The un-
specified entries in the above matrices are zero. The sets C, R, Z, and Z,
denote the sets of complex numbers, real numbers, integers, and positive in-
tegers, respectively. The notation C represents the extended complex plane
and is defined by C = C U {oco}. Furthermore, F denotes either R or C.
The sets GL,(C) and M,,,(C) denote the collections of all nonsingular
n X n complex matrices and all m x n complex matrices, respectively. For
convenience, I write M, (C) for the set of all n x n complex matrices. Fi-
nally, for two pairs of matrices (A, B) and (C, D), their direct sum is defined
by (A,B)® (C,D) := (A& C, B& D) = (diag(A,C),diag(B, D)), where
diag(X,Y) is a block diagonal matrix with the block matrices X and Y.

I begin by discussing canonical forms for matrices under similarity trans-
formations.

20



Theorem 1.1.1 ([55]). Let A € M,(C). There exists an invertible matriz
P e GL,(C) such that

f
PAP = Jn.(N), i, f €Ly
=1

Owing to the simplicity of diagonal matrices, it is natural to ask whether
a given matrix is similar to a diagonal matrix. However, the answer is not
always true. Thus, in addition to classifying matrices into equivalence classes
under similarity, the Jordan canonical form addresses the problem of reducing
a matrix to block diagonal form [35] via a similarity transformation; that is, for
a given matrix A, there exists a nonsingular matrix S such that S™1AS = D,
where D is a block diagonal matrix consisting of Jordan blocks.

It was shown in [55] that the problem of block diagonalizing a pair of
Hermitian matrices under *-congruence is equivalent to the problem of block
diagonalizing a square complex matrix under *-congruence. Consequently, this
problem can be addressed by obtaining a canonical form for square complex
matrices under *-congruence. The following theorem presents canonical forms
for square complex matrices under both T-congruence and *-congruence.

Theorem 1.1.2 ([55, 57]). Fach square complex matriz is congruent (under
either T'-congruence or *-congruence) to a direct sum, uniquely determined up
to permutation of summands, of canonical matrices of the following types:

Type T"_congruence *-congruence
Type 0 Jn(0) Jn(0)
Type 1 r, A, A =1
o n 9 07 -1 n+17
Type II 2n (1) ’uZéN /ﬁfé (=1) Hon(p), |pl>1

1.1.2 Matrix Pencils

A matriz pencil is an expression of the form A — AB, where A and B are
matrices of the same size and A is an indeterminate. Equivalently, a matrix
pencil can be viewed as a matrix polynomial of degree at most one whose
coefficients are matrices of the same size. In this thesis, a matrix pencil A—\B
is associated with a pair of matrices (A, B). Matrix pencils appear in the
study of differential-algebraic equations (DAEs) [49]. For example, linear time
invariant dissipative Hamiltonian system (1.1) explained in Section 1.1.3.

I define regular and singular matrix pencils. An m X n matrix pencil A—\B
is called regular if

e A and B are square matrices, i.e., m = n; and

e The determinant |A — AB| does not vanish identically.
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In all other cases, ("m # n”, or "m = n but |[A — AB| = 0”), the pencil is
called singular.

In this section, canonical form for matrix pencils relevant to the thesis are
presented. Before that, I introduce two rectangular matrices: for each integer
k > 1, the matrices Fj, and Gy are defined as

Fp = [Ik 0] Gy = [0 Ik]

kx(k+1)° kx(k+1) "

By convention, Fy = Go denote the 0 x 1 zero matrix.

In 1867, Weierstrass obtained a canonical form for regular matrix pencils
under strict equivalence; see Table 1.2 and [85]. The corresponding problem for
singular pencils was later solved by Kronecker in his investigations of bilinear
forms [64]. The latter result is recalled below.

Theorem 1.1.3 (Kronecker Canonical Form (KCF)[43, 64]). Each m x n
matriz pencil A— B is strictly equivalent to a direct sum, uniquely determined
up to permutation of summands, of pencils of the form

Ex(p) == Jp(p) = M, p € C,  Ei(c0) := I, — A\Jy(0),
Ly =Gy — AFy, and L} :=Gi —\F!.

The blocks Fy (1) and Ey(oc0) correspond to the finite and infinite eigenval-
ues of the pencil A — AB, respectively. The indices k of the blocks Ly and L}
are called the column and row minimal indices of the matrix pencil, respec-
tively. Collectively, the blocks Fjx(u) and Eg(co) constitute the regular part of
the matrix pencil, whereas the remaining blocks form its singular part.

The study of linear DAEs represented by structured matrix pencils requires
canonical forms for transformations that preserve the underlying structure of
the matrix pencils. In this thesis, I focus specifically on skew-symmetric matrix
pencils. Recall that a matrix pencil A — AB is skew-symmetric if and only if
A= —AT and B = —B”. Such pencils arise naturally in numerous applications
in mathematics, engineering, and physics. Important examples include systems
with bi-Hamiltonian structure [71], applications in control theory [4, 61, 65],
multisymplectic partial differential equations [7] and algebraic geometry [63].
They also appear as structure-preserving linearizations of matrix polynomials
[14, 21, 25, 66]. Owing to their wide range of applications, skew-symmetric
matrix pencils have been studied extensively. Topics of interest include canon-
ical forms [76, 80|, low-rank perturbations [2], miniversal deformations [20],
codimensions of orbits [33], and stratifications [21, 32]. The following theorem
presents a canonical form for skew-symmetric matrix pencils with respect to
the equivalence relation of congruence. For the definition of this relation, see
Table 1.2.
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Theorem 1.1.4 ([80]). Fach skew-symmetric n x n matriz pencil A — \B
18 congruent to a direct sum, determined uniquely up to permutation of sum-
mands, of pencils of the form

0= |yl WA, ] eee

o 5] 0 Ji(0) o F,] [0 Gn
K"'{—Ik 0} A{—Jk(o)T 0 | Mn= —-FT 0 A—Gﬁ 0"

Since congruence preserves the skew-symmetric structure of matrix pencils,
the above theorem is used in Papers I and II to investigate the behavior of the
canonical blocks of skew-symmetric matrix pencils under congruence.

Consider the differential equation

i = ABuz,

where A € C"™*™ and B € C"*™. Under the change of variables x = Sy, where
S is nonsingular, and the transformation A — S~'AR and B — R™'BS,
where R is also nonsingular, the equation becomes

y=S"'ARR'BSy.

Thus, the pair (A, B) can be transformed into (S~!AR, R~!BS) by nonsingu-
lar matrices R and S. This transformation induces an equivalence relation on
the set of pairs of matrices, known as contragredient equivalence (see Table 1.2).
A canonical form for contragredient equivalence was obtained in [36, 56]. The
next theorem recalls the canonical blocks for a pair of rectangular matrices
under contragredient equivalence over the complex field.

Theorem 1.1.5 (|36, 56]). Let positive integers m, n be given with m > n,
let A€ My, n(C) and B € My, »,(C) be given, and let k = rank(AB)™. Then
there exist nonsingular S € M,, and R € M,, such that

Ja 0 ... 0 0] [Jg 0 ... 0 0
0 A ... 0 0 0 B ... 0 0
(SAR™',RBS™!) = T I I S
0 0 ... A; 0 0 0 ... By 0
0 0 ... 0 0 0 0 ... 0 0

e Ju,Jp € Mi(C) are nonsingular, and JaJp is similar to the nonsingular
part of the Jordan canonical form of AB,

o A;,Bl' € My, »,(C), foralli=1,...,f,

e max{m;,n;} > max{m;y1,ni41}, foralli=1,..., f —1,
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o |m;—ny| <1, foralli=1,...,f,

b (Aiv Bi) € {(Imw J’Z’—‘Ll)7 (Jg;la Imi)v (Fmingi)ﬂ (Gﬁmei)}; for each i =
..., f,

o F;GT =JI (0) and G] F; = JT(0).

The next corollary provides the uniqueness of the canonical blocks in the

previous theorem.

Corollary 1.1.6 ([56]). Let positive integers m, n be given with m > n, let
A€ My, and B € My, , be given. Then (A, B) is contragredient equivalent
to (C,D), where

Ja 0 0 0 JB 0 0 0
0 Ay 0 0 0 Bsqu 0 0
(O’ D) = : 9 b
0 0 Asipy O 0 0 Boisy 0
0 0 0 0 0 0 0
Ja, Jg, A;, B, i=1,...,f are as in Theorem 1.1.5, and o is a permutation
of {1,...,f}.

1.1.3 Matrices associated with LTI dissipative Hamilto-
nian systems

In this section, I consider matrices arising in the energy-based modeling of
linear time-invariant dissipative Hamiltonian descriptor systems [67] of the
form

Bi = (J - R)Qx, (1.1)
where F and ) are m X n rectangular matrices in F with m > n and J
and R are square matrices in F satisfying J = —J* (J = —JT), R = R* >
0(R=RT>0) and E*Q = Q*E > 0 (ETQ = QTE > 0). Here, the
notation W > 0 (W > 0) indicates that the Hermitian or real symmetric
matrix W is positive (semi-)definite. Such systems constitute a particular class
of the so-called port-Hamiltonian (pH) descriptor systems; see, for example,
[6, 50, 58, 72, 77, 82, 83]. General port-Hamiltonian (pH) descriptor systems
have the form

Ei=(J—R)Qrz+ (B—P)lu, y=(B+P)*Qz+(S+N)u,

The condition E*Q = Q*F > 0 plays a fundamental role in the physical
interpretation of the system, since it is directly connected to the underlying
energy structure. In particular, the Hamiltonian

H(z) = %m*E*Qx
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represents the internal energy stored in the system (1.1) and describes how this
energy is distributed among the storage elements. To ensure that the Hamil-
tonian is real-valued, the matrix £*(Q) is assumed to be Hermitian; moreover,
in most practical situations it is positive semidefinite.

The remaining matrices characterize different physical mechanisms of the
system. The matrix J is the structure matrix and models the exchange of
energy among the storage elements, whereas the matrix R is the dissipation
matrix accounting for energy losses within the system. The matrices B+ P are
the m x n port matrices describing how energy enters and leaves the system
through external interactions. Finally, the square matrices S + N, S = S*,
N = —N*, describe the direct feed-through from the input to the output.

To investigate the linear algebraic properties of the system (1.1), one is
naturally led to the associated matrix pencil AE — (J — R)Q. Since J and R
are structured matrices, the following structure preserving transformations via
nonsingular matrices U and V is used on the matrices in (1.1):

UEVY) =U(J — R\U*U*QVy.

Thus, a useful starting point for such an analysis is the study of the pair (F, Q)
under the transformation (UEV,U~*QV'), with nonsingular matrices U and
V. In case of real matrices, the real pencil \E — (J — R)@ and transformations
via real matrices that include T-congruence on J — R is considered instead of
*-congruence. The properties of the pencil AF — @ have attracted considerable
attention in recent years; see, for example, [67, 68, 69, 70]. In [67], it has been
proven how properties of the pencil AFE — @) affect the properties of the pencil
AE — (J — R)Q. Also, Kronecker-like condensed forms for pencils of the form
AE — @, together with additional structure-preserving properties, have been
developed and analyzed.

To illustrate the broad variety of application areas where pH descriptor
systems play a role, I review the following examples from the literature.

Example 1.[9, 3, 41] An electrical circuit consisting of resistors, inductors,
and capacitors can be described by a differential-algebraic system of the form

ACAT 0 0] [V —ARTAT —4, —A [V
0 L o || = AT 0 0 I
0 0 0] |, AT 0o 0 ||

E J—R

Here, the real symmetric constant matrices L > 0, C > 0 and R > 0 repre-
sent inductances, capacitances and resistances, respectively that are present
in the network. The matrix A, has full column rank. V' collects voltage drops
across network branches, while I collects the current fluxes through corre-
sponding network branches. The subscripts r, ¢, [, and v refer to edge quan-
tities corresponding to resistors, capacitors, inductors, and voltage sources.
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The system describes a dissipative Hamiltonian descriptor system with Q = I,
E=E">0,J=J"and R >0.

Example 2.[40] Space discretization of the Stokes or Oseen equation in
fluid dynamics leads to a matrix pencil of the form

/\E—(J—R):)\[Agf 8] _ [_Ié{T ﬂ

The matrix K represents a positive semidefinite discretization of the negative
Laplace operator, G corresponds to a discretized gradient, and M/ is a positive
definite mass matrix. In this setting, the dissipation matrix is nonnegative. If
G is rank deficient, the resulting pencil becomes singular.

Example 3.[67] Classical second order representations of linear damped
mechanical systems [81, 84| described by

Mq"(t) + Dq'(t) + Kq(t) = f(t),

where M, D, and K are real square symmetric positive semidefinite matrices
representing mass, damping, and stiffness, respectively, while f is an exiting
force that is assumed to be sufficiently often differentiable. First order formu-
lation leads to a system with the matrix pencil

This representation fits naturally into the dissipative Hamiltonian framework.

Example 4.[67] Consider a mechanical system as in the previous example
subject to constraints of the form C'q = 0. Introducing a Lagrange multiplier
v and differentiating the constraint leads to

il A R s I

A first-order formulation yields the matrix pencil

M 0 0 O 0O 0 I O D 0 0 O I 0 O 0
A\ 0 0 0 O B 0O 0 0 I B 0 0 0 O 0 I O 0
0 0 I O I 0 0 O 0O 0 0 O 00 K CT|°
0 0 0 I 0 —I 0 O 0O 0 0 O 00 C 0
E J R Q

where E and @) are symmetric matrices and R > 0. Unlike previous examples,
the product ET(Q need not be positive semidefinite. In practice, redundancy
in the constraints may lead to singular pencils.
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Similar examples occur in a wide range of applications; see, for example,
[52]. In such settings, singular pencils typically appear either as limiting cases
or as a consequence of redundant system modeling.

Finally, I define T-equivalence and *-equivalence transformations for com-
plex matrices (E, Q).

Definition 1.1.7. Let (A, B),(C,D) € (M, (C), M, ,(C)) be given.

e (A, B) are said to be *-equivalent to the pair (C, D) if there exist X €
GL,,(C),Y € GL,(C) such that (XAY, X *BY) = (C, D).

e (A, B) are said to be T-equivalent to the pair (C, D) if there evist X €
GL,,(C), Y € GL,(C) such that (XAY, X TBY) = (C, D).

In Paper III, canonical forms for matrix pairs under 7-equivalence and *-
equivalence are derived under conditions such as AT B (A* B) being symmetric
(Hermitian) or skew-symmetric (skew-Hermitian). The problem is addressed
by dividing it into the following two cases:

e Either F or @) is nonsingular: In this case, the authors establish an equiv-
alence between T-equivalence (*-equivalence) of the pair (E,Q) and T-
congruence (*-congruence) of ETQ (E*Q). This relationship is then used
to derive the canonical blocks.

e Both F and @) are singular: In this case, a reduction process to obtain
the canonical blocks is developed.

Note that we consider the two above mentioned cases because the methods
used to obtain the canonical blocks are different. This is due to the fact that
the established equivalence between T-equivalence (*-equivalence) of the pair
(E,Q) and T-congruence (*-congruence) of ETQ (E*Q) can not be obtained
when both the matrices £ and @ are singular. We provide a summary for the
above stated results highlighting the solved and open cases.

e Canonical forms for the transformations (A4, B) — (UAV,U-TBV) can
be completely computed when at least one of the matrices A or B is
nonsingular. The problem remains open when both A and B are singular.

e Canonical forms for the transformations (A4, B) — (UAV,U~*BV) have
been obtained in several special cases, mentioned in Table 1.3.

Table 1.3: Contribution to canonical forms for *-equivalence

A and B are singular

A or B is nonsingular
g A*B Hermitian | A*B skew-Hermitian | otherwise

Solved Solved Solved Open
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1.2 Orbits and bundles of skew-symmetric ma-
trix pencils

Let G be a group and X be a set. A group action of G on X is a map
G xX =X, (g,2)—g-x,
such that, for all g,h € G and = € X, the following properties hold:

e c-x=ux,

o g-(h-o)=(gh) a.

The orbit of a skew-symmetric matrix pencil A—\B under the action of the
group GL,(C) on the space of skew-symmetric matrix pencils by congruence
is defined by

05 5 ={ST(A-AB)S| S € GL,(C)}.

Since the orbit of a matrix pencil under congruence consists of all ma-
trix pencils congruent to a given pencil, studying such an orbit reveals the
canonical structural information shared by all the pencils in the orbit. A lim-
itation of orbit classification, however, is that it does not permit the eigen-
values to vary. This motivates the introduction of bundles, which group to-
gether matrix pencils having the same canonical structure while allowing their
eigenvalues to change. Bundles of matrices under similarity were introduced
in 1971 by Arnold [1] and generalized to and studied for matrices under *-
congruence [27, 29, 78], matrix pencils [18, 32, 38, 39, 73], and matrix polyno-
mials [13, 14, 24, 25, 31, 59|. Note that, a number of the references mentioned
above deal with the matrix pencils and polynomials whose matrices have cer-
tain symmetries or structures.

Let ® denote the set of all one-to-one maps from C to itself, and let ¢ € ®.
Let P be the congruence canonical form of the skew-symmetric matrix pencil
P. Define ¢(P) to be a skew-symmetric matrix pencil congruent to a matrix
pencil whose canonical form is obtained from P by replacing each Jordan
block corresponding to an eigenvalue u € C with a Jordan block of the same
size corresponding to the eigenvalue ¢(u). Then, for a skew-symmetric matrix
pencil P,

BY(P) = [ O°(o(P)).

ped

For example: Consider the 4 x 4 skew-symmetric matrix pencil

P(A) = Hy(p1) © Hy(p2), p1 F 2.

The congruence orbit of P(\) fixes the eigenvalues p1 and po. In contrast, the
congruence bundle associated with P(\) consists of all skew-symmetric pencils
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having the same canonical block structure, while allowing the eigenvalues to
vary. Hence,

BC(Hy(m) @ Hi(p2)) = |J O°(Hi(n) @ Hi(1n)).
V1,V2€(C
v1#£V2

Thus, the bundle contains infinitely many distinct orbits corresponding to
different choices of the eigenvalues.

1.3 Codimension

Let N be a submanifold of a manifold M. The codimension of N in M is
defined by
codim(N) = dim(M) — dim(N).

Codimensions of orbits (or bundles) play an important role in the problems
of stratifying orbits (or bundles) due to the fact that an orbit (or bundle) has
only orbits (or bundles) of higher codimension in its closure (with respect to
the Euclidean topology) [5, 17, 23, 33]. Note that such a problem of stratifica-
tion is explained in details in the next section. Computation of codimensions
of orbits has been carried out for generalized matrix products [60], contragre-
dient matrix pencils [44], *-congruence orbits of matrices [15, 16, 28, 29], or
congruence orbits of (skew-)symmetric matrix pencils [20, 22, 34]. We, now,
discuss codimension of 7-equivalence and *-equivalence orbits in the following
subsection.

1.3.1 T-equivalence and *-equivalence orbits

Consider the actions of T-equivalence and *-equivalence on the space
(M,,(C), M,,(C)). For the T-equivalence action, the group (GL,(C),GL,(C))
acts on a pair (E, Q) by

(E,Q) = (UEV, UTTQV), (U,V) € (GLy(C),GLy(C)).
The corresponding orbit is
O(E,Q)={(UEV, UTQV) : (U,V) € (GL,(C),GL,(C))} .

The orbit O(F, Q) forms a smooth complex manifold in (M, (C), M, (C)). In
Paper III, it is observed that the tangent space of O(E, Q) at (E, Q) is

T(E,Q) = {(XE +EY,-XTQ+QY) : (X,Y) € (M,(C), M, (C))}.

Further, it is proven that the codimension of O(FE, Q) is the dimension of
solution space of the system:

XE+EY =0, —XT'Q+QY =0, (X,Y) € (M,(C), M,(C)).
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The *-equivalence action and, consequently, the corresponding *-equivalence
orbit are defined analogously to those of T-equivalence but the system

XE+EY =0, —X*Q+QY =0, (X,Y) € (M,(C), M,(C)).

being non-linear in C, the real codimension of *-equivalence orbit of (E, Q) is
the real dimension of solution space of the above system.

In Paper III, the authors not only compute the codimensions of the -
equivalence and *-equivalence orbits for pairs of matrices when one matrix is
nonsingular, but also observe a resemblance between the codimensions of the
*_equivalence (respectively, T-equivalence) orbits of a matrix pair (A4, B) and
the codimensions of the *-congruence (respectively, T-congruence) orbits of the
matrix A*B (respectively, AT B).

1.4 Perturbations of skew-symmetric matrix
pencils

Consider the 4 x 4 skew-symmetric pencil

0 0 —-x 1
10 0 0 Al 0 Jo(0) = AIo]
PM=1Xx 0 0o of~ —(J2(0) = XI)T 0 H5(0)
-1 A 0 0

0 0 —-Xx 1
0 0 e —=A

P.(\) = A — 0 0|’ e#0
-1 A 0 0

Thus, the 2 x 2 block

[_O)\ 1}\] becomes X () := [_5/\ 1)\} .

To determine the eigenvalues, we consider the characteristic polynomial of
the pencil P.(A). Since P.()) has the block form

0 X.
-xT 0|

det P.(X) = det(X-(\))*.

we have,
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Furthermore,

A1

det X_(\) = det {_5 N A} = \? — ¢ implies det P.(\) = (\? —¢)2.

It follows that the eigenvalues of P.(\) are A\ = £4/¢, each having algebraic
multiplicity 2.

Consequently, the size-2 Jordan block at the eigenvalue 0 of the unper-
turbed pencil splits into two size-1 Jordan blocks. Equivalently, following
the notations in the Theorem 1.1.4, the canonical block H(0) splits into
Hi (V) ® Hi(—+/€). As observed that small changes in the entries of a skew-
symmetric matrix pencil may cause significant changes in the canonical form
of the perturbed pencil. Thus, a part of the thesis includes perturbation theory
of skew-symmetric matrix pencils.

Such theory is closely connected to the theory of orbits and bundles of
skew-symmetric matrix pencils. If a matrix pencil P; lies in the closure (with
respect to the Euclidean topology) of the congruence orbit of another skew-
symmetric pencil P, with P; # P», then every neighborhood of P; contains
skew-symmetric matrix pencils having the same eigenstructure as P, which
differs from that of P;. Consequently, arbitrarily small perturbations of P;
may produce skew-symmetric matrix pencils with the eigenstructure of Ps.

One way to study the problem is through the use of orbit and bundle
stratification graphs [30, 31, 39, 73, 74]. A stratification graph is a directed
graph whose vertices represent orbits (respectively, bundles) of matrix pen-
cils. A directed edge is drawn from one vertex to another whenever the orbit
(respectively, bundle) corresponding to the first vertex lies in the closure of
the orbit (respectively, bundle) corresponding to the second vertex and there
is no intermediate orbit (respectively, bundle) between them in the closure
ordering. Figures 1.1 and 1.2 show the orbit and bundle stratification graphs,
respectively, for 6 x 6 skew-symmetric matrix pencils. In both figures, the
codimensions of the corresponding orbits and bundles are also indicated.

Since eigenvalues remain fixed within a given orbit, the stratification of or-
bits alone does not provide a complete description of the behaviour of canon-
ical blocks under perturbations. This can be further understood by observ-
ing the example considered in the beginning of this section where not only
the size of the canonical block change but also the eigenvalue split into two
eigenvalues. Thus, to fully understand the changes in the canonical structure
of skew-symmetric matrix pencils caused by perturbations, it is necessary to
study bundles in addition to orbits. In particular, to capture the confluence
or splitting of eigenvalues under perturbations, I consider the stratifications
[31, 32, 39] of bundles.

In [32], an algorithm for the stratification of skew-symmetric matrix pencils
is presented. Nevertheless, it is computationally demanding even for pencils of
small sizes and the amount of required computations grows rapidly when the
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Hs(p1) Hi(p1) © Hi(pn2) © Hi(ps) Ho(p1) @ Hi(p2)

\2M1 /
Mo & M2
Hi(p1) @ Ha(pa) 2H1(p1) ® Hi(p2)
/
Mo & My & Hi(p1)
\

3H1(p1)

2My B 2H1(;L1)

\

2Mo & Ha(p1)

|

My @ 3Mo

/

4Mo & Hi(p1)

|

6Mo

2Mo @ Hi(p1) ® Hi(pz2)

cod.
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Figure 1.1: Orbit stratification for 6 x 6 skew-symmetric matrix pencils together
with the corresponding codimensions.
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Figure 1.2: Bundle stratification for 6 x 6 skew-symmetric matrix pencils to-
gether with the corresponding codimensions.

size of the pencils increases. Such a high computational cost arises partially
from the use of the stratification of general matrix pencils under strict equiva-
lence from which the algorithm extracts the nodes corresponding to the skew-
symmetrizable matrix pencils and checks for the paths between these nodes.
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Using this extracted information a new stratification graph for skew-symmetric
matrix pencils under congruence is then constructed. Similar algorithm works
for drawing bundle stratification graph of a skew-symmetric matrix pencil from
the bundle stratification graph of general matrix pencils.

To illustrate the complexity of the above mentioned algorithm, we first
list in Table 1.4 the total numbers of nodes and edges in the orbit and bundle
stratification graphs of matrix pencils of small sizes. These exact numbers were
obtained using the Stratigraph software [79]. Note that, for matrix pencils of a
given size, the orbit and bundle stratification graphs contain the same number
of nodes; only the numbers of edges differ. Table 1.5 presents the corresponding
growth factors, that is, the ratios between the numbers of nodes or edges for
consecutive matrix sizes. More precisely, if N(n) denotes the number of nodes,
Eomit(n) and Epynaie(n) denote the numbers of edges in the orbit and bundle
stratification graphs of n X n matrix pencils, respectively, then

. N(n) o Eorbit (n)
NGF(n) = Non—1)' EGF it (n) = Fomn(n— 1)’
Epundle
EGFbundle(n) = bundl (n)

B Ebundle(n - 1) '

Here, NGF, EGF11it, and EGFyypnq1e denote the node growth factor, the edge
growth factor of orbit stratification graph, and the edge growth factor of bundle
stratification graph, respectively. Thus, both the number of nodes and the
number of edges increase exponentially [54] with the matrix size, with the
edge count growing even faster than the node count. For example, increasing
the size from 2 x 2 to 7 X 7 increases the number of nodes from 7 to 570
(approximately an 81-fold increase), while the number of edges in the orbit
stratification graph grows from 9 to 2471 (approximately an 275-fold increase).
This contributes significantly to the computational cost of the excution of the
algorithm mentioned in [32].

Table 1.4: Numbers of nodes and edges in orbit and bundle stratification graphs
of matrix pencils of small sizes

. Orbit Bundle

Size | Number of nodes Number of edges | Number of edges
2x2 7 9 8

3x3 18 34 26

4x4 47 118 84

5x5 110 343 232

6x6 256 962 638

TxT 570 2471 1614
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Table 1.5: Growth factors for nodes and edges in orbit and bundle stratification
graphs of matrix pencils of small sizes

Size NGF EGForbit EGFbundle
2x2 - - -
3x3 | 2.57 3.78 3.25
4x4 | 261 3.47 3.23
Ox5 | 2.34 291 2.76
6x6 | 2.33 2.80 2.75
Tx 7| 223 2.57 2.53

In Papers I [12] and II [11], the authors investigate the perturbation theory
of skew-symmetric matrix pencils by developing tools for the construction of
orbit and bundle stratification graphs, respectively.

1.4.1 Congruence orbits

Recall that the collection of all matrix pencils having the same complete eigen-
structure forms an orbit. For two distinct skew-symmetric matrix pencils P
and Py, I say that Op, covers O%, if

c ‘nNe
PQCOP17

and there exists no skew-symmetric matrix pencil P, distinct from both P;
and P,, such that

4% CO°,  and %, C O°p.
In Paper I [12], the following question is investigated:

What are the necessary and sufficient conditions for the congruence
orbit of P; to cover the orbit of P»?

To answer this question, the authors first establish a connection between the
cover relation for congruence orbits of skew-symmetric matrix pencils and the
cover relation for orbits of general matrix pencils under strict equivalence. The
notion of cover relation for general matrix pencils under strict equivalence is
defined analogously to that for skew-symmetric matrix pencils under congru-
ence.

The resulting characterization enables the direct construction of stratifica-
tion graphs for skew-symmetric matrix pencils, without relying on the corre-
sponding stratification graph for general matrix pencils. This characterization
is formulated in terms of both coin moves on Weyr characteristics and struc-
tural transitions. For two matrix pencils X and Y, a structural transition refers
to the replacement, within the canonical form of a matrix pencil, of the blocks
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represented by X by the blocks represented by Y. Here, the matrix pencils
X and Y are required to have the same size. The notion of coin moves is
introduced in the following paragraph.

An integer partition of n € Z, is a non-increasing sequence of nonnegative
integers P = (p1,p2,ps,...) such that >, p; = n. The set of all integer parti-
tions forms a lattice under the dominance order. Specifically, for two integer
partitions P = (p1,pe,...) and Q = (q1,92,...), I write P = Q (P is domi-
nated by Q) ifand only if p1 +po+--+pm >+ @+ +qn, m=1,2,...
Moreover, P = Q (P is strictly dominated by Q) if P = Q and P # Q. By
P #£ Q, it is meant that p; # g;, for at least one i. Within this lattice, I say that
P covers Q if P = Q, and there exists no partition Z such that P > Z > Q.

The cover relation admits a convenient graphical interpretation in terms
of coin moves. Place m coins on a table so that column ¢ contains m; coins
arranged in a non-increasing sequence. Then an integer partition P; covers
another partition Ps if Py can be obtained from P; by moving a single coin
either one row downward or one column to the right, while preserving the
monotonicity of the resulting partition. Such a coin movement is referred to as a
minimum rightward coin move. Note that the descriptions “one row downward”
and “one column to the right” represent the same coin move and can be used
interchangeably. Its reverse is referred to as a minimum leftward coin move.
For example, let P; = (4,3,2,1) be a integer partition. We obtain the integer
partition Py = (3,3,3,1) with a minimum rightward coin move.

° o /_\
° o ° ﬁ * * °

minimum e o o o
rightward coin
move
(4,3,2,1) (3,3,3,1)

Since the above interpretation of coin moves is applied to the Weyr charac-
teristics of matrix pencils in the required characterization, I now define these
characteristics. The following integer partitions, known as the Weyr charac-
teristics, are associated with every matrix pencil P, whose distinct eigenvalues
are denoted by p1,...,uq € C:

e R(P) = (ro(P),r1(P),...), where r(P) is the number of L-blocks of P
with indices greater than or equal to k, for k > 0.

e L(P) = (lo(P),11(P),...), where l;(P) is the number of L”-blocks of P
with indices greater than or equal to &, for k > 0.

o {JH(P) : j = 1,...,d}, where, for each distinct eigenvalue pj;,
T (P) = (417 (P),j5°(P),...), and j,’(P) is the number of Jordan
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blocks of P associated with p; whose sizes are greater than or equal to
k, for k> 1.

Since a minimum coin move transforms an integer partition into a partition
that it covers in the dominance lattice, such a move on a Weyr characteris-
tic (or on the partitions corresponding to the minimal indices) represents a
minimal change in the corresponding component of the canonical form of the
matrix pencil. For example, consider the partition R(P;) = (2,2,1), which
corresponds to the singular blocks My & M;. Applying a minimum rightward
coin move produces the partition R(P,) = (2,1,1,1), corresponding to the
singular blocks M3 @ My. Performing the same minimum rightward coin move
simultaneously on the partition £(P;) yields the structural transition

MQ@Ml ad M3@M().

which is one of the minimal degenerations in the orbit stratification graph
of 8 x 8 skew-symmetric matrix pencil. Thus, these coin moves determine the
cover relations in the stratification graph similar to structural transitions of the
canonical blocks. Hence, a directed edge between two nodes in the stratification
graph corresponds to a minimal degeneration of the matrix pencil arising either
from a coin move on a Weyr characteristic or from a structural transition
between canonical blocks. This can be observed in Figure 1.1.

In addition to establishing the cover relation for congruence orbits of skew-
symmetric matrix pencils, two more results are presented in Paper I [12]:

e A reformulation of the cover relation for equivalence orbits of general
matrix pencils in terms of structural transitions is presented. Previously,
this relation was described using coin moves; see [39]. The reformula-
tion is then used to obtain the required characterization for orbit cover
relations of skew-symmetric matrix pencils.

e A relation between the closure hierarchy graphs of matrix pencils of
different dimensions is established. In the absence of a tool that al-
lows the computational construction of orbit stratification graphs for
skew-symmetric matrix pencils, this result provides a useful method for
partially deriving the desired stratification graphs for small-sized skew-
symmetric pencils of different dimensions.

1.4.2 Congruence bundles

Recall, a bundle is a set of all skew-symmetric matrix pencils with the same
complete eigenstructure up to the values of distinct eigenvalues. In Paper 11
[11], a theory of bundles of skew-symmetric matrix pencils is developed, which,
in particular, allows the completion of the stratification of the bundles of skew-
symmetric matrix pencils without using the bundle stratification graph of gen-
eral matrix pencils. The theory answers the fundamental questions:
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(Q1) If a skew-symmetric matrix pencil P, lies in the closure of the bundle
associated with another matrix pencil P;, does the entire bundle of P
also lie in the closure of the bundle of P;?

(Q2) What are the necessary and sufficient conditions for the closure of the
bundle of P; to contain the bundle of P»?

(Q3) What are the necessary and sufficient conditions for the bundle of P
to cover the bundle of P,? The bundle B°(P)) is said to cover B°(Py) if
B¢(Py) C B°(Py) and there exists no other skew-symmetric matrix pencil
D such that B¢(P,) € B(D) C BE(Py).

(Q4) Is the bundle of a skew-symmetric matrix pencil open in its closure?

Question (Q2) is directly related to the perturbation theory of skew-
symmetric matrix pencils. To resolve question (Q2), one should first answer
question (Q1). To answer (Q1), the following results are presented:

e Connection between closures of bundles of skew-symmetric matrix pencil
under congruence and closures of bundles of general matrix pencil under
strict equivalence.

e Connection between the closure of congruence bundle of a skew-
symmetric matrix pencil P; with the closure of congruence orbit of a
skew-symmetric matrix pencil obtained by coalescing eigenvalues of P;.
This is achieved by using the previous result.

Question (Q3) forms the foundation for constructing bundle stratification
graphs [21, 30, 31, 32, 39]. This has been answered in terms of coin moves.
A significant difference that can be observed while drawing bundle and orbit
stratification graph is splitting or confluence of eigenvalues. For example, I
consider a part of bundle and orbit stratification graphs of 7 x 7 matrix pencil
and highlight the difference in Figure 1.3. As observed in the figure that the
bundle stratification from the pencil My @® Hi (1) ® Hi(u2) ® Hq(ps) to Mo ®
2M; includes repeated coalescing of a pair of eigenvalues until one obtains
My @ Hs(p1) which then structurally transitions to My @& 2M;, whereas, the
orbit stratification does not include the steps of coalescing of eigenvalues.

Finally, a positive answer to question (Q4) tells that a bundle of a skew-
symmetric matrix pencil is generic in its closure. Recall that a subset is generic
in a set if it is both open and dense [24, 25|, and that a bundle is dense in its
closure by construction.

In addition to addressing the fundamental questions (Q1)—(Q4) posed
above, several results concerning the codimensions of these bundles are estab-
lished. These results are essential for resolving question (Q4). In particular,
the authors investigate:

38



Orbit Stratification

Mo@Hg(/,él) Mo@Hl(Ml)@Hl(/fQ)@Hl(/JB) MO@HQ(Ml)@Hl(/JQ)

My ® 2M,

Bundle Stratification

Mo @ Hy(p1) @ Hy(p2) © Hi(ps)
Mo @ Ha (1) @ Hi(p2)

My ® Hg(ﬂl)

Mo @ 2M;

Figure 1.3: A significant difference between the orbit and bundle stratification
graphs of 7 x 7 skew-symmetric matrix pencils.
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e The comparison of codimensions of congruence bundles of two skew-
symmetric matrix pencils when one of the pencil belongs to the closure
of the congruence orbit of the other pencil.

e The comparison of codimensions of congruence orbits of two skew-
symmetric matrix pencils, where one is obtained from the other through
coalescence of eigenvalues.

e A representation of the closure of a congruence bundle B(P) of a skew-
symmetric matrix pencil P as the union of the bundle itself together
with all bundles whose closures are properly contained in B¢(P), along
with the corresponding closure relations and codimension comparisons.

The first result is obtained by deriving a formula for the change in the
codimension of congruence orbits of skew-symmetric matrix pencils when the
canonical form of a matrix pencil P undergoes the transformation

Mj ~ Mj—1 ® Hi(p),

where j = 1,2,..., u € C\ A(P), j is the largest index of an M-block in P, and
r;(P) = 1;(P) = 1. This formula, together with the codimension formula for
congruence orbits of skew-symmetric matrix pencils, is then used to compare
the codimensions of all congruence orbits contained in the congruence bundle
Be(P).

The second result mentioned above is formulated by analyzing the be-
haviour of Segre characteristics under eigenvalue coalescence. Segre character-
istics are determined by the partial multiplicities of a matrix pencil. More pre-
cisely, the partial multiplicities of a matrix pencil P at an eigenvalue \ are the
sizes of the Jordan blocks associated with A in the Kronecker canonical form
of P. For each eigenvalue, these partial multiplicities form a non-increasing
sequence of nonnegative integers, referred to as the Segre characteristic corre-
sponding to that eigenvalue. For example, consider the matrix pencil

P = Js(p1) ® Ja(p1) @ Ja(pr) © Ja(pz) © 2J3(u2) © J1(pe2).
Then the Segre characteristics corresponding to py and po are
QMI(P) = (57472), QMQ(P) = (47313»1)7

respectively.

A Segre characteristic Q*(P) = (¢1,q2,-..,qr) can be represented by a
coin diagram obtained by placing ¢; coins in the ith column. The Segre char-
acteristics Q#*(P) and Q#2(P) are illustrated in Figure 1.4.

Rotating a coin diagram by 90° counterclockwise and then reflecting it
vertically produces the conjugate partition, which is precisely the Weyr char-
acteristic associated with the same eigenvalue. Thus, the Weyr characteristics
corresponding to p1 and o are

JH(P)=(3,3,2,2,1), JH(P) = (4,3,3,1),
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QM (f) = (57472)

Figure 1.4: Coin-diagram representations of the Segre characteristics Q! (P)
and QH2(P).

respectively.

Suppose now that the eigenvalues p1 and pe coalesce into an eigenvalue
3. Since eigenvalue coalescence corresponds to taking the union of the Weyr
characteristics [18] associated with the coalescing eigenvalues and arranging
the resulting column heights in non-increasing order. Consequently,

JHs = (4,3,3,3,3,2,2,1,1).

Taking the conjugate partition yields the Segre characteristic corresponding
to the coalesced eigenvalue:

Qe =(9,7,5,1) = Q" (P) + Q"(P).
The resulting coin diagram is shown in Figure 1.5.

Q" = (9,7,5,1)
[ ]

Figure 1.5: Coin-diagram representation of the Segre characteristic QF3 =
(9,7,5,1) obtained after coalescing p1 and ps.

The third result is obtained by first exploiting the finiteness of the total

number of congruence bundles of fixed size and using the characterization of
bundle inclusion from (Q1) to express the closure of a congruence bundle as a
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finite union of congruence bundles. The strict inclusion of these bundles and
the corresponding codimension inequalities are then established by combin-
ing the codimension result from the first result with the invariance of orbit
codimensions under coalescing of eigenvalues proved in the second result.

1.5 Distance to Singularity

In the perturbation theory of skew-symmetric matrix pencils, the bundle and
orbit stratification graphs show that a perturbation of a regular pencil may
qualitatively alter its canonical structure, causing the pencil to become singu-
lar. Similar arguments hold for general matrix pencils; see [39, 42, 74]. In this
section, the quantitative change required for a regular matrix pencil to become
singular under perturbations is investigated. This gives rise to the problem of
distance to singularity for general matrix pencils; namely, given a regular ma-
trix pencil, we seek to determine its distance, computed in Frobenius norm, to
the nearest singular matrix pencil of the same size.

More precisely, let L(A) = A — AB, A,B € M,(C), be a regular matrix
pencil, i.e., det(A — AB) # 0. The distance from L()\) to the closest singular
matrix pencils is defined as

. . 1/2
distoing (L) = inf { (|AA} + |ABIF) "

(A+AA) — A(B +AB) es},
where AA,AB € M,(C), S denotes the set of singular matrix pencils, and
|| - || is the Frobenius norm. Equivalently, the problem seeks perturbations
AA and AB of minimal Frobenius norm such that the perturbed pencil (A +
AA) — A(B + AB) is singular.

Problems of this kind include matrix nearness problems, which play a fun-
damental role in numerical linear algebra. One of the classical examples is the
approximation of a matrix A by a matrix of prescribed rank r < min(m,n).
This problem is completely characterized by the Eckart—Young—Mirsky theo-
rem, which states that the best rank-r approximation is obtained by truncat-
ing the singular value decomposition (SVD) [51]. In particular, the theorem
provides existence, uniqueness, and an explicit construction of the optimal
approximation.

For matrix pencils, however, the situation is substantially more involved
because of the richer algebraic structure of pencils. In this thesis, the rank
of a matrix pencil refers to its normal rank. The normal rank of a matrix
pencil P(\) is the rank of the matrix P(A) in C(A). The nearest singular pen-
cil problem was first investigated by Byers, Mehrmann, and Xu [§] in the case
r = min(m, n)—1. Following the algebraic approach introduced in [8], little fur-
ther progress was achieved for nearly two decades due to the intrinsic difficulty
of the problem [62]. In recent years, however, the topic has received renewed
attention. Guglielmi, Lubich, and Mehrmann [53] proposed a dynamical sys-
tems approach based on ordinary differential equations for computing nearest
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singular pencils, while Dopico, Noferini, and Nyman [37] developed methods
based on Riemannian optimization. It should be noted that both [53, 37] treat
only the case r = min(m,n) — 1. Furthermore, in [68], Mehl, Mehrmann and
Wojtylak studied the distance problem for dissipative Hamiltonian systems.
Distance problems for structured matrix pencils were studied in [26, 75].

Since matrix pencils are matrix polynomials of degree one, distance prob-
lems for matrix pencils can naturally be viewed within the broader framework
of distance problems for matrix polynomials. This area has seen considerable
recent development, including the works [10, 45, 46, 47, 48, 68].

In Paper IV, the authors present a new algorithm that computes a nearby
matrix pencil of bounded rank from a given regular matrix pencil. Using a
similar algorithm, the problem is then extended to the distance problem for
matrix polynomials.

1.6 Summary

Paper I [12] studies the orbit structures of skew-symmetric matrix pencils and
their connection to perturbation theory. Paper II [11] investigates bundles of
skew-symmetric matrix pencils and their relationship with perturbation the-
ory. Paper III derives canonical forms for pairs of matrices associated with
linear time-invariant dissipative Hamiltonian systems. Finally, Paper IV con-
siders the computation of nearby matrix pencil of bounded rank and matrix
polynomials corresponding to a given regular matrix pencil and matrix poly-
nomial, respectively.

In the following table, an overview of the contribution of Papers I [12], II
[11] and IIT in matrix analysis is provided. Table 1.6 presents various equiva-
lence relations for matrices, matrix pairs and matrix pencils. Notions relevant
to the thesis are considered, i.e., canonical forms, codimensions and stratifica-
tions. I indicate the sections in which the thesis have made contributions and
also highlight several problems that remain open.
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Table 1.6: Comparison of canonical forms, codimension formulas, and stratifi-
cation results for various matrix and matrix pencil equivalence problems.

Class Canonical forms | Codimension | Stratification
Matrices under *-congruence CCF [57] [15] Open
Matrices under T-congruence CCF [57] [16] Open
Matrices under similarity JCF [55] [19] [39]
Matrix pencils under strict KCF [43] [19] [39]
equivalence

Matrix pencils under contra- [56] [60] Open
gredient equivalence

Skew-symmetric matrix pen- [80] [33] Solved, [32]
cils under T-congruence

Matrix  pairs under  *- Jontributed Contributed Open

equivalence and T -equivalence
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Errata

Paper I:

Page 259: In (J3) and (J4) of Theorem 2.4, “largest E-block” should be
replaced by “largest E-block corresponding to some p”.

Page 262: In Rule 3 of Theorem 3.2, “largest H-block” should be replaced
by “largest H-block corresponding to some pu”.

Page 264: In the first sentence of Case 2, insert “corresponding to puq”
after “J5”

Page 264: Remove “j # 17 from the two identities after equation (5).

Page 264: In the sentence
(1,p), and X = [JOJ 10(}7
replace “(j, i) # (1,q), (4,9) # (1, p)” with “i & {p,q}".

Page 265: Insert the phrase “corresponding to some g1’
E-block in the line after equation (6).

)

after the word

Page 265: Remove “j # 17 from the two identities after equation (6).

Page 265: In the sentence
Let K = @j @z‘Ehz(:u‘j) @ (@kLmk)v(jvi) 7é (LQ)a k 7é
pand X = |:_?(T IO(],

veplace “(j, ) # (1, )" with “i # ¢

Page 265: Insert the phrase “corresponding to some p” after the word
“block” in the last sentence of Case (3).

Page 266: Replace the sentence
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Assume, |m, —mgy| > 1, then we apply Rule I as many times
as required and get M, @© M,,, & X, where [m, —m,| < 1.

with the sentences

Assume |m, — my| = k > 1, then we apply Rule 4 as stated
in the statement of the Theorem followed by Rule I as many
times as required and get M,,, & M,,, ® X, with [m, —mg| = k.
This violates the assumption of cover relation between P; and
Ps.

Insert “corresponding to some p” after “H-block” in Type 3 of Theorem
3.6.

Paper II:

Page 59: In Theorem 2.9, Rule (3), insert “corresponding to some eigen-
value p” after the word “H-block”.

Page 62: In the statement of the Lemma, replace “Pp C Be(Py)” with
“Py € Be(Py).

Page 62-63: Replace “h = nrk(Pz) — nrk(Py)” with “h = nrk(Py) —
nrk(Py)”.

Page 63: In the first sentence, “Wy C O¢(¢e(W1))” with “W, €
O° (e (W1))".

The equation after equation (8) that states

T JCEN

Ze = RTZeRy —
— Wk

OV’VV,C]

should be followed by “where I;Vvks are constructed similar to the con-
struction of Wj in equation (5)”.

Page 64: In equation (11), replace “k € C” with “k € N".
Page 65: In the first paragraph, replace “¢(A\g)” with “ip(\,,)".

Page 65: In the equation after the equation (14), replace the last subscript
“Am7k; With “ﬂy”.

Page 68: In the statement of Rule IV~ of Theorem 4.2, remove the words
“of the same size”.

Page 68: In second sentence of Rule IV of proof of Theorem 4.2, replace
the words “all the eigenvalues have 4”7 by “at least one eigenvalue have
27,
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e Page 73: In the third line of statement of Lemma 5.2, replace “u € C”
with “u € C~ A(Py)”.

e Page 75: In the second sentence of Case 2, remove “m +” and “ho4”
from “dpp, =m+p+q,anddr, =h+5+¢.
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